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Equilibrated pure states 

“an equilibrated 
pure state” 
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Measurements on any small fraction of the system can be well
approximated by those  in an equilibrium density operator,  

An initial pure 
state | 0i
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for example

Can use thermodynamic quantities to describe the state, 
which obey laws of thermodynamics. 



S(A)
n = S(Ā)

n , n = 1, 2, · · ·
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S(A)
n 6= S(Ā)

n
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But if we use quantum informational properties of  
to approximate those of 

⇢e
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Leads to violation of unitarity.  

Renyi and von Neumann entropies for some subsystem A 
and its complement  Ā
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This is precisely the situation we face in the evaporation of a black 
hole. 

An evaporating black hole formed from collapse of a star in a 
pure state is in an equilibrated pure state (quasi-static). 

Unitarity: Page curve

apparent violation of unitarity if we use Renyi or von Neuman 
entropies of        to approximate those of the black hole. ⇢e
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This is a version of the information paradox.



(What inputs are  needed to derive the Page curve?) 

Key question: what level of knowledge of         is needed to obtain             
that is compatible with unitarityS(A)

n
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Is knowledge of        enough? ⇢e

<latexit sha1_base64="XJceLaaUQ+GoKug9daFirhk9whw=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tDoNgFe4kooVFwMYygvmA5Ah7m7lkzd7usbsnhCP/wcZCEVv/j53/xk1yhSY+GHi8N8PMvDDhTBvP+3YKa+sbm1vF7dLO7t7+QfnwqKVlqig2qeRSdUKikTOBTcMMx06ikMQhx3Y4vp357SdUmknxYCYJBjEZChYxSoyVWj01kn3slyte1ZvDXSV+TiqQo9Evf/UGkqYxCkM50brre4kJMqIMoxynpV6qMSF0TIbYtVSQGHWQza+dumdWGbiRVLaEcefq74mMxFpP4tB2xsSM9LI3E//zuqmJroOMiSQ1KOhiUZRy10h39ro7YAqp4RNLCFXM3urSEVGEGhtQyYbgL7+8SloXVb9WvbyvVeo3eRxFOIFTOAcfrqAOd9CAJlB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOXFI8h</latexit>

Recent derivation of the Page curve from gravity  used only 
knowledge of  ⇢e
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Penington;  Almheiri, Engelhardt, Marolf and Maxfield; 
Almheiri, Mahajan, Maldacena and Zhao; Penington, 
Shenker, Stanford and  Yang; Almheiri, Hartman, 
Maldacena, Shaghoulian and Tajdini, …….

This has often been referred to as the “magic” or “miracle’’ of 
Euclidean gravity path integrals.

Or do we need more detailed knowledge of           ? | 0i
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Main messages to convey in this talk: 

Applies to general quantum many-body systems that equilibrate 
as well as gravity (can be used to address the information paradox)
in the limit of large number of d. o. f. 

⇢e
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1. Introduce a general approximation scheme to find            that is 
compatible with unitarity using equilibrium properties (i.e.      ) alone. 

S(A)
n
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The magic of computing the Page curve is more of magic in 
observables such entanglement entropies rather than the magic of 
Euclidean gravity path integrals.

2. Generalization of Page’s results to finite temperature and
infinite dimensional Hilbert space

Page’s results: based on average over pure states for a finite 
dimensional Hilbert space, corresponding to infinite temperature

The approximation can in principle be systematically improved.



3. The approximation scheme provides a precise prescription 
for deriving replica wormholes and explains why they give results 
compatible with unitarity. 

Replica wormholes can arise in a theory with a fixed Hamiltonian, 
no ensemble average is needed. 



Setup of the problem 
| i = U | 0i

<latexit sha1_base64="0kgvb2k8RdFpsSoYlGd+tIFAGSg=">AAACCXicbZDNSsNAFIVv6l+tf1GXbgaL4KokouhCoeDGZQXTFpoQJtNJO3QyCTMTodRu3fgqblwo4tY3cOfbOG2z0NYDA4fv3sude6KMM6Ud59sqLS2vrK6V1ysbm1vbO/buXlOluSTUIylPZTvCinImqKeZ5rSdSYqTiNNWNLie1Fv3VCqWijs9zGiQ4J5gMSNYGxTa6MFvKOZLLHqcoivkzUDooIKFdtWpOVOhReMWpgqFGqH95XdTkidUaMKxUh3XyXQwwlIzwum44ueKZpgMcI92jBU4oSoYTS8ZoyNDuihOpXlCoyn9PTHCiVLDJDKdCdZ9NV+bwP9qnVzHF8GIiSzXVJDZojjnSKdoEgvqMkmJ5kNjMJHM/BWRPpaYaBNexYTgzp+8aJonNfe0dnZ7Wq1fFnGU4QAO4RhcOIc63EADPCDwCM/wCm/Wk/VivVsfs9aSVczswx9Znz8DNZlA</latexit>

“an equilibrated pure state” 

Macroscopically well described by an equilibrium density operator 

⇢e =
1

Z(↵)
I↵, Z(↵) = TrI↵

<latexit sha1_base64="N4aeHexOHY4fdn5jFuotgVVjZFI="></latexit>

↵

<latexit sha1_base64="zC4fKMNrteqkp1GDedLj/uYSCh4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYygvmA5Ahzm71kzd7esbsnhCP/wcZCEVv/j53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/O/PYTU5rH8sFMEuZHOJQ85BSNlVo9FMkI++WKW3XnIKvEy0kFcjT65a/eIKZpxKShArXuem5i/AyV4VSwaamXapYgHeOQdS2VGDHtZ/Nrp+TMKgMSxsqWNGSu/p7IMNJ6EgW2M0Iz0sveTPzP66YmvPYzLpPUMEkXi8JUEBOT2etkwBWjRkwsQaq4vZXQESqkxgZUsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCRQe4Rle4c2JnRfn3flYtBacfOYY/sD5/AGMS48a</latexit>

: equilibrium parameters such as temperature, chemical potential

1. Finite d, infinite temperature 

2. Microcanonical ensemble 

3. Canonical ensemble 

I = 1, Z = d

<latexit sha1_base64="JR5+Eb+1VCx1+Um4jh4jVG/fNJo=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwISWRii4UCm50V8E+sAllMpm0QyeTODMRSsgPuPFX3LhQxK17d/6NkzYLrR64cDjnXu69x4sZlcqyvozS3PzC4lJ5ubKyura+YW5utWWUCExaOGKR6HpIEkY5aSmqGOnGgqDQY6TjjS5yv3NPhKQRv1HjmLghGnAaUIyUlvrmXupgxOBVBs9h6oRIDb0A2hk8hM5dgnx4q3W/b1atmjUB/EvsglRBgWbf/HT8CCch4QozJGXPtmLlpkgoihnJKk4iSYzwCA1IT1OOQiLddPJNBve14sMgErq4ghP150SKQinHoac783vlrJeL/3m9RAWnbkp5nCjC8XRRkDCoIphHA30qCFZsrAnCgupbIR4igbDSAVZ0CPbsy39J+6hm12vH1/Vq46yIowx2wC44ADY4AQ1wCZqgBTB4AE/gBbwaj8az8Wa8T1tLRjGzDX7B+PgGsT2ZZA==</latexit>

IE =
X

En2I

|nihn|, Z(E) = TrIE = NI

<latexit sha1_base64="7jKJ9iboWypR4t8a5mC6PLZ2bGQ="></latexit>

I� = e��H , Z(�) = Tre��H

<latexit sha1_base64="qlVgS9cLhY8xOLI8cxf1EMywSRo="></latexit>

(“effective dimension”)



Renyi entropies

Z(A)
n = e�(n�1)S(A)

n = TrA
�
TrĀU⇢0U

†�n

<latexit sha1_base64="SWOoMsi3x47SVHouenOL5F8jN/A="></latexit>

⇢0 = | 0ih 0|

<latexit sha1_base64="nL7oJCtmKqWSHSXsYCOwGk1MPX4=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKkFFMIBUiYWxSPQhNVHkuE5r1bEj20Gq0v4BC7/CwgBCrKxs/A1umgFajnR1j865V/Y9YcKo0o7zbS0tr6yurZc2yptb2zu79t5+S4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3kz99gORigp+r0cJ8WPU5zSiGGkjBfaJJwcicK7h2GsoGjjQk4j3GYEey/tMHQd2xak6OeAicQtSAQUagf3l9QROY8I1Zkiprusk2s+Q1BQzMil7qSIJwkPUJ11DOYqJ8rP8ngk8NkoPRkKa4hrm6u+NDMVKjeLQTMZID9S8NxX/87qpji79jPIk1YTj2UNRyqAWcBoO7FFJsGYjQxCW1PwV4gGSCGsTYdmE4M6fvEhaZ1W3Vj2/q1XqV0UcJXAIjsApcMEFqINb0ABNgMEjeAav4M16sl6sd+tjNrpkFTsH4A+szx+csJvE</latexit>

U: 0 t

…

! = 0

!

$! $′! $" $′" $# $′#

&$

Tr% , Tr%

Z
exp

 
i

nX

i=1

(S[�i]� S[�0
i])

!

<latexit sha1_base64="x1eeS97ndmWhy6K3QZ6qaxPXKsY="></latexit>



Relevance of permutations

…

! = 0

!

$! $′! $" $′" $# $′#

&$

Tr% , Tr%

Z
exp

 
i

nX

i=1

(S[�i]� S[�0
i])

!

<latexit sha1_base64="x1eeS97ndmWhy6K3QZ6qaxPXKsY="></latexit>

�i(t) = �0
�(i)(t), i = 1, · · · , n, � 2 Sn

<latexit sha1_base64="x71g6c+FU6Bu5BNXc+XIxaPle6c="></latexit>

permutation 
group

A special subset of configurations Zhou and Nahum, 2019

Intuitively, they could dominate the path integrals. Lead to time-independent 
expressions

Suggests relevance of permutation group  



Transition amplitude in replica space 

Z(A)
n = e�(n�1)S(A)

n =

<latexit sha1_base64="1UAbwKhzfsbmy5UorwM2fZbw5B8=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARWqFlRiq6UKi4cVnRXrCdlkyatqGZzJBkhDLMO7jxVdy4UMStG3e+jWk7grb+EPj5zjmcnN8NGJXKsr6M1MLi0vJKejWztr6xuWVu79SkHwpMqthnvmi4SBJGOakqqhhpBIIgz2Wk7g4vx/X6PRGS+vxWjQLieKjPaY9ipDTqmIdRCyMG7+IOb0e5i3wMzyFpRwWY4wU7D29+sOYdM2sVrYngvLETkwWJKh3zs9X1cegRrjBDUjZtK1BOhISimJE40wolCRAeoj5pasuRR6QTTW6K4YEmXdjzhX5cwQn9PREhT8qR5+pOD6mBnK2N4X+1Zqh6p05EeRAqwvF0US9kUPlwHBDsUkGwYiNtEBZU/xXiARIIKx1jRodgz548b2pHRbtUPL4uZctnSRxpsAf2QQ7Y4ASUwRWogCrA4AE8gRfwajwaz8ab8T5tTRnJzC74I+PjGyylmys=</latexit>

…

! = 0

!

$! $′! $" $′" $# $′#

&$

Tr% , Tr%

a transition amplitude in with(H⌦H)n

<latexit sha1_base64="I6AQoZA0XHSn6G6LB9iUJmTG1+E=">AAACBnicbVBNS8NAEJ34WetX1aMIi0Wol5JIRQ8eCl56rGA/oIlls920SzebsLsRSujJi3/FiwdFvPobvPlv3LYRtPXBwOO9GWbm+TFnStv2l7W0vLK6tp7byG9ube/sFvb2mypKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryh9cTv3VPpWKRuNWjmHoh7gsWMIK1kbqFo1LqEsxRbYzcSLOQKvQjnN4Zv2iX7SnQInEyUoQM9W7h0+1FJAmp0IRjpTqOHWsvxVIzwuk47yaKxpgMcZ92DBXYLPTS6RtjdGKUHgoiaUpoNFV/T6Q4VGoU+qYzxHqg5r2J+J/XSXRw6aVMxImmgswWBQlHOkKTTFCPSUo0HxmCiWTmVkQGWGKiTXJ5E4Iz//IiaZ6VnUr5/KZSrF5lceTgEI6hBA5cQBVqUIcGEHiAJ3iBV+vRerberPdZ65KVzRzAH1gf36Bnl/E=</latexit>

(U ⌦ U †)n

<latexit sha1_base64="N+9J3njZEzuUTHxpR0pNS1WXgxs=">AAACAHicbVBNS8NAEN34WetX1YMHL4tFqJeSSEUPHgpePFYwbaFJy2azSZdudsPuRiihF/+KFw+KePVnePPfuG1z0NYHA4/3ZpiZF6SMKm3b39bK6tr6xmZpq7y9s7u3Xzk4bCuRSUxcLJiQ3QApwignrqaakW4qCUoCRjrB6Hbqdx6JVFTwBz1OiZ+gmNOIYqSNNKgc11zoCU0ToqDb90IUx0Se941Ttev2DHCZOAWpggKtQeXLCwXOEsI1ZkipnmOn2s+R1BQzMil7mSIpwiMUk56hHJmNfj57YALPjBLCSEhTXMOZ+nsiR4lS4yQwnQnSQ7XoTcX/vF6mo2s/pzzNNOF4vijKGNQCTtOAIZUEazY2BGFJza0QD5FEWJvMyiYEZ/HlZdK+qDuN+uV9o9q8KeIogRNwCmrAAVegCe5AC7gAgwl4Bq/gzXqyXqx362PeumIVM0fgD6zPH3Hylas=</latexit>

Z(A)
n = h⌘A ⌦ eĀ|(U ⌦ U†)n|⇢0, ei

<latexit sha1_base64="yKI09dGihMbdvYA0Ddl/oVUNAsQ="></latexit>

|⇢0, ei, |⌘A ⌦ eĀi 2 (H⌦H)n

<latexit sha1_base64="ZpFNTMEgXLFhxMTZzx6Lc3JVoWY="></latexit>



Replica space 
For any operator O acting on    , we can define a set of n! states

� 2 Sn

<latexit sha1_base64="1PTNMKgUaBCBOIHr/wnzpj2xDiA=">AAAB/nicbVA9SwNBEN2LXzF+RcXKZjEIVuFOIlpYBGwsI5oPyB1hbrOXLNndO3b3hHAE/Cs2ForY+jvs/Ddukis08cHA470ZZuaFCWfauO63U1hZXVvfKG6WtrZ3dvfK+wctHaeK0CaJeaw6IWjKmaRNwwynnURRECGn7XB0M/Xbj1RpFssHM05oIGAgWcQIGCv1yke+ZgMB2GcSZz4Bju8nPatX3Ko7A14mXk4qKEejV/7y+zFJBZWGcNC667mJCTJQhhFOJyU/1TQBMoIB7VoqQVAdZLPzJ/jUKn0cxcqWNHim/p7IQGg9FqHtFGCGetGbiv953dREV0HGZJIaKsl8UZRybGI8zQL3maLE8LElQBSzt2IyBAXE2MRKNgRv8eVl0jqverXqxV2tUr/O4yiiY3SCzpCHLlEd3aIGaiKCMvSMXtGb8+S8OO/Ox7y14OQzh+gPnM8fby6VIw==</latexit>

hi1ī01i2ī02 · · · inī0n|O,�i =

<latexit sha1_base64="I3GKyHgAXiIrPAe7mKrImTgkD3I=">AAACN3icbZDLSgMxFIYz9VbrbdSlm2CRupAyUyq6UCi4caUV7AU6pZxJ0zY0kxmSjFBq38qNr+FONy4UcesbmLYjaOuBhC//OSfJ+f2IM6Ud59lKLSwuLa+kVzNr6xubW/b2TlWFsSS0QkIeyroPinImaEUzzWk9khQCn9Oa378Y52t3VCoWils9iGgzgK5gHUZAG6llX3kcRJdTzFou9nyQY8iZrfBzKuSwR9qhVobFjyhy9/ j6CHuKdQPAnpzecY5bdtbJO5PA8+AmkEVJlFv2k9cOSRxQoQkHpRquE+nmEKRmhNNRxosVjYD0oUsbBgUEVDWHk7lH+MAobdwJpVlC44n6u2MIgVKDwDeVAeiems2Nxf9yjVh3TptDJqJYU0GmD3VijnWIxybiNpOUaD4wAEQy81dMeiCBaGN1xpjgzo48D9VC3i3mj2+K2dJZYkca7aF9dIhcdIJK6BKVUQUR9IBe0Bt6tx6tV+vD+pyWpqykZxf9CevrG7PAqNE=</latexit>

Oi1i0�(1)
Oi2i0�(2)

· · ·Oini0�(n)

<latexit sha1_base64="9kI50tjASesoPnEufiIYHCm3h3M="></latexit>

Oij = hi|O|ji

<latexit sha1_base64="H4/scg4z5lBg4U4YCTlKnUZnydw=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrsS0UIhYGOXCOYByRJmJzfJJLOzy8ysEDZpbfwVGwtFbP0DO//GSbKFJh64cOace5l7jx9xprTjfFuZldW19Y3sZm5re2d3z94/qKkwlhSqNOShbPhEAWcCqpppDo1IAgl8DnV/eDP16w8gFQvFvR5F4AWkJ1iXUaKN1LZxuZ2wwQRf4xYnoscBMzwujwe4JefPtp13Cs4MeJm4KcmjFJW2/dXqhDQOQGjKiVJN14m0lxCpGeUwybViBRGhQ9KDpqGCBKC8ZHbJBJ8YpYO7oTQlNJ6pvycSEig1CnzTGRDdV4veVPzPa8a6e+klTESxBkHnH3VjjnWIp7HgDpNANR8ZQqhkZldM+0QSqk14OROCu3jyMqmdFdxi4fyumC9dpXFk0RE6RqfIRReohG5RBVURRY/oGb2iN+vJerHerY95a8ZKZw7RH1ifP9B1mSE=</latexit>

hi1ī01i2ī02 · · · inī0n|�i = �i1i0�(1)
�i2i0�(2)

· · · �ini0�(n)

<latexit sha1_base64="TzyxVNGl7KtYiu/TWGS5eFcJ3jE="></latexit>

For the identity operator

H

<latexit sha1_base64="Zu6ahIERP+gsiSaH4lgDfNsxwA0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceClx4r2A9oQ5lsN+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M39zhNTmsfywUwT5kc4kjzkFI2VulmfoiCN2aBccavuAmSdeDmpQI7moPzVH8Y0jZg0VKDWPc9NjJ+hMpwKNiv1U80SpBMcsZ6lEiOm/Wxx74xcWGVIwljZkoYs1N8TGUZaT6PAdkZoxnrVm4v/eb3UhDU/4zJJDZN0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmlfVb3r6s39daVey+MowhmcwyV4cAt1aEATWkBBwDO8wpvz6Lw4787HsrXg5DOn8AfO5w+rFI+0</latexit>

e: identity permutation ⌘ = (n, n� 1, · · · , 1)

<latexit sha1_base64="pqwNxh6gJuYUs/x3Tvuy+7++JQw=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIsSwKxE9KAS8eIxgHpCEMDuZTYbMziwzvUIIwYu/4sWDIl79Cm/+jZPHQRMLGoqqbrq7glhwA5737aSWlldW19LrmY3Nre0dd3evalSiKatQJZSuB8QwwSWrAAfB6rFmJAoEqwX9m7Ffe2DacCXvYRCzVkS6koecErBS2z1oMiD4GudkXp76edykHQUmj/2Ttpv1Ct4EeJH4M5JFM5Tb7lezo2gSMQlUEGMavhdDa0g0cCrYKNNMDIsJ7ZMua1gqScRMazh5YYSPrdLBodK2JOCJ+ntiSCJjBlFgOyMCPTPvjcX/vEYC4WVryGWcAJN0uihMBAaFx3ngDteMghhYQqjm9lZMe0QTCja1jA3Bn395kVTPCn6xcH5XzJauZnGk0SE6QjnkowtUQreojCqIokf0jF7Rm/PkvDjvzse0NeXMZvbRHzifPygWlLM=</latexit>

he|O, ei = (TrO)n, h⌘|O, ei = TrOn

<latexit sha1_base64="C2LLsn+tMb6gALP0tsCnEvRTC7E="></latexit>

|O,�i 2 (H⌦H)n

<latexit sha1_base64="dLOa6bKyb7mhLpmUnzkjTh7UnsQ=">AAACHnicbVDLSgNBEJyNrxhfqx69DAYhgoRdSdCDh4CX3IxgHpCNoXcySYbMzi4zs0JY8yVe/BUvHhQRPOnfOHkImljQUFR1093lR5wp7ThfVmppeWV1Lb2e2djc2t6xd/dqKowloVUS8lA2fFCUM0GrmmlOG5GkEPic1v3B5div31GpWChu9DCirQB6gnUZAW2ktl28vzrBnmK9ADwJoscp9pjAucQjwHF5hL1Qs4Aq/CMc34pMpm1nnbwzAV4k7oxk0QyVtv3hdUISB1RowkGpputEupWA1IxwOsp4saIRkAH0aNNQAWZlK5m8N8JHRungbihNCY0n6u+JBAKlhoFvOgPQfTXvjcX/vGasu+ethIko1lSQ6aJuzLEO8Tgr3GGSEs2HhgCRzNyKSR8kEG0SHYfgzr+8SGqnebeQL14XsqWLWRxpdIAOUQ656AyVUBlVUBUR9ICe0At6tR6tZ+vNep+2pqzZzD76A+vzG2kFoME=</latexit>



Transition amplitude in replica space 

Z(A)
n = e�(n�1)S(A)

n =

<latexit sha1_base64="1UAbwKhzfsbmy5UorwM2fZbw5B8=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARWqFlRiq6UKi4cVnRXrCdlkyatqGZzJBkhDLMO7jxVdy4UMStG3e+jWk7grb+EPj5zjmcnN8NGJXKsr6M1MLi0vJKejWztr6xuWVu79SkHwpMqthnvmi4SBJGOakqqhhpBIIgz2Wk7g4vx/X6PRGS+vxWjQLieKjPaY9ipDTqmIdRCyMG7+IOb0e5i3wMzyFpRwWY4wU7D29+sOYdM2sVrYngvLETkwWJKh3zs9X1cegRrjBDUjZtK1BOhISimJE40wolCRAeoj5pasuRR6QTTW6K4YEmXdjzhX5cwQn9PREhT8qR5+pOD6mBnK2N4X+1Zqh6p05EeRAqwvF0US9kUPlwHBDsUkGwYiNtEBZU/xXiARIIKx1jRodgz548b2pHRbtUPL4uZctnSRxpsAf2QQ7Y4ASUwRWogCrA4AE8gRfwajwaz8ab8T5tTRnJzC74I+PjGyylmys=</latexit>

…

! = 0

!

$! $′! $" $′" $# $′#

&$

Tr% , Tr%

e: identity permutation ⌘ = (n, n� 1, · · · , 1)

<latexit sha1_base64="pqwNxh6gJuYUs/x3Tvuy+7++JQw=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIsSwKxE9KAS8eIxgHpCEMDuZTYbMziwzvUIIwYu/4sWDIl79Cm/+jZPHQRMLGoqqbrq7glhwA5737aSWlldW19LrmY3Nre0dd3evalSiKatQJZSuB8QwwSWrAAfB6rFmJAoEqwX9m7Ffe2DacCXvYRCzVkS6koecErBS2z1oMiD4GudkXp76edykHQUmj/2Ttpv1Ct4EeJH4M5JFM5Tb7lezo2gSMQlUEGMavhdDa0g0cCrYKNNMDIsJ7ZMua1gqScRMazh5YYSPrdLBodK2JOCJ+ntiSCJjBlFgOyMCPTPvjcX/vEYC4WVryGWcAJN0uihMBAaFx3ngDteMghhYQqjm9lZMe0QTCja1jA3Bn395kVTPCn6xcH5XzJauZnGk0SE6QjnkowtUQreojCqIokf0jF7Rm/PkvDjvzse0NeXMZvbRHzifPygWlLM=</latexit>

Z(A)
n = TrA

�
TrĀU⇢0U

†�n = h⌘A ⌦ eĀ|(U ⌦ U †)n|⇢0, ei

<latexit sha1_base64="O0ceYlpjVWCFpdQQR4+2QTWHx7w="></latexit>



Equilibrium approximation
Consider: 

P↵ =
1

Zn
2

X

�,⌧

g�⌧ |I↵,�ihI↵, ⌧ |

<latexit sha1_base64="eTzmxg0darpkMnO8ySm9dIGkLpo="></latexit>

g⌧� ⌘ 1

Zn
2

hI↵, ⌧ |I↵,�i

<latexit sha1_base64="pnAfVsd4ad5g2CmzDda4LbIFbZ8="></latexit>

1 = P↵ +Q

<latexit sha1_base64="8ylwFmYDK165gzebHGtR0jd9RQA=">AAACBXicbVDLSsNAFJ34rPUVdamLwSIIQkmkYjdCwY3LFuwDmhBuppN26OTBzEQooRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apILRNYh6Lng+SchbRtmKK014iKIQ+p11/fJv73QcqJIujezVJqBvCMGIBI6C05JknmROCGvkBtqf4Bje9zAGejGCKL3DLMytW1ZoBLxO7IBVUoOmZX84gJmlII0U4SNm3rUS5GQjFCKfTspNKmgAZw5D2NY0gpNLNZl9M8ZlWBjiIha5I4Zn6eyKDUMpJ6OvO/GS56OXif14/VUHdzViUpIpGZL4oSDlWMc4jwQMmKFF8ogkQwfStmIxAAFE6uLIOwV58eZl0Lqt2rXrVqlUa9SKOEjpGp+gc2egaNdAdaqI2IugRPaNX9GY8GS/Gu/Exb10xipkj9AfG5w9BPZca</latexit>

⇡ Z(A)
n,P

<latexit sha1_base64="EMygSH56JG3JVBNcM+NmD+6xkIs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoiFbusuHFZwT6wiWEynbRDJ5MwMxFLyM6Nv+LGhSJu/QV3/o3TNgutHrhwOOde7r3HjxmVyrK+jMLC4tLySnG1tLa+sbllbu+0ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPLiZ+544ISSN+rcYxcUM04DSgGCkteea+g+JYRPcwdTBi8CbzUn7czG7TyvlRBqFnlq2qNQX8S+yclEGOpmd+Ov0IJyHhCjMkZc+2YuWmSCiKGclKTiJJjPAIDUhPU45CIt10+kcGD7XSh0EkdHEFp+rPiRSFUo5DX3eGSA3lvDcR//N6iQrqbkp5nCjC8WxRkDCoIjgJBfapIFixsSYIC6pvhXiIBMJKR1fSIdjzL/8l7ZOqXaueXtXKjXoeRxHsgQNQATY4Aw1wCZqgBTB4AE/gBbwaj8az8Wa8z1oLRj6zC37B+PgGZb6YUg==</latexit>

= Z(A)
n,P + Z(A)

n,Q

<latexit sha1_base64="TUj2cXH7bI9cuzTYyxqrCJNFv0s=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARKkpIpGI3QsWNyxbsBdtYJtNJO3QyCTMToYS8hRtfxY0LRdzqzrdxehFs6w8DP985hzPn9yJGpbLtbyOztLyyupZdz21sbm3vmLt7dRnGApMaDlkomh6ShFFOaooqRpqRICjwGGl4g+tRvfFAhKQhv1XDiLgB6nHqU4yURh3TuoRJGyMG79JOwk8r6X1SuDpO4ckMrv7ijpm3LXssuGicqcmDqSod86vdDXEcEK4wQ1K2HDtSboKEopiRNNeOJYkQHqAeaWnLUUCkm4zvSuGRJl3oh0I/ruCY/p1IUCDlMPB0Z4BUX87XRvC/WitWfslNKI9iRTieLPJjBlUIRyHBLhUEKzbUBmFB9V8h7iOBsNJR5nQIzvzJi6Z+ZjlF67xazJdL0ziy4AAcggJwwAUogxtQATWAwSN4Bq/gzXgyXox342PSmjGmM/tgRsbnD5ponaw=</latexit>

(cross terms vanish)

|I↵,�i 2 (H⌦H)n

<latexit sha1_base64="KU0YpkzfItdfVVzKFZNQQMjR/zE="></latexit>

(U ⌦ U †)n|I↵,�i = |I↵,�i, (U † ⌦ U)n|I↵,�i = |I↵,�i

<latexit sha1_base64="1cIT4TThGVa5OJWw6wCIJE6Njrs=">AAACq3icjVHfaxNBEN67qq3xV2wffRkMQgQNd6XSPlgo9EVfpKLXBLNpmNubXJbu7V139wrhmn+uf4Jv/jdu0mBrK9SBhY9vvplvdiatlLQuin4F4dqDh4/WNx63njx99vxF++XmsS1rIygRpSrNIEVLSmpKnHSKBpUhLFJF/fT0cJHvn5OxstTf3ayiUYG5lhMp0Hlq3L5sdRPgpZMFWUhOeIZ5TubtiYYLaLhABZ/nY46qmu I74FbmBXKDOle0f68CwBNnNWYA3T+tr83+xwTud2mN252oFy0D7oJ4BTpsFUfj9k+elaIuSDuh0NphHFVu1KBxUiiat3htqUJxijkNPdToxx01y13P4Y1nMpiUxj/tYMnerGiwsHZWpF5ZoJva27kF+a/csHaTvVEjdVU70uLKaFIrcCUsDgeZNCScmnmAwkg/K4gpGhTOn3exhPj2l++C4+1evNP78HWnc/BxtY4N9oq9Zl0Ws112wD6xI5YwEXSDL0E/GITvw2/hj5BfScNgVbPF/oqQfgOgdM7b</latexit>

Z(A)
n = h⌘A ⌦ eĀ|(U ⌦ U†)n|⇢0, ei

<latexit sha1_base64="yKI09dGihMbdvYA0Ddl/oVUNAsQ="></latexit>

(in the limit of large number of d. o. f. )



When the system is large and for a pure initial state:  

Z1 = TrI↵

<latexit sha1_base64="QvP1tZKfCx1i3vTSTIFVSGwyZG4=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiuCqJVOxGKLjRXYXesAnhZDpph04uzEyEErJz46u4caGIW1/BnW/j9LLQ1h8GPv5zDmfO7yecSWVZ30ZhZXVtfaO4Wdra3tndM/cP2jJOBaEtEvNYdH2QlLOIthRTnHYTQSH0Oe34o+tJvfNAhWRx1FTjhLohDCIWMAJKW555fO/Z+ApnjghxU+QaCHB8m3sO8GQInlm2KtZUeBnsOZTRXA3P/HL6MUlDGinCQcqebSXKzUAoRjjNS04qaQJkBAPa0xhBSKWbTe/I8al2+jiIhX6RwlP390QGoZTj0NedIaihXKxNzP9qvVQFNTdjUZIqGpHZoiDlWMV4EgruM0GJ4mMNQATTf8VkCAKI0tGVdAj24snL0D6v2NXKxV21XK/N4yiiI3SCzpCNLlEd3aAGaiGCHtEzekVvxpPxYrwbH7PWgjGfOUR/ZHz+AAWRmCM=</latexit>

>> 1

Z(A)
n ⇡ 1

Zn
1

X

⌧2Sn

h⌘A ⌦ eĀ|I↵, ⌧i

<latexit sha1_base64="lI1gsRrZt39C21T4RDv+Td4WtUY="></latexit>

Expressed solely in terms equilibrium density operator, 
independent of the initial state

Sum over all permutations 

naïve equilibrium approximation corresponds to taking               
which gives answer which violates unitarity. 

⌧ = e

<latexit sha1_base64="SE+nwomT+ir6Cn69Yf59JwJ7bis=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYi9CwYvHCrYW2lA22027drMJuxOhhP4HLx4U8er/8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Ixjcz/+GJayNidY+ThPsRHSoRCkbRSu0e0vSa98sVt+rOQVaJl5MK5Gj2y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5tfOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfFsO5nQiUpcsUWi8JUEozJ7HUyEJozlBNLKNPC3krYiGrK0AZUsiF4yy+vkvZF1atVL+9qlUY9j6MIJ3AK5+DBFTTgFprQAgaP8Ayv8ObEzovz7nwsWgtOPnMMf+B8/gBjuY78</latexit>

The approximation can also be applied to other observables 
in a pure state.



General features (I)

Z(A)
n ⇡ 1

Zn
1

X

⌧2Sn

h⌘A ⌦ eĀ|I↵, ⌧i

<latexit sha1_base64="rRf8ZpCEfirZG4HxROnwKkNTFps="></latexit>

⌘
X

⌧2Sn

Z(A)
n (⌧)

<latexit sha1_base64="p8Kn32Jo0wDWMIzaZoWoIov1fZg="></latexit>

• Satisfy the unitarity constraint Z(A)
n = Z(Ā)

n

<latexit sha1_base64="0COsSwtByWkIZDaBIUm2DyWJzE8=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WoICWRit0IFTcuK9gHNjFMppN26GQSZiZCCfkJN/6KGxeKuBXc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dDXxOw9ESBrxWzWOiRuiAacBxUhpyTNPUgcjBu8yL+XZfVq5PM7gBZwTHR8JqB3PLFtVawq4SOyclEGOpmd+Of0IJyHhCjMkZc+2YuWmSCiKGclKTiJJjPAIDUhPU45CIt10+lUGj7TSh0EkdHEFp+rviRSFUo5DX3eGSA3lvDcR//N6iQrqbkp5nCjC8WxRkDCoIjiJCPapIFixsSYIC6pvhXiIBMJKB1nSIdjzLy+S9mnVrlXPbmrlRj2PowgOwCGoABucgwa4Bk3QAhg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4AvrWd5Q==</latexit>

Z(A)
n (e) = TrA

�
TrĀ⇢eq

�n
= Z(A,eq)

n = e�(n�1)S(A,eq)
n

<latexit sha1_base64="2WHiLfJYW9ShPQ6Uh3NQRwdXDmY="></latexit>

Z(A)
n (⌘) = TrĀ

�
TrA⇢eq

�n
= Z(Ā,eq)

n = e�(n�1)S(Ā,eq)
n

<latexit sha1_base64="448RqZ9AZqH8BlrufTD5oeWd3bk="></latexit>

S(A)
n = min

⇣
S(A,eq)
n , S(Ā,eq)

n

⌘
,

<latexit sha1_base64="QATIBQCLhFbZFB7x5+PRBEOXRZw="></latexit>

• Two particularly simple contributions  

• When one of A or     is much smaller than the other, Ā

<latexit sha1_base64="YKdtKjJJzJ83k6/TrGpPfz+RE2Y=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKxR4rXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r2QaHzdL1e8qjcHXiV+TiqQo9kvf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2qgcZl0lqmaSLRVEqsFV49joecM2oFRNHCNXc3YrpiGhCrQuo5ELwl19eJe2Lql+rXt7VKo16HkcRTuAUzsGHK2jALTShBRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A+DnjqY=</latexit>

(generalization of Page’s 
results to finite 
temperature and infinite 
dimensional Hilbert space.)



General features (II)
Z(A)

n ⇡ 1

Zn
1

X

⌧2Sn

h⌘A ⌦ eĀ|I↵, ⌧i

<latexit sha1_base64="rRf8ZpCEfirZG4HxROnwKkNTFps="></latexit>

can be represented in terms of Euclidean path integrals for n replicas of  I↵

<latexit sha1_base64="3TMAyXINmeyx4jKAAmfFyY2WJQE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIYo8FL3qrYD+gCWGy3bRLN5uwu1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzwpQzpR3n2yqtrW9sbpW3Kzu7e/sHdvWwo5JMEtomCU9kLwRFORO0rZnmtJdKCnHIaTccX8/87gOViiXiXk9S6scwFCxiBLSRAruKc48Ax7fTwAOejgAHds2pO3PgVeIWpIYKtAL7yxskJIup0ISDUn3XSbWfg9SMcDqteJmiKZAxDGnfUAExVX4+P32KT40ywFEiTQmN5+rviRxipSZxaDpj0CO17M3E/7x+pqOGnzORZpoKslgUZRzrBM9ywAMmKdF8YggQycytmIxAAtEmrYoJwV1+eZV0zuvuRf3y7qLWbBRxlNExOkFnyEVXqIluUAu1EUGP6Bm9ojfryXqx3q2PRWvJKmaO0B9Ynz8jgpNB</latexit>
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Validity of approximation

�2 ⌘
⇣

Z(A)
n,Q

⌘2
�

eq app

=

⇣
Z(A)

n � Z(A)
n,P

⌘2
�

eq app

=

⇣
Z(A)

n

⌘2
�

eq app

�
⇣
Z(A)

n,P

⌘2

<latexit sha1_base64="VZeyaFS9t91FBlBWxho4OEAccyY="></latexit>

Consider

The approximation is self-consistent if � ⌧ Z(A)
n,P

<latexit sha1_base64="WP9fI5ayal9J4A9s2xxCAeJa7uc=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREKnZZ0YXLCvaBTQyT6aQdOpmEmYlQQpZu/BU3LhRx6ye482+ctllo9cCFwzn3cu89fsyoVJb1ZRQWFpeWV4qrpbX1jc0tc3unLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dDHxO/dESBrxGzWOiRuiAacBxUhpyTP3nUvCFIIOYzB1MGLwNvNSftzM7tLK+VHmmWWrak0B/xI7J2WQo+mZn04/wklIuMIMSdmzrVi5KRKKYkaykpNIEiM8QgPS05SjkEg3nT6SwUOt9GEQCV1cwan6cyJFoZTj0NedIVJDOe9NxP+8XqKCuptSHieKcDxbFCQMqghOUoF9KghWbKwJwoLqWyEeIoGw0tmVdAj2/Mt/Sfukateqp9e1cqOex1EEe+AAVIANzkADXIEmaAEMHsATeAGvxqPxbLwZ77PWgpHP7IJfMD6+ASL3mMA=</latexit>

⇣
Z(A)

n

⌘2
�

eq app

⇡
⇣
(Z(A)

n )eq app

⌘2

<latexit sha1_base64="Mxd9jO/fzSuklW/AmbRduUrpzr0="></latexit>

Equivalently, this means that: 

One finds that: 
�

Z(A)
n,P

⇠ 1

Z
1
2
1

⌧ 1

<latexit sha1_base64="wyABktTHemylx+pWw+VbZNeAFcU="></latexit>

Larger than subleading
terms in Z(A)

n,P

<latexit sha1_base64="61es8j5+w/FiKr7knTYUVenrQ7E=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAIESTsSsQcI148RjAPTGKYnUySIbOzy8ysEJfFX/HiQRGv/oc3/8ZJsgdNLGgoqrrp7vJCzpR2nG8rs7S8srqWXc9tbG5t79i7e3UVRJLQGgl4IJseVpQzQWuaaU6boaTY9zhteKOrid94oFKxQNzqcUg7Ph4I1mcEayN17YO4TTBHd0k3FqfV5D4uXJ4kXTvvFJ0p0CJxU5KHFNWu/dXuBSTyqdCEY6VarhPqToylZoTTJNeOFA0xGeEBbRkqsE9VJ55en6Bjo/RQP5CmhEZT9fdEjH2lxr5nOn2sh2rem4j/ea1I98udmIkw0lSQ2aJ+xJEO0CQK1GOSEs3HhmAimbkVkSGWmGgTWM6E4M6/vEjqZ0W3VDy/KeUr5TSOLBzCERTAhQuowDVUoQYEHuEZXuHNerJerHfrY9aasdKZffgD6/MHhVGUmA==</latexit>



It is also possible to derive the equilibrium approximation by 
making some minimal assumptions on spectral properties of the 
Hamiltonian and initial states. 

in progress with Darius Zhengyan Shi and Shreya Vardhan 



Gravity systems
The equilibrium approximation can be applied to gravity systems 
in equilibrated pure states

Z(A)
n ⇡ 1

Zn
1

X

⌧2Sn

h⌘A ⌦ eĀ|I↵, ⌧i

<latexit sha1_base64="rRf8ZpCEfirZG4HxROnwKkNTFps="></latexit>

• If gravity respects the usual rules of quantum mechanics, the prescription 
leads to answers consistent with unitarity.  

• May be implemented  at semi-classical level using Euclidean path integrals

• For holographic systems, the boundary version of the prescription 
provides the boundary conditions for formulating the prescription for 
bulk gravity. 

• Intuitively, “couplings” among different replicas could lead to 
replica wormholes, i.e. geometries connecting different replica 
“universes”.

Amplitudes in 
gravity

• Still an approximation even if one can calculate these amplitudes in exact QG 



A model of black hole evaporation

I↵ = 1R ⌦ I(B)
� , TrR1R = N

<latexit sha1_base64="CAT8bpB+lEc4OY6QdSZCUhB6Wis="></latexit>

Z(B)
1 = TrBI(B)

� = eS0z1(�)

<latexit sha1_base64="ggd1EcCw5ETLdXsRO9Vzbrg3E3o="></latexit>

,
Consider the regime: eS0 , N ! 1, Ne�S0 = finite

<latexit sha1_base64="vhYXpwmsRjyl5JVodHvvkO8NnUA=">AAACIHicbVDLSgMxFM34tr6qLt0Ei+CilhlR2o0guHElFW0tdGrJpHc0NJMZkztCGfopbvwVNy4U0Z1+jeljodUDgcM553JzT5BIYdB1P52p6ZnZufmFxdzS8srqWn59o27iVHOo8VjGuhEwA1IoqKFACY1EA4sCCVdB92TgX92DNiJWl9hLoBWxGyVCwRlaqZ0vw3V20Xb7RXpGfYypL1SIvSL17+5S1rGi9fcGAXpEM19HNBRKIPTb+YJbcoegf4k3JgUyRrWd//A7MU8jUMglM6bpuQm2MqZRcAn9nJ8aSBjvshtoWqpYBKaVDQ/s0x2rdGgYa/sU0qH6cyJjkTG9KLDJiOGtmfQG4n9eM8Ww0sqESlIExUeLwlRS28SgLdoRGjjKniWMa2H/Svkt04yj7TRnS/AmT/5L6vsl76B0eH5QOK6M61ggW2Sb7BKPlMkxOSVVUiOcPJAn8kJenUfn2Xlz3kfRKWc8s0l+wfn6BrQAoXY=</latexit>

Z(R)
n =

1

(Z(B)
1 )n

nX

k=1

N1�k
X

P
i mi=k

N({mi})
nY

j=1

(Z(B)
j )mj

<latexit sha1_base64="U4hPvrS36549HKBjKF2N/7T5RMU="></latexit>

Z(B)
j = TrB

⇣
I(B)
�

⌘j

<latexit sha1_base64="pWyQwovO6NM5/t2O3AUYc3i9utE="></latexit>

For the black hole mode considered by  Penington, Shenker, 
Stanford and  Yang



I(B)
�

= f(HB)e
��HB

<latexit sha1_base64="G1ZJMRBi+5395G/p+2IToO1RTPU=">AAACF3icbVDJSgNBEO2JW4xb1KOXxiAkB8OMRMxFCPESbxHMAlmGnk5N0qRnobtHCMP8hRd/xYsHRbzqzb+xsxw08UHB6/eq6KrnhJxJZZrfRmptfWNzK72d2dnd2z/IHh41ZRAJCg0a8EC0HSKBMx8aiikO7VAA8RwOLWd8M/VbDyAkC/x7NQmh55Ghz1xGidKSnS3GXUo4vk36cb5aSOyuA4rga+zma3a1gDH04/O5pt8JtrM5s2jOgFeJtSA5tEDdzn51BwGNPPAV5UTKjmWGqhcToRjlkGS6kYSQ0DEZQkdTn3gge/HsrgSfaWWA3UDo8hWeqb8nYuJJOfEc3ekRNZLL3lT8z+tEyi33YuaHkQKfzj9yI45VgKch4QETQBWfaEKoYHpXTEdEEKp0lBkdgrV88ippXhStUvHyrpSrlBdxpNEJOkV5ZKErVEE1VEcNRNEjekav6M14Ml6Md+Nj3poyFjPH6A+Mzx+bcZ0I</latexit>
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<latexit sha1_base64="ey3K2yznyNM3Ev1piN2PfnYot8M=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBahXkoiFXsRil48VrAf2May2W7atZtN2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeX7MmdKO823lVlbX1jfym4Wt7Z3dPXv/oKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Q99VtPVCoWiTs9jqkX4oFgASNYG6l733t8SEtXpxN0iXp20Sk7M6Bl4makCBnqPfur249IElKhCc dKdVwn1l6KpWaE00mhmygaYzLCA9oxVOCQKi+d3TxBJ0bpoyCSpoRGM/X3RIpDpcahbzpDrIdq0ZuK/3mdRAdVL2UiTjQVZL4oSDjSEZoGgPpMUqL52BBMJDO3IjLEEhNtYiqYENzFl5dJ86zsVsrnt5VirZrFkYcjOIYSuHABNbiBOjSAQAzP8ApvVmK9WO/Wx7w1Z2Uzh/AH1ucPOKOQeQ==</latexit>

(a)

(b)(a) (b)



• This leads to a derivation of the prescription of replica wormholes
introduced by Penington, Shenker, Stanford and  Yang. 

• the underlying mathematical structure: permutations, and for planar 
diagrams: non-crossing permutations. Closed form for Renyi entropies.

• Physically, replica wormholes can arise in systems with a fixed 
Hamiltonian. No averages needed. 

• Explains the emergence of Euclidean gravity in describing entanglement 
entropies of a pure state, and why it is compatible with unitarity.  

Provides precise prescription when and how to introduce replica wormholes. 

(⇢(R)
ij )wormhole

<latexit sha1_base64="UD+PRRM4P6GQ3Ba9L1i7lfMBcgI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXULlWCimBgqMTCWBB9SG2IHNdpDXYc2Q6oirKz8CssDCDEyg+w8Te4jwFajnSlo3Pute89Qcyo0o7zbeWWlldW1/LrhY3Nre0de3evpUQiMWliwYTsBEgRRiPS1FQz0oklQTxgpB3cnY/99j2RioroWo9i4nE0iGhIMdJG8u1iuSeH4iYtX1UyP6W3WcVPe5LDByH5UDCSQejbJafqTAAXiTsjJTBDw7e/en2BE04ijRlSqus6sfZSJDXF5sVCL1EkRvgODUjX0Ahxorx0cksGD43Sh6GQpiINJ+rviRRxpUY8MJ0c6aGa98bif1430eGpl9IoTjSJ8PSjMGFQCzgOBvapJFizkSEIS2p2hXiIJMLaxFcwIbjzJy+S1lHVrVWPL2ul+tksjjw4AEVQBi44AXVwARqgCTB4BM/gFbxZT9aL9W59TFtz1mxmH/yB9fkDJZSaeQ==</latexit>

⇣
Tr(⇢(R))2

⌘

wormhole

<latexit sha1_base64="diBTtO2IVNRI8PaA8CKZajtKJ40=">AAACHHicbVDLSgMxFM34rPVVdekmWIR2U2Z8oAsXghuXVfqCTi2ZNNMJJpMhuaOUoR/ixl9x40IRNy4E/8b0sdDqgQuHc+5N7j1BIrgB1/1y5uYXFpeWcyv51bX1jc3C1nbDqFRTVqdKKN0KiGGCx6wOHARrJZoRGQjWDG4vRn7zjmnDVVyDQcI6kvRjHnJKwErdwqEvWAilzNcS1/QQl3wdqZusdF0elm8OfM37EZS7Y/teaRkpwYbdQtGtuGPgv8SbkiKaototfPg9RVPJYqCCGNP23AQ6GdHAqX0v76eGJYTekj5rWxoTyUwnGx83xPtW6eFQaVsx4LH6cyIj0piBDGynJBCZWW8k/ue1UwhPOxmPkxRYTCcfhanAoPAoKdzjmlEQA0sI1dzuimlENKFg88zbELzZk/+SxkHFO6ocXx0Vz8+mceTQLtpDJeShE3SOLlEV1RFFD+gJvaBX59F5dt6c90nrnDOd2UG/4Hx+A/tjoVQ=</latexit>

Incompatibility between                                             and 

can be naturally explained in terms of 
⇣
Tr(⇢(R))2

⌘

eq.approx.
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(⇢(R)
ij )eq.apporx.
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Eternal BH coupled to bath

AdS

FlatFlat

(a)

Eternal black holeBath Bath
(b)

!

! = 0

$(&)

Almheiri, Mahajan Maldacena; 
Rozali, Sully,  Van Raamsdonk
Waddell, Wakeham

S(BH)

n = S(bath)

n = min(2S(BH,th)
n , S(bath,eq)

n (t) )
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Confirm the replica wormhole prescription of Almheiri, Hartman, 
Maldacena, Shaghoulian and Tajdini. 
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= BH

(replica wormhole)



Big black hole in AdS from collapse
One can also consider a big black hole in AdS resulted from 
gravitational collapse, e.g Vaidya solution. 
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Further applications

Finite temperature effects on the Page time  

quantum correlations among different parts of radiation 
and their Euclidean gravity descriptions 

……..

in progress with Jonah Kudler-Flam, Shreya Vardhan

The equilibrium approximation provides powerful tools for  
studying quantum informational properties of general quantum 
many-body systems, both condensed matter and gravity systems.

For example: 

information  transfer of from BH to radiation

Finite temperature generalization of Petz map 



Discussions

To understand the corrections from the neglected part, we 
may need intrinsically Lorentzian path integrals in 2n
copies of the original system. 

= Z(A)
n,P + Z(A)

n,Q
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Z(A)
n = h⌘A ⌦ eĀ|(U ⌦ U†)n|⇢0, ei

<latexit sha1_base64="yKI09dGihMbdvYA0Ddl/oVUNAsQ="></latexit>

Also interesting to study its behavior in some model systems. 

In progress with Shreya Vardhan and Ziqi Zhou



Caution: interpretations of wormholes
Euclidean wormholes arise in many contexts of semi-classical
gravity discussions.  

Even though they look alike on the gravity side, depending on 
contexts, they may be responsible for completely different 
physics, so may have completely different boundary theory 
interpretations. 

For example, replica wormholes are relevant for physics at  
time scales much much shorter than those for wormholes 
arising in the computation of spectral form factors. 

Our discussion of replica wormholes arising in systems with a 
fixed Hamiltonian may not say anything regarding wormholes 
in other physical contexts. 



Thank You !


