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The context of this talk

Localized sources in flat spacetime.
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We study the structure of gravitational field far from the source



Importance of the asymptotic structure of spacetime

Why this study is important?

e Nonlinear stability of flat spacetime

Holographic principle

Rigorous definition of gravitational charges
e Gravitational memory effects

e Radiation reaction effects



The Bondi-Sachs formalism



Asymptotically flat spacetime

Gravitational waves in general relativity

VII. Waves from axi-symmetric isolated systems

By H. Boxpr, F.R.S.,, M. G. J. vaN DER Bure axD A. W. K. METZNER

(Received 8 January 1962—Revised 2 April 1962)

Gravitational waves in general relativity
VIII. Waves in asymptotically flat space-time

By R. K. Sacns*
King’s College, University of London

(Communicated by H. Bondi, F.R.S.—Received T May 1962)



GR in Bondi gauge

Bondi gauge: Use coordinate system (u,r,84) such that
e y is a lightlike coordinate
e 7 is the areal distance

To ensure these, we impose the gauge conditions

grr =9gra =0, Or det (r729A3> =0

The metric then takes the form

ds? = — X (Udu® + 2dudr) + r2g.4 5 (d0” — U du)(d0® — U7 du)

e Boundary conditions: lim (g —nuw) =0

e Einstein equations solve for (3,U,U%, ga5)



Solving Einstein equations

Asymptotic expansion: f = f) + f“) +ia

U=U-2mr '+ (9(7"72)
B=Br2+0(0%
9AB =748+ Capr t+ Dapr 2+ O@r™3)

U =04r"2 - %[NA — %CAB D¢ CBC} P4 (’)(7’_4)

Bondi shear CAB(u,H ) = eAeB ( lim rh )

r—00

Mass aspect m(u, 64)

Angular momentum aspect N4 (u,0?)



Einstein equations

Free data: ~4p,Cap

Algebraic equations
o 1 s 1 . ap ca 1 AB . 5
U= _iR[’YL B = _3720 Cap, U" = _iDBC , Dap=-8BvasB

Balance equations
() ——703 CqBCAB-Fic DADBCAB

3 .
OulNg = 0am + 4%, (DB(CBCCCA) + QDBCBCCCA>

4
+ 15 DP(DaDCpe - DD Cac).



BMS charges




BMS charges

Generalized BMS charges

P (u) = ]{ Yomm, Supermomentum
Tem (u ?{ Ve N a, S-angular momentum
Kem(u 7{ ¢emN A S-center of mass

where the two Vector spherical harmonics on the sphere are
A AB A AB
Gom =€~ OBYpm, Yim =7 0BYtm

These are indeed Noether charges associated to BMS symmetries.



BMS symmetries

BMS symmetries generalize Poincaré symmetries

Pom Tem Icfm
=0 Energy -

¢=1 | Linear momentum | Angular momentum | center of mass

BMS balance equations

BMS charges are NOT conserved due to gravitational waves. Instead
they obey certain balance equations



BMS balance equations




Balance equations in two body problem

Newtonian gravity: Conservation laws enough to solve Kepler problem
Einstein GR: Balance equations replace conservation laws

dEmech —
dt rad

At lowest Post-Newtonian order

Gmima @& ooo  ooo
Emech = 7277“: Frad = @ Iij ]ij

Solves the evolution of quasi-circular orbit [Pictures: Maggiore]
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BMS flux balance equations

Flux balance equation for supermomentum (recall Py, = %3?5 Yo m)

. 1 03 . ~AB 04 “AB
==¢ Yo (—— £ _DuD
Pim C?{; tm ( gqCaBC" + 1 =DaDEC

Similarly for superLorentz charges

Multipole expansion of radiation field (n; = £-, N, = n;, -+ - n;,)

+oo

4G by T
Chy=y pEsy] (NL—2 Uijr—2 = Nar-2 Eab(ivj)bL72)
=2

in terms of mass and spin radiative multipole moments
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Poincare flux balance equations

Energy and angular momentum [Bianchet, Faye '18]
- = @ o bbp o,
E=— Z ﬁﬂl{ULUL + ?VLVL} )

=2

. G beby
J-——swkz ,'JHZ,UZ{U]L WUkr—1 + —VijL- 1 Vi 1}

oo
: G beb . . .
Pi = *Z 3 {2(£+ et (UzLUL + £ “_1 VzLVL) +ov 5i.7'k’UJ'L—1Vk’L—1}

(,Jr+,
£=2

(+1)(£+2) 8((+2) by ¢

where = o@D ¢ = D@D = 7+1

Similar results for center of mass.
Exact equations
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Radiative vs. source multipoles
G ¢ G
UL =19 = g .
L I +@(C3), Vip=J;,"+0 3

Leading terms

- _G (L) _ G (L W@ 16,0 ;0 -9
£€=-5 (51"1 L") = = \ 1gglintie + 35035 Jis” ) +0()
‘ G (2. @, _GC 1 (3) ,(4) , 32,2 3 9
S (567'“7[.7'1 Ly ) = ik | ggljtmim + 5751 T | 0

s __G (2 @@ 16 @) I
Pi=—— (@Iijk[jk + 5 ikl h +O(C )

=pi= G [ (1152121 4o ().

Matches exactly with standard results|Einstein '18, Epstein, Wagoner '75, Thorne

‘80, Kozameh '16, Blanchet, Faye '18]

12



PN analysis of BMS fluxes

Example: Octupolar super angular momentum
2 G 6 . _
Jijk = 7z uVijk = —— (g €pq(i Uj\p\Uk"M) +0(c)

PN order of quadratic fluxes

Supermomentum s-ang.momemtum s-center of mass

¢-pole | PN order ¢-pole | PN order l-pole | PN order
0,2, 4 3 1,3 2.5 13,5 35
1,35 35 2,4 3 2,4,6 4
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Conclusion

Outlook Use BMS balance equations to

Constrain non-circular orbits

Classify radiation reaction effects

Thank you very much
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Back up




Noether’s theorem

Of a theory

- Of a solution
6:8 =0 ZLegw =0
Disgrete Continuous
(parity,...)
Global Loca(le (g auoe)
(Lorentz,...) ’ (A> A+ 04

Noether
theorem
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Adiabatic modes

Adiabatic modes [Weinberg'05 |

Adiabatic modes are perturbations that in the long wavelength limit
take the form of a gauge transformation

e Example: Maxwell theory in temporal gauge [Mirbabayi,Simonovi¢ '16- AS,van
den Bleeken '17]

AO =0 = Az — A, +a,>\(w)
e Gauss equation
V- -E=08;4,=0 trivially solved by A; = 0;\(x)

e Introducing slow time dependence A; = 9;A(¢l, ) and requiring

e.o.m= O(e?) implies

A= di(et X)),  VAx) =0

e Remark. Regular solutions cannot vanish at the boundary.

Correspondence between adiabatic modes and asymptotic symmetries.
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