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Talk based on:

S. Borsanyi, Z. Fodor, J. N. Guenther, C. Hoelbling,
S. D. Katz, L. Lellouch, T. Lippert, K. Miura, L. Parato and
K. K. Szabo, F. Stokes, B. C. Toth, Cs. Torok, L. Varnhorst,

“Leading-order hadronic vacuum polarization contribution to
the muon magnetic momentfrom lattice QCD,”

[arXiv:2002.12347 [hep-lat]].

Lukas Varnhorst for BMWc High precision scale setting in lattice QCD



© Lattice QCD and the scale

© Mass of the Q baryon

© Isospin corrections

@ Global fits

© A high precision determination of wg

Lukas Varnhorst for BMWc High precision scale setting in lattice QCD

3 von 31



Lattice QCD and the scale

Lattice QCD
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Lattice QCD and the scale

The need for a high precission scale setting

A
Aa”

physical point aM;
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Lattice QCD and the scale

Important limits

Calculations can only be done with a finite number of lattice sites —
Extrapolations to small lattice spacing and large volumina necessary.
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Lattice QCD and the scale
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Mass of the Q baryon

Strategy of €2 mass extraction
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Determine the lattice scale with the 2 baryon
mass

First discuss the isospin symmetric case
We used an action with the following
properties:

o Symmanzik improved gauge action

o NF=2+1+1

o Four steps of stout smearing of the
gauge fields in the Dirac operator

o Staggered fermions
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Bracketing of the physical point
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Mass of the Q baryon

Staggered fermions

“Naive” fermion action:

4 X(x+ 1) — Ul (x — p)yv(x — f
5= Y0 (Z%Uﬂ( Jox + ) = Ul — ) u)+mw(x)>
pn=1

2a
xeN

12 component fermion fields 12 (x) and 2 (x). It describes 16 Dirac

fermions.

X1 X2

Staggered transformation 9(x) = 7;"7;5°73°75*¢'(x) and
P(x) = P (X)) v32 7527+ mixes spatial position with Dirac indizes:
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Mass of the Q baryon

Staggered fermions

“Naive” fermion action:

U(x + 1) — Uf(x = p)ip(x — 1)

Sk =2 ¥(x) (Z Ya o + mw(x)>

x€eN

12 component fermion fields 12 (x) and 92 (x). It describes 16 Dirac
fermions.

X1 X2 X3

Staggered transformation ¢ (x) = 77"75°73°7,* ¢’ (x) and
P(x) = ' (x)73* 7373277+ mixes spatial position with Dirac indizes:

X T(x — 1)x(x — i
SF:Z)_( (Znu ()x(x + 1) ;:H( i)x( /1) —I-mx(x)>

x€eN

with 7, (x) = (=1)2F -1 ¥(x) and x(x) are 3 component fields and
they describes 4 Dirac fermions.
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Mass of the Q baryon

Baryon operators

Interpolating operator for baryons: Products of three quark fields. But:
Dirac structure is encoded in spatial indices.

Classification of staggered baryon operators in [1]. For the Q baryon,
there are two candidates:
E.g. for the XI operator

Ovt = =™(Dix?(x)) (Do () (Dax“(x))

6
XI @+@+@ Di:%(x(x—i)+x(x+5)

In [2] an additional flavor DOF is used to construct a operator Ba

OBa = [200416820+3 — 00308102 — 00208301 + (- B <> -+ )] X
P ((D1x2 (x))(D12x5(x))(D13x5(x)) — (D2x2(x)) (D21 x5(x))(Dasx5 (x)) +
(D3x3,(x))(D31x5(x)) (D23 (x))

[1] M. F. L. Golterman and J. Smit, “Lattice Baryons With Staggered Fermions,” Nucl. Phys. B 255 (1985), 328-340
[2] J. A. Bailey, “Staggered baryon operators with flavor SU(3) quantum numbers,” Phys. Rev. D 75 (2007), 114505
[arXiv:hep-lat /0611023 [hep-lat]]
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Mass of the Q baryon

The Q correlation function
The correlation function of a staggeered baryon has the form
H(t; A, M) = Arhy(t; Mo)+Axh_(t; Ma)+Ashy (t; M3)+Agh_(t; Mg)+- - -
with
hy(t,M) = e Mt 4 (—1)t~te~M(E=T)
h_(t,M)=—h (T —t, M)

Mass can be estimated by effective mass

1 H(t - 1)
Meff(t) = _ﬁ |0g <H(t—|— 1))

— Asymptotic exponential decay

Tmin fmax

large signal, signal dominated by loss of signal signal dominated by ~ large signal,
excited states ground state ground state excited states
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Mass of the Q baryon

Quark smearing

L T S T

Excited state contributions can be
¢ o ¢ O o6 o © . duced by applying quark field
L N s =™ smearing

Searing connects only next-to-
: : : : neighbours to keep the taste
0090 @ structure intact.

o ¢ Gauge fields are 3d stout smearied
‘ fields.

D (U U (x + p)v(x + 2f)+
u=1.23

U (x — AU (x — 2)v(x — 27)

ola

But: Supression of excited states not enough
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Mass of the Q baryon

Extraction of the Q mass:

4 state fit extraction GEVP based extraction

Construct matrix [1] from folded

Fit propagator to propagator Hi:

H(t; A, M) = Arhy (t; Mo)+ Hito Hiyi Hipo Higs
Arh_(t; My) + Axhy (t; M)+ H(t) = Hetr Heo Heps Heps
Ash_(t; Ms) Hiy2  Hips Hiya Hegs

Hiyz Hia Hiys Higs
with h (t,M) = e M
(_1)t—1e—M(t—T) and

h_(t, M) = —h (T —t, M).

and solve H(t)v(ta, tp) =
A(ta, tp)H(tp)V(tay tp).

Then, extract mass from
C(t) = vi(ta, tp)H(t)v(ta ty)
between ty and t;.

Use priors for the excited state
masses:

prior mean rel. prior width
2012MeV  0.10

2250 MeV  0.10

2400MeV  0.15 form Toctorer AP Cont. Proc. 1374 (200 no, 621634

doi:10.1063/1.3647217 [arXiv:1010.0202 [hep-lat]].

No assumption on the masses of
the excited states.
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Mass of the Q baryon

GEVP based extraction

Can improve overlap with groundstate significantly — Mock analysis:
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Mass of the Q baryon

GEVP based extraction

Can improve overlap with groundstate significantly — Mock analysis:
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Mass of the Q baryon

GEVP based extraction
On real data ground state overlap can be significantly improved:

W gevp ground state
prior in 4state fit

0.75 r § state0
§ statel
0.70 1
' i
]

ol Tty
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0.60

0.55 . t {
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t/a

GEVP excited state agrees very well with prior in the 4 state fit.
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Mass of the Q baryon

GEVP based extraction

Method requires to tune the parameters for the GEP (t, and tp) and for
the exponential fit (¢; and ). We use a Kolmogorov-Smirnov test to
determine the ranges.

x>-value from mass fit

Nz distribution of Q-values
x2-value from mass fit “[_5

= O
x%-value from mass fit a&&-

N2

<
.50 g
x2-value from mass fit 0& Q-values

3
3 —>»>
L]

x%-value from mass fit KS-Test

p-value
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Mass of the Q baryon

GEVP based extraction

Method requires to tune the parameters for the GEP (t, and t;) and for
the exponential fit (t; and t;). We use a Kolmogorov-Smirnov test to
determine the ranges.

4 6 8 10 12 14 16 18
to/a @ B=3.75
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Mass of the Q baryon

GEVP based extraction

Method requires to tune the parameters for the GEP (¢, and t,) and for
the exponential fit (t; and t;). We use a Kolmogorov-Smirnov test to
determine the ranges.

uniformly distributed
random numbers

4 6 8 10 12 14 16 18
to/la @ B=3.75
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GEVP based extraction

Method requires to tune the parameters for the GEP (t, and t;) and for

the exponential fit (t; and t;). We use a Kolmogorov-Smirnov test to
determine the ranges.

3.75

tstartla @ B

4 6 8 10 12 14 16 18
tola @ B=3.75
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Mass of the Q baryon

Comparison between methods

Good agreement between mass extraction with both methods:

mg : mg/m, T T T T ™ T
: 4state fit - combined —&—
) 1 1 4state fit - range#2 —O—
0.039130:26.893 - % """ : 4state fit - range#1 —H— |
4=y | GEVP fit —BF—
: N : : :
0.040750 : 28.007 8
‘ . B | | |
0.043194 : 30.205 _§ .
‘ ‘ | | | =
H H H ! '9'
0.043194 128,500 |
‘ ‘ ‘ : : =S
B=3.8400 0.780 0.785 0.790 0.795 0.800 0.805 0.810 0.815

aMg
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Mass of the Q baryon

Comparison of operators

We have investigate the 3 operators VI, XI and Ba on one ensemble with
increased statistics:

1.122

1121

1120 |

1.119

1s @ + 1
1117 g { @
1.116 mﬁ)ﬁ% + 3
1.115 SR

1114 1

M, effective mass
a

13 b _
8 10 12 14 16 18 8 10 12 14 16 18 8 10 12 14 16 18

t/a t/a t/a
VI and XI couple to two tatstes, whereas Ba is constructed to couple
only to one taste.

Difference safely within the 0.1% error on usual configurations. — Use
VI for the main analysis.
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Isospin corrections

The calcultation of the isospin corrected 2 masses

bl b

isospin symmetric
correlation function

.

isospin breaking
contributions

Lukas Varnhorst for BMWc

High precision scale setting in lattice QCD

20 von 31



Isospin corrections

The path integral

The path integral in the full theory is

Z:/DUe‘Sg[U]/DAe_SW[A] dets

where .
dets = ] ] det M
f
@ Non-Compact formlation (photon field A,)

Configurations generated with m, = my and without
electromagnetism

(4]

S,[A] is the QEDy,, i.e. with the spatial zero modes removed

Isospin correction added as derivatives
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Isospin corrections

Full QCD+QED
@ QCD + QED
/dU/dA C(U, A) e %IVl =S+l det M(U, A)

/dU/dA e %8l =S+l get M(U, A)

(C)qcp+qep =

@ Keep leading order in dm=mg —m, and €% =4na

0
§m=0 + om- 85m<c>QCD+QED6m:0+
e=0 e=0
e? 92
+ o @<C>QCD+QED

<C>QCD+QED (6m,e) = <C>QCD+QED

+ O(e*, e26m, sm?)
dm=0
e=
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Isospin corrections

Dynamical QED as quenched QED expectation values
/dU/dA C(U, A) e %l =571l det M(U, A)

/dU/dA e %slUl =51l det M(U, A)

<C>QCD+QED =

/dU/dA c(U, A) det MU, A) =5, 14] q=SglU] get M(U,0)

B det M(U, 0) B
/dU/dA et MU, A): 5,141 =Sl get M(U, 0)
det M(U, 0)
JAMUAN g
: det M(U, 0
/dU< ' detI\/I(UO)> et M(U,0)

/dU <W> efsg[u] det M(U, 0)
A,q.

det M(U, 0)
det M(U, A)
<<C(U’ A) detM(U,0)>A,q->U

< det M(U, A) >
det M(U,0) / 4./ ,
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Isospin corrections

Expansion up to O(e?,6m)
e,: QED coupling in valence sector

es: QED coupling in sea sector

6m ! U e\% /!
Co(U) + -~ “Cr(U) +ev - C1 (U, A) + > -C3(U, A)
I

1/4

I det MN[U, A] - d1(U,A)+e52 d2(U, A)
_— ~ €& - -

g det MU, 0] do(U) 2 do(U)

@ my=m — 57’", mg = my + 57’" —  O(8m) sea effect vanishes

R

C(U, A)

2
(Cacosaep = Co(UNy + o - (Cl)y + % - (5 UMY ), +

, di(U, A)
+ eves - <<C1(U’A) ’ 0/0(U)>A,q->u+

. %52 : <(C0(U) - <Co(U))U) ' <(j2clE)L(le;‘)>A,q»>u
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Isospin corrections

QCD+QED
om ’ ee " " 652 1"
(Cacptqep = €l + E.<C>m + 7-<C>20 + eves - (O)]; + 7~<C>O2
Co = (Co(U))y
<C>:n = <C/ >U

©% = (UM,
i
O

v
) A)

©h <<C1(U A l(J ) > ,q>u

<<CO(U) - (Co(U)>u> ' <W>A,q->u

@ Take isospin symmetric SU(3) configurations: U
® Measure Co(U) and C},(U)
@ For each U, generate quenched U(1) fields: A

(€l

Strategy:

© Measure C{(U,A), C{(UA), %7 and %70
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Isospin corrections

Isospin breaking for hadron masses
Consider effective mass M[H] (H: correlation function) as observable:
Mo = M[{Ho)o]

SMIH]
5H

(g, = 221

"o
M02 -

(o~ ()5 )

detsg

(Ho)o (Ho)o

Mjp ~ (MU (H. + Ho)o] = M({Ha)a)

wr o SMIH] Hy = H_ dets;
11 SH (HotH Yo 2e, detsg 0
m
M = 5—n11(M[<H5m>o] — M[(Ho)ol)

Note that derivatives of M[H] can be calculated analytical.
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Isospin corrections

Finite-Volume-Corrections

QED in a box with periodic boundary condition — mirror particle. Full
calculation for e.g. charged scalar particles yields (x = 2.837...) [1,2]

(QePefi, 2

M(L) = M) = === |1+ w2

+O(L73)

QCD has a mass gap — Finite volume corrections to masses scale
exponential with the decay length determined by the lightest propagating
degree of freedom.

[1] Z. Davoudi and M. J. Savage, “Finite-Volume Electromagnetic Corrections to the Masses of Mesons, Baryons and Nuclei,” Phys. Rev.
D 90 (2014) no.5, 054503 doi:10.1103/PhysRevD.90.054503 [arXiv:1402.6741 [hep-lat]].

[2] S. Borsanyi et al., “Ab initio calculation of the neutron-proton mass difference,” Science 347 (2015) 1452 doi:10.1126/science.1257050
[arXiv:1406.4088 [hep-lat]].
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Isospin corrections

The scale wy

Very promising for high precision scale setting: wyg.

o7 ' ' ' ' o Apply Wilson flow to
o6l “smooth out” the gauge
-~ fields and bring them
osr closer to the classical
A o4 ’."' solution. [1]
3 I . ::': 777777777777777777 o Monitor the action
o o density.
021 o o Define wy to be the
I value of v/t where
0 | | | | L (r2E(t)) = 0.3. [2]
! : o ¢ > o Closely related to ty. [1]

[1] M. Liischer, “Properties and uses of the Wilson flow in lattice QCD,” JHEP 1008 (2010) 071
Erratum: [JHEP 1403 (2014) 092] [arXiv:1006.4518 [hep-lat]].

[2] S. Borsanyi et al., “High-precision scale setting in lattice QCD,” JHEP 1209 (2012) 010
[arXiv:1203.4469 [hep-lat]].
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Isospin splitting of wy
In general we have

d(72E)
dlog T

<W - 2(e)> = 0.3 with WT =

T=Wjy

We then expanded

) = (o (- g )

Wo(es) = uwpy + eféwo
dw

w. bl
dr

T=wi(es) — W‘r:wg + 652 “2wodwp -

— w2
T7W0

So that

1 /dw\ ! dets,”
— (== W, — (W,
oo l2ﬁ< dr >o <( (Wro detso >0] )
T=wg
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Global fits

Global fits
Using Type I fit:

Y = A+ BX) + CX, + DXsm + E€2 + Fe e, + Ge?

with
Xy = Mzo /MG — [M7/Mg],
X, = M /M3 — M, /3]
2
X — (Mo A—ﬂé\/’w)
ME = %(M,%O + Mg+ — MZ,)
The coefficients A, ..., G themselfs depend on the lattice spacing and X;
and Xi.
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Global fits

Global fits
Using Type I fit:

Y = A+ BX; + CX; + DXsm + E€2 + Fe e, + Ge?

The coefficients A, ..., G themselfs depend on the lattice spacing and X;
and X;.

A=Ay + Ara® + Asa*

B =B+ 3282

C=GC+ C232

D = Dy + Dya* + Dya* + DX + DsXs
E = Ey+ Ba® + Eqa* + EX) + EXs
F=Fy+ Ra®

G = Gy + Gra°
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Global fits

Global fits
Using Type I fit:
Y = A+ BX; + CX, + DXsm + E€2 + Fe, e, + Ge?
Write as coupled system of equations
[Y]o = [A + BX; + CXS]O
[Y1m = [DXsm]m
[Y120 = [A+ BX + CXs + DXsml2o + [Elo

[Y]11 = [A+ BX) + CXs 4+ DXsml11 + [Flo
[Y]o, = [A+ BX) + CXs + DXsmlgo + [Glo
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A high precision determination of wg

wo from € mass:

1730 |-
1725 |-
= Using Type I fit:
1715
1710
woMq = A+ BX; + CXs
1705 isospin symm, A _ 5 5
122 e :77”@@7\,,_,,,gﬂ;mm,, e - + Ee, + FXeyes + Geg
100 fo @ with
0.75 | Ged valval, 6%E X = /\/]T2ro//\/7522 — [METO/M%]*
0.06
0.03
0.00 S £ e Xs = M}2< /MSZI - |:M}2< /Mgzz}
R S———— X X «
008 | g ,e%F 1
5 e ko = 5(Mio + Mg+ — MZ.)
000 gl G ) .
250 [ apasenson i 10 b Error by AIC weighted histogram
0.000 0.005 0.010 0.015 0.020 method:
a%[fm?]

wo = 0.17236(29)(63)[70] fm
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