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Intro to intro
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Before we begin

Sources:

» Book by M.Cuturi and G. Peyré, Peyré et al. [2019] and
https://optimaltransport.github.io

» Twitter and tutorials of G. Peyré
http://www.gpeyre.com
» Page of M.Cuturi https://marcocuturi.net

» Talk by G. Geoffrey Schiebinger at
https://sites.google.com/view/otml12019/, see
Session 3

» Works by M.Cuturi, G.Peyré, J.Solomon, N. Lei,
A.Kroshnin and many others
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Monge-Kantorovich problem
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Origin of the problem

MEMOIRE

SUR LA
THEORIE DES DEBLAIS
ET DES REMBLAIS
—_—

Par M. Mo~ GE
Lolsqv'md doit tranfporter des terres d'un lieu dans un

autre, on a coutume de donner le nom blai au
volume des terres que Fon doit tranfporter, & le nom de
Rembli 3 Vefpace qu'elles doivent occuper aprés le tranfport.
Le prix du trantpors dune molécule éunt, toutes chofes
ids & & Vefpace®u'on

ix du traniport
ctionnel i 1a fomme des produits des moké-
cules makiplices chacune par Felpace parcouru , il seniuic
que le déblai & le remblai ént donnés de figure & de
pofition, il n'eft pas indifférent que telle molécule du déblai
kit wanfportée dans tel ou tel autre endroit du remblai,
mais quil y a une ceruine diftribution 3 faire des molécules
i premier dans fe fecond, d'aprés laquelle 1a fomme de ces
produits fera la moindre poffible, & le prix du tranfport total

fera un mininam,

M e Ve R dor 5 A3 Page. o4 L. IVIE

Fig s
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Monge Problem

déblais

remblais
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Origin of the problem
» /i, v prob. measures supported on X and Y
» cost function c(x,y) xe X, ye )y

du(1,v) = _min / c(x, T(x))dp(x)

T:Tyup=v Jy
Measure-preserving maps:

VAeY, b(T1(A)=rv(A)

EN o) L
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Optimal mass transportation
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Optimal mass transportation - |
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Optimal mass transportation - ||
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Optimal mass transportation - |lI
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Kantorovich: mass split
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Mass split
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Monge-Kantorovich-Problem

bege.e
[ = Q" =
(] |

N M
a:Za,-éX,., b:ij(Syj, Za;:ij:].
i j i=1 j=1

we choose cost function c(X;, Y;) = ¢;

duk(a, b) == min (P,C) = min ZP,JC,J

PEHab PEHab

IL,={PeRYM: Ply=a P'ly=b}
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Regularization

» Computation tractability: regularization Peyré et al.
[2019]

dim(a,b) = inf | c(X;, Vj)Py +vH(P)

PEHAb —
’7./
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Probability distributions in data science

Statistical inference: samples (point clouds) can be interpreted
as probability distributions

» non-linear spaces: medical images, 3D shapes,
phylogenetic trees, word emeddings

» low-dimensional data in high dimensions: GANSs,
autoencoders

{EVENT s

SRECORD

2
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“Wassersteinization”
OT distance is a suitable replacement for... anything?

» As a distance: barycenters, Mc Cann’s displacement
interpolation; Wasserstei PCA

» As a loss function: GANs; transfer learning, recovery of
group-related dynamics

McCan'’s interpolation W-GANs

IS I / 2D latent space
Recovered image
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Survey

Enormous amount of literature:

» NeurlPS’19: over 100 submissions containig
“Wasserstein” or “Optimal Transport” in in the title

» ICML’19: over 50 submissions

A comprehensive survey on theoretical backgrounds of
OT: Villani [2009], Santambrogio [2010]

Computation aspects: Peyré et al. [2019]

OT in ML
» marcocuturi.net
» www.gpeyre.comn; twitter @gabrielpeyre
> 0tml2019.github.io

19/32


marcocuturi.net
www.gpeyre.com
otml2019.github.io

Single cell genome analysis
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Single-cell data
» Single-cell Hi-C

» Single-cell gene expression based on Schiebinger et al.

[2019]

Single Cell Input

Single Cell
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Topologically associated domains in DNA ?

Spatial geometry is important for gene expression
regulation

double chromosome territories

helix
nucleosomes
\

nuclear
envelope
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s ps o

Hi-C matrix for a fixed cell-type




Avergaing

Data Si,...S,, S P, Pon X

Goal: compute mean w.r.t. dyk with some cost function

Q. * argmin [ (5. Q)P(S). Q= argmin 3" die (5., )
QeXx Qexr
Questions to @,
» consistency
» concentration
» CLT

» confidence regions
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Embryogenesis in mice [work in progress]
o?dcﬁ"e%h‘mh 37I’| 48h 5??! EOI;

——————————
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Talk by G.Schiebeinger at NeurlPS'19

» Paper: Schiebinger et al. [2019]

» Talk by Geoffrey Schiebinger at NeurlPS'19,
see https://sites.google.com/view/otm12019/,

Session 3

» the bioinformatics chat
https://bioinformatics.chat/optimal-transport
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https://sites.google.com/view/otml2019/
https://bioinformatics.chat/optimal-transport

Model

» Each cell: x € Rnum of genes
» Each dim: how many RNA molecules for this gene

Goal: describe developmental process of stem cells

W

Waddington'’s “Epigenetic Landscape”

fertilised egg
Q undifferentiated cell
lonporemlslem cells
blastocyst containi
pluripotent stem celfs

7z 1 N

= <
hemmcpomkSCs  newalSCs  mesenchymal SCs
tissue-specific SCs

Lol | «’ — NNy
@kl - =\

e stable minima (differentiated cells)

bloodcells ol of nervous system
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Stem cell evolution

Measurement kills cells so we cannot observe paths!

o = = = = 9acn



Intuition behind

Intuition
The process is locally linear in Wasserstein space:

Pt:{
~

29/32



Potential problems

Q : How to model cell proliferation? (Increase of mass!)

A - Non-balanced optimal transport

Q : How to model cell differentiation?

A Entropic regularization
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