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Intro to intro
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Before we begin

Sources:

I Book by M.Cuturi and G. Peyré, Peyré et al. [2019] and
https://optimaltransport.github.io

I Twitter and tutorials of G. Peyré
http://www.gpeyre.com

I Page of M.Cuturi https://marcocuturi.net

I Talk by G. Geoffrey Schiebinger at
https://sites.google.com/view/otml2019/, see
Session 3

I Works by M.Cuturi, G.Peyré, J.Solomon, N. Lei,
A.Kroshnin and many others
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Monge-Kantorovich problem
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Origin of the problem
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Monge Problem
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Origin of the problem
I µ , ν prob. measures supported on X and Y
I cost function c(x , y) x ∈ X , y ∈ Y

dM(µ, ν) = min
T :T#µ=ν

∫
X
c(x ,T (x))dµ(x)

Measure-preserving maps:

∀A ∈ Y , b(T−1(A)) = ν(A)
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Optimal mass transportation
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Optimal mass transportation - I
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Optimal mass transportation - II

11 / 32



Optimal mass transportation - III
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Kantorovich: mass split
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Mass split

14 / 32



Monge-Kantorovich-Problem

a =
∑
i

aiδXi
, b =

∑
j

bjδYj
,

N∑
i=1

ai =
M∑
j=1

bj = 1

we choose cost function c(Xi ,Yj) := ci j

dMK (a, b) := min
P∈Πa,b

〈P ,C 〉 = min
P∈Πa,b

∑
i ,j

Pi jci j

Πa,b =
{
P ∈ RN×M : PIN = a,PT IM = b

}
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Regularization

I Computation tractability: regularization Peyré et al.
[2019]

d2
MK ,γ(a, b) := inf

P∈Πa,b

[∑
i ,j

c(Xi ,Yj)Pi j + γH(P)

]
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Probability distributions in data science

Statistical inference: samples (point clouds) can be interpreted
as probability distributions

I non-linear spaces: medical images, 3D shapes,
phylogenetic trees, word emeddings

I low-dimensional data in high dimensions: GANs,
autoencoders
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“Wassersteinization”
OT distance is a suitable replacement for... anything?

I As a distance: barycenters, Mc Cann’s displacement
interpolation; Wasserstei PCA

I As a loss function: GANs; transfer learning, recovery of
group-related dynamics
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Survey

Enormous amount of literature:

I NeurIPS’19: over 100 submissions containig
“Wasserstein” or “Optimal Transport” in in the title

I ICML’19: over 50 submissions

A comprehensive survey on theoretical backgrounds of
OT: Villani [2009], Santambrogio [2010]

Computation aspects: Peyré et al. [2019]

OT in ML

I marcocuturi.net

I www.gpeyre.com; twitter @gabrielpeyre

I otml2019.github.io
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Single cell genome analysis
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Single-cell data

I Single-cell Hi-C

I Single-cell gene expression based on Schiebinger et al.
[2019]
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Topologically associated domains in DNA ?

Spatial geometry is important for gene expression
regulation

Figure: ?
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Hi-C matrix for a fixed cell-type

Figure: Hi-C matrices vs. chromosome alignment
23 / 32



Avergaing

Data S1, . . . Sn, Si
iid∼ P , P on X

Goal: compute mean w.r.t. dMK with some cost function

Q∗
def
= argmin

Q∈X

∫
d2
MK (S ,Q)dP(S), Qn

def
= argmin

Q∈X

∑
i

d2
MK (Si ,Q)

Questions to Qn

I consistency

I concentration

I CLT

I confidence regions
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Embryogenesis in mice [work in progress]
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Talk by G.Schiebeinger at NeurIPS’19

I Paper: Schiebinger et al. [2019]

I Talk by Geoffrey Schiebinger at NeurIPS’19,
see https://sites.google.com/view/otml2019/,
Session 3

I the bioinformatics chat
https://bioinformatics.chat/optimal-transport
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Model
I Each cell: x ∈ Rnum of genes

I Each dim: how many RNA molecules for this gene

Goal: describe developmental process of stem cells
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Stem cell evolution
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Intuition behind
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Potential problems

Q : How to model cell proliferation? (Increase of mass!)

A : Non-balanced optimal transport

Q : How to model cell differentiation?

A : Entropic regularization
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