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even at the highest LHC energies we do not reach the black-
disk limit (in the strong sense). As discussed in the previ-
ous section, the deviations from the black-disc limit might
be due to the effects of the real part and the hollowness,
i.e. reaching a black-ring limit instead of a black-disc one at
the top LHC energies.

Since in the F(y) scaling function the position of the
diffractive minimum (dip) remains s-dependent, yet another
scaling function denoted as G(z) was proposed to transform
out such s-dependence of the dip. This function was intro-
duced also in Ref. [33] as follows:

G(z) =
z|tdip(s)|
stot(s)

ds
dt

����
t=z|tdip(s)|

, (34)

z =
t

|tdip(s)|
. (35)

In principle, all black-disc scatterings, regardless of the value
of the total cross section, should show a data-collapsing be-
haviour to the same G(z) scaling function. As observed in
Ref. [33], such an asymptotic form of the G(z) scaling func-
tion is somewhat better approached at the LHC energies as
compared to the lower ISR energies but still not reproduced
it exactly. This is one of the key indications the black-disc
limit in the elastic pp scattering is not achieved at the LHC,
up to

p
s = 13 TeV. This may have several other important

implications. For example, this result indicates that in sim-
ulations of relativistic heavy-ion collisions at the LHC en-
ergies, more realistic profile functions have to be used to
describe the impact parameter dependence of the inelastic
pp collisions: a simple gray or black-disc approximation for
the inelastic interactions neglects the key features of elastic
pp collisions at the TeV energy scales.

One advantage of the scaling variables y and z mentioned
above is that they are dimensionless. Numerically, G(z) cor-
responds to the F(y) function if the scaling variable y is
rescaled to z. As indicated in Fig. 23 of Ref. [33], indeed the
main difference between F(y) and G(z) is that the diffractive
minimum is rescaled in G(z) to the z = 1 position, so G(z)
has less evolution with s as compared to F(y). However, as
it is clear from the above discussion, the function

G(z) ' sel(s)
stot(s)

B(s)z|tdip(s)|
ds
dt

����
t=z|tdip(s)|

, (36)

B(s)t = B(s)tdip(s)z, (37)

is well-defined only for pp elastic scattering, where a unique
dip structure is observed experimentally.

Even the dip region is not always measurable in pp re-
actions if the experimental acceptance is limited to the cone
region, which is a sufficient condition for the total cross sec-
tion measurements. If the acceptance was not large enough
in |t| to observe the diffractive minimum, or, in the case
when the diffractive minimum did not clearly exist, then nei-
ther the F(y) nor the G(z) scaling functions would be usable.

So, the major disadvantage of these scaling functions for ex-
tracting the Odderon signatures from the data is that in pp̄
collisions no significant diffractive minimum is found by the
D0 collaboration at 1.96 TeV [8]. Besides, even if z variable
were defined, the above expressions indicate, in agreement
with Fig. 23 of Ref. [33], that the G(z) scaling function has
a non-trivial energy-dependent evolution in the cone (z ⌧ 1)
region. Due to these reasons, variables z and y are not appro-
priate scaling variables for a scale-invariant analysis of the
crossing-symmetry violations at high energies.

Having recapitulated the considerations in Ref. [42], with
an emphasis on the s-dependence of the parameters, let us
now consider, how these s-dependencies can be scaled out
at low values of |t|, where the diffraction cone approxima-
tion is valid, by evaluating the scaling properties of the ex-
perimental data on the differential elastic pp and pp̄ cross
sections. For this purpose, let us look into the scaling prop-
erties of the differential cross sections and their implications
related to the Odderon discovery in a new way.

4.3 A new scaling function for the elastic cone

In the elastic cone region, all the pp and pp̄ differential
cross sections can be rescaled to a straight line in a linear-
logarithmic plot, when the horizontal axis is scaled by the
slope parameter to �tB(s) while the vertical axis is simulta-
neously rescaled by B(s)sel(s), namely,

1
B(s)sel(s)

ds
dt

= exp [tB(s)] versus x =�tB(s) . (38)

This representation, in the diffractive cone, scales out the s-
dependencies of the total and elastic cross section, stot(s)
and sel(s), and also that of the slope parameter, B(s). As a
function of the scaling variable x = �tB, it will correspond
to the plot of exp(�x) i.e. a straight line with slope �1 on a
linear-logarithmic plot. It is well-known that the elastic scat-
tering is only approximately exponential in the diffractive
cone, but by scaling out this exponential feature one may
more clearly see the scaling violations on this simple scal-
ing plot. We will argue that such a scaling out of the trivial
energy-dependent terms can be used as a powerful method
in the search for the elusive Odderon effects in the compari-
son of elastic pp and pp̄ data in the TeV energy range.

In what follows, we investigate the scaling properties of
the new scaling function,

H(x) ⌘ 1
B(s)sel(s)

ds
dt

, (39)

x = �tB(s) . (40)

This simple function has four further advantages summa-
rized as follows:
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1. First of all, it satisfies a sum-rule or normalization con-
dition rather trivially,

R
dxH(x) = 1, as follows from the

definition of the elastic cross section.
2. Secondly, if almost all of the elastically scattered parti-

cles belong to the diffractive cone, the differential cross-
section at the optical point is also given by ds

dt

��
t=0 =

A(s) = B(s)sel(s), and in these experimentally realized
cases we have another (approximate) normalization con-
dition, namely, H(0) = 1.

3. Third, in the diffractive cone, all the energy dependence
is scaled out from this function, i.e., H(x) = exp(�x)
that shows up as a straight line on a linear-logarithmic
plot with a trivial slope �1.

4. Last, but not least, the slope parameter B(s) is readily
measurable not only for pp but also for pp̄ collisions,
hence the pp and the pp̄ data can be scaled to the same
curve without any experimental difficulties.

Let us first test these ideas by using the ISR data in
the energy range of

p
s = 23.5� 62.5 GeV. The results are

shown in Fig. 1 which indicates that the ISR data indeed
show a data-collapsing behaviour.

At low values of x, the scaling function is indeed, ap-
proximately, H(x) ' exp(�x), that remains a valid approx-
imation over, at least, five orders of magnitude in the de-
crease of the differential cross section. However, at the ISR
energies, the scaling seems to be valid, within the exper-
imental uncertainties, not only at low values of x = �Bt,
but extended to the whole four-momentum transfer region,
including the dip and bump region (15  x  30) as well.
Even at large-|t| after the bump region, corresponding to x �
30, the data can approximately be scaled to the same, non-
exponential scaling function: H(x) 6= exp(�x) in the tails of
the distribution. Thus, Fig. 1 indeed indicates a non-trivial
data-collapsing behaviour to the same, non-trivial scaling
function at the ISR energy range of

p
s = 23.5�62.5 GeV.

This observation motivated us to generalize the deriva-
tion presented above in this section, to arbitrary positively
definite non-exponential scaling functions H(x). Such a gen-
eralisation is performed in the next subsection, in order to
give a possible explanation of the data-collapsing behaviour
in Fig. 1.

4.4 Generalized scaling functions for non-exponential
differential cross-sections

In this section, we search for a novel type of scaling func-
tions of pp elastic data that may be valid not only in the
diffractive cone, but also in the crucial dip and bump region,
as well. In Fig. 1, we have noticed that the data-collapsing
behaviour may extend well above the small x =�tB region
significantly beyond the diffractive maximum, indicating a

clear deviation of the scaling function H(x) from the expo-
nential shape.

In addition, a recent detailed study of the low-|t| be-
haviour of the differential elastic pp cross section at

p
s = 8

TeV observed a more than 7s -significant deviation from the
exponential shape [63, 64], which also corresponds to a non-
exponentiality in the scaling function H(x) even in the low-
|t|, or small x, range.

In this section, we thus further generalize the derivation
of the H(x) = exp(�x) scaling function, in order to allow
for arbitrary positively definite functions with H(x = 0) = 1
normalisation, and to develop a physical interpretation of the
experimental observations.

Let us start the derivation from the relation of the elastic
scattering amplitude in the impact parameter space tel(s,b)
and the complex opacity function W(s,b) based on Eq. (12),
using the same notation as in Ref. [30]:

tel(s,b) = i
h
1� exp(�i ImW(s,b))

p
1� s̃in(s,b)

i
. (41)

The shadow profile function P(s,b) is equal to the inelastic
scattering profile s̃in(s,b) as follows from Eq. (13), P(s,b)=
s̃in(s,b). The imaginary part of the opacity function W is
generally not known or less constrained by the data, but
it is experimentally known that r0(s) is relatively small at
high energies: at all the measured LHC energies and below,
r0  0.15, hence, r2  2.3 %.

Here, we thus follow the choice of Ref. [30], that has
demonstrated that the ansatz

ImW(s,b) =�r0(s)
2

s̃(s,b) (42)

gives a satisfactory description of the experimental data in
the �t  2.5 GeV2 region, with a small coefficient of pro-
portionality that was denoted in Ref. [30] by a µ r0 param-
eter. This ansatz assumes that the inelastic collisions at low
four-momentum transfers correspond to the cases when the
parts of proton suffer elastic scattering but these parts are
scattered to different directions, not parallel to one another.
This physical interpretation is actually due to r0 ⌧ 1 and
ImW(s,b) ⌧ 1. We will use this approximation below to
demonstrate that the H(x) scaling function can have more
complex shapes, that differ from H(x) = exp(�x).

Based on the results of the previous section obtained in
the diffractive cone in the r0 ⌧ 1 and s̃(s,b)⌧ 1 limit, we
have the following scaling property of the opacity function:

Re exp [�W(s,b)] = 1� r(s)E(x̃), (43)
Im exp [�W(s,b)] = r0(s)r(s)E(x̃), (44)

x̃ = b/R(s), (45)
R(s) =

p
B(s) , (46)

where r(s) is four times the ratio of the elastic to the to-
tal cross section, as given in Eq. (27), and E(x̃) describes

We study
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shows the individual fits to elastic pp̄ scattering data. Appendix C describes fits to the tails

(i.e. in the large-|t| region just after the dip and the bump structure) of the di↵erential cross-

section of elastic pp scattering for all the experimentally accessed energies. These fits indicate

an evidence for a proton substructure. Appendix D details Lévy fits to the cone (small-|t|)
regions of elastic pp scattering, indicating that the proton size grows self-similarly in the GeV

energy range, but at the LHC energies of
p
s = 7 and 13 TeV, something drastically changes,

such that the protons keep on growing but their shape is also becomes significantly di↵erent

from their shape in the ISR energy range of
p
s = 23.5 – 62.5 GeV.

2 Model-independent Lévy analysis of elastic pp and pp̄ scattering

We describe a model-independent Lévy series, that is a generalization of the Laguerre, Edge-

worth [20] and Lévy expansion [21] methods proposed to analyze nearly Lévy stable source

distributions in the field of particle correlations and femtoscopy. The key point of this method

is to have a look at the data, guess their approximate shape (for example, Gaussian, exponen-

tial or Lévy-stable shape) and then develop a systematic method to characterize the deviations

from the approximate shape with the help of a dimensionless variable denoted in this paper

by z, and a complete orthonormal set of polynomials that are orthogonal with respect to the

assumed zeroth order shape or weight function w(z). We recommend Ref. [20] for detailed

discussions and for the convergence criteria of such expansions given in general terms. This

way one may find the minimal number of necessary expansion coe�cients.

For example, if the data follow the guessed approximate shape precisely, that can be

clearly demonstrated by fitting the series to the data and finding that all the expansion

coe�cients that measure deviations from the zeroth-order shape are within errors consistent

with zero. Indeed, the PHENIX Collaboration analyzed recently Bose-Einstein correlations

of
p
sNN = 200 GeV Au+Au collisions [22], and found that they are well described by the

Lévy stable source distributions. The accuracy of the Lévy description was tested by a Lévy

expansion of the Bose-Einstein correlation functions, as proposed in Ref. [23], to find that the

first-order deviations from the Lévy stable source distributions within errors are consistent

with zero [22].

The data analysis method of Ref. [23] was developed first for the functions that may

oscillate between positive and negative values. However, the di↵erential cross-section of elastic

scattering is measured as an angular-dependent hit distribution, so it is a positive definite

function, related to the modulus square of the forward scattering amplitude. Hence, we

describe this expansion at the amplitude level, with complex expansion coe�cients, and then

take the modulus square of such an amplitude to get a positive-definite form.

The di↵erential cross-section of elastic scattering at high energies is measured as a func-

tion of the four-momentum transfer squared, the Mandelstam variable t = (p1 � p3)2 < 0.

A di↵erential cross-section of elastic scattering starts at the optical point at t = 0, decreases

quickly and nearly exponentially in |t|, as typically characterized by an exponential slope

parameter B, as follows: d�

dt
= A exp(�B|t|). The region, where such a behaviour is approxi-

– 3 –

At small t:  
diffractive cone!

Gaussian source  
distribution

all the energy dependence is scaled out!
12

-Bt

0 10 20 30 40

/d
t

σ
)  

d
el

σ
 1

 / 
(B

 

7−10

6−10

5−10

4−10

3−10

2−10

1−10

1
 

7 TeV
2.76 TeV

-Bt

0 10 20 30 40

/d
t

σ
)  

d
el

σ
 1

 / 
(B

 

7−10

6−10

5−10

4−10

3−10

2−10

1−10

1
 

13 TeV
7 TeV

Fig. 2 Scaling behaviour of the differential cross section ds/dt of elastic pp collisions at LHC energies. Elastic scattering data are measured
by the TOTEM Collaboration at

p
s = 13 TeV [1], at

p
s = 7 TeV [28], and at

p
s = 2.76 TeV [4]. Left panel shows the 2.76 and 7 TeV data

points with statistical errors only, while the right panel shows the 7.0 and 13.0 TeV data with statistical and t-dependent systematic errors added in
quadrature. The left panel indicates, that the H(x) scaling is within statistical errors valid between

p
s = 2.76 TeV and 7.0 TeV, so the H(x) scaling

works from 7 TeV downwards. The right panel indicates that the H(x) scaling is violated, when the colliding energy is increased from
p

s = 7.0 to
13 TeV: the right panel indicates scaling violations that go well beyond the combined statistical and systematic errors.

change significantly if the colliding energy increases further
to

p
s = 13 TeV. This implies that the possible scaling vio-

lating terms are small as they are within the statistical errors,
when increasing

p
s from 2.76 to 7 TeV, by about a factor of

2.5. We have checked, that TOTEM preliminary data at
p

s
= 8 TeV also satisfy this H(x) scaling [71, 72].

However, this H(x) scaling is violated by s-dependent
terms when increasing

p
s from 8 to 13 TeV, and such a

scaling violation is significantly larger than the quadratically
(maximally) added statistical and t-dependent systematic er-
rors, as indicated on the right panel of Fig. 2.

This behaviour may happen due to approaching a new
domain, where the shadow profile function of pp scattering
changes from a nearly Gaussian form to a saturated shape,
that in turn may develop hollowness at 13 TeV and higher
energies. The experimental indications of such a threshold-
crossing behaviour were summarized recently in Ref. [42],
and are also described above: a new domain may be indi-
cated by a sudden change of B(s) in between 2.76 and 7 TeV
and, similarly, the crossing of the critical sel(s)/stot(s) =
1/4 line in multi-TeV range of energies, somewhere between
2.76 and 7 TeV. From the theoretical side, we have previ-
ously noted such as drastic change in the size of the pro-
ton substructure between the ISR and LHC energy domains
from a dressed quark-like to a dressed di-quark type of a
substructure [9, 26] which may be, in principle, connected
to such a dramatic change in the scaling behaviour of the
elastic cross section. However, in this work we focus on the
scaling properties of the experimental data, and do not in-
tended to draw any model-dependent conclusions.

Instead, on Fig. 3 we directly compare the H(x) scaling
functions of the differential cross sections, using the same
ISR and LHC data, as in Figs. 1 and 2, respectively. This
range of data now spans nearly a factor of about 500, about
a three orders of magnitude increase in the range of available
colliding energies, from 23.5 GeV to 13 TeV. As can be seen
in the corresponding Fig. 3, the scaling works approximately
in the diffractive cone, however, the H(x) scaling function
cannot be considered as an approximately constant if such a
huge change in the colliding energies is considered.

Comparing Figs. 1, 2 and 3, we find that the s-dependence
of the H(x) scaling functions is rather weak if s changes
within a factor of two, however, there are very significant
changes if the range of energies is changing by a factor of a
few hundred, from the ISR energy range of

p
s= 23.5�62.5

GeV to the LHC energy range of 2.76 – 7.0 – 13.0 TeV.
In the left panel of Fig. 4, the H(x) function of the

p
s =

2.76 TeV TOTEM data set of Ref. [4] is compared with that
of the pp̄ collisions measured by the D0 collaboration atp

s= 1.96 TeV Tevatron energy [8]. The right panel of Fig. 4
compares the H(x) scaling functions of elastic pp collision
at
p

s = 7 TeV LHC energy [28, 73] to that of the elastic pp
collisions at the Tevatron energy,

p
s = 1.96 TeV. On both

panels, the statistical errors and t-dependent systematic er-
rors are added in quadrature. Lines are shown to guide the
eye corresponding to fits with the model-independent Lévy
series studied in Refs. [9, 26]. These plots suggest that the
comparison of the H(x) scaling functions or elastic pp to pp̄
collisions in the TeV energy range is a promising method for
the Odderon search, and a precise quantification of the dif-
ference between the H(x) scaling functions for pp to pp̄ col-
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the b-dependence of the elastic scattering amplitude starts
to change noticeably. Namely, the H(x) scaling breaks if
the scaling relation tel(b,s) = C(s)E(b/R(s)) gets violated
in the above mentioned case.

Let us also note that the leading order exponential shape
of H(x) ⇡ exp(�x) can be derived as a consequence of the
analyticity of Tel(s,D) at D = 0 corresponding to the t = 0
optical point, as follows. By leading order we mean the re-
sult of a first order Taylor series expansion at x= 0, so in this
leading order approximation, exp(�x)⇡ 1� x up to second
order effects. If Tel(s,D) is an analytic function at D = 0,
then its leading order behaviour is Tel(s,0)+ c(s)D , where
c(s) is a complex coefficient that is in general dependent on
s. Hence, the differential cross-section has the leading order
behaviour ds/dt ⇡ A(s)(1+B(s)t + ...) which up to lead-
ing order terms is the same as A(s)exp(B(s)t), which corre-
sponds to the scaling function H(x)⇡ exp(�x). Similar con-
siderations, related to (non-)analyticity of modulus squared
amplitudes and Lévy stable source distributions were intro-
duced to Bose-Einstein correlations in high energy physics
in Ref. [65]. Although the functional behaviour of the H(x)
function cannot be determined from analyticity beyond this
leading order behaviour, its leading order term in x must
thus be linear if the scattering amplitude is analytic at the
optical t = 0 point. On the other hand, our recent analysis
of the differential elastic cross sections in the LHC energy
range [9, 26] suggests that this approximation breaks down
since the TOTEM experiment observed a significant non-
exponential behaviour already in the diffractive cone. In this
case, at low values of |t|, nearly Lévy stable source distribu-
tions can be introduced, that lead to an approximate H(x) µ
exp(�xa) behaviour, where a = aLevy/2  1. In this case,
the leading order behaviour is non-analytic, H(x) ⇡ 1� xa .
We have shown in Refs. [9, 26], at low |t|, such a stretched
exponential form with a ' 0.9 describes the elastic scatter-
ing data from ISR to LHC energies reasonably well in a very
broad energy range from 23.5 GeV to 13 TeV.

The main limitation of the above derivation is that al-
though it leads to a H(x) scaling, the real to imaginary ra-
tio r(s, t) ⌘ r0(s) in this approximation. So let us consider
first a generalization, where the real to imaginary ratio is not
only s but also t dependent. This t dependence of r(s, t) is
actually realized in a number of physical models. We will
consider one particular model, that has a H(x,s) type of
scaling limit and the s-dependent scaling violations are re-
lated to the s-dependence of the opacity parameter in this
model. We will discuss this physical model, the so-called
Real Extended Bialas-Bzdak model of Refs. [30, 31, 33, 66–
69] in Appendix B.

5 Results in the TeV energy range

Keeping in mind that the H(x) scaling holds within experi-
mental errors at the ISR energies, where the center-of-mass
energies vary from 23.5 to 62.5 GeV, that is less then by a
factor of three, let us also investigate the same scaling func-
tion at the LHC energies, where the TOTEM measurements
span, on a logarithmic scale, a similar energy range, from
2.76 TeV to 13 TeV, i.e. slightly more than by a factor of
four. The TOTEM data at 13, 7 and 2.76 TeV are collected
from Refs. [1], [28], and Ref. [4], respectively, and plotted
in Fig. 2. Note that the possible scaling violating terms are
small in the

p
s = 2.76� 7 TeV region: they are within the

statistical errors, when increasing
p

s from 2.76 to 7 TeV,
i.e. by about a factor of 2.5. Let us also stress that we do
not claim the validity of the H(x) scaling up to the top LHC
energy of

p
s = 13 TeV, as scaling violating terms start to be

significant at that energy, in particularly close to the diffrac-
tive dip region.

Let us look into the scaling behaviour in the energy range
of

p
s = 2.76�7 TeV in more detail.

The left panel of Fig. 2 indicates that the H(x) scaling
valid within statistical errors in the

p
s = 2.76� 7 TeV en-

ergy range. The confidence level of this comparison corre-
sponds to a CL = 99 % (statistical errors only). The right
panel of the same Fig. 2 indicates that this scaling is vio-
lated, beyond systematic errors, if the

p
s = 13 TeV data

are also included to this comparison: the violation of the
H(x) scaling by the 13 TeV data is focussed to the region
of the diffractive dip. However, in the x < 10 region, the
H(x) scaling is approximately valid at each of these LHC
energies of

p
s = 2.76, 7 and 13 TeV. Instead of being ap-

proximately valid in the whole measurable x region, at the
LHC this scaling remains valid at all these three LHC en-
ergies only through about 3-4 orders of magnitude drop in
the differential cross-section at lower values of x. The so
called “swing” effect becomes clear at

p
s = 13 TeV: the

scaling function starts to decrease faster than exponential be-
fore the diffractive mimimum, and also the diffractive min-
imum moves to lower values in x as compared to its posi-
tion at lower LHC energies. This swing effect, apparent in
Fig. 2, can be interpreted in terms of changes in the shadow
profile of protons at the LHC energies as the energy range
increases from 2.76 through 7 to 13 TeV. Indeed, such small
s-dependent scaling violations in the H(x) scaling function
show the same qualitative picture as what has been observed
by the direct reconstruction of the P(s,b) shadow profiles in
the TeV energy range in several earlier papers, see for ex-
ample Refs. [37, 38, 70] or our Refs. [9, 26, 30].

Inspecting the left panel of Fig. 2, we find, that the H(x)
scaling functions agree within statistical errors, if the col-
liding energy is increased from

p
s = 2.76 TeV to 7 TeV.

The right panel of the same figure shows that these data
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1. First of all, it satisfies a sum-rule or normalization con-
dition rather trivially,

R
dxH(x) = 1, as follows from the

definition of the elastic cross section.
2. Secondly, if almost all of the elastically scattered parti-

cles belong to the diffractive cone, the differential cross-
section at the optical point is also given by ds

dt

��
t=0 =

A(s) = B(s)sel(s), and in these experimentally realized
cases we have another (approximate) normalization con-
dition, namely, H(0) = 1.

3. Third, in the diffractive cone, all the energy dependence
is scaled out from this function, i.e., H(x) = exp(�x)
that shows up as a straight line on a linear-logarithmic
plot with a trivial slope �1.

4. Last, but not least, the slope parameter B(s) is readily
measurable not only for pp but also for pp̄ collisions,
hence the pp and the pp̄ data can be scaled to the same
curve without any experimental difficulties.

Let us first test these ideas by using the ISR data in
the energy range of

p
s = 23.5� 62.5 GeV. The results are

shown in Fig. 1 which indicates that the ISR data indeed
show a data-collapsing behaviour.

At low values of x, the scaling function is indeed, ap-
proximately, H(x) ' exp(�x), that remains a valid approx-
imation over, at least, five orders of magnitude in the de-
crease of the differential cross section. However, at the ISR
energies, the scaling seems to be valid, within the exper-
imental uncertainties, not only at low values of x = �Bt,
but extended to the whole four-momentum transfer region,
including the dip and bump region (15  x  30) as well.
Even at large-|t| after the bump region, corresponding to x �
30, the data can approximately be scaled to the same, non-
exponential scaling function: H(x) 6= exp(�x) in the tails of
the distribution. Thus, Fig. 1 indeed indicates a non-trivial
data-collapsing behaviour to the same, non-trivial scaling
function at the ISR energy range of

p
s = 23.5�62.5 GeV.

This observation motivated us to generalize the deriva-
tion presented above in this section, to arbitrary positively
definite non-exponential scaling functions H(x). Such a gen-
eralisation is performed in the next subsection, in order to
give a possible explanation of the data-collapsing behaviour
in Fig. 1.

4.4 Generalized scaling functions for non-exponential
differential cross-sections

In this section, we search for a novel type of scaling func-
tions of pp elastic data that may be valid not only in the
diffractive cone, but also in the crucial dip and bump region,
as well. In Fig. 1, we have noticed that the data-collapsing
behaviour may extend well above the small x =�tB region
significantly beyond the diffractive maximum, indicating a

clear deviation of the scaling function H(x) from the expo-
nential shape.

In addition, a recent detailed study of the low-|t| be-
haviour of the differential elastic pp cross section at

p
s = 8

TeV observed a more than 7s -significant deviation from the
exponential shape [63, 64], which also corresponds to a non-
exponentiality in the scaling function H(x) even in the low-
|t|, or small x, range.

In this section, we thus further generalize the derivation
of the H(x) = exp(�x) scaling function, in order to allow
for arbitrary positively definite functions with H(x = 0) = 1
normalisation, and to develop a physical interpretation of the
experimental observations.

Let us start the derivation from the relation of the elastic
scattering amplitude in the impact parameter space tel(s,b)
and the complex opacity function W(s,b) based on Eq. (12),
using the same notation as in Ref. [30]:

tel(s,b) = i
h
1� exp(�i ImW(s,b))

p
1� s̃in(s,b)

i
. (41)

The shadow profile function P(s,b) is equal to the inelastic
scattering profile s̃in(s,b) as follows from Eq. (13), P(s,b)=
s̃in(s,b). The imaginary part of the opacity function W is
generally not known or less constrained by the data, but
it is experimentally known that r0(s) is relatively small at
high energies: at all the measured LHC energies and below,
r0  0.15, hence, r2  2.3 %.

Here, we thus follow the choice of Ref. [30], that has
demonstrated that the ansatz

ImW(s,b) =�r0(s)
2

s̃(s,b) (42)

gives a satisfactory description of the experimental data in
the �t  2.5 GeV2 region, with a small coefficient of pro-
portionality that was denoted in Ref. [30] by a µ r0 param-
eter. This ansatz assumes that the inelastic collisions at low
four-momentum transfers correspond to the cases when the
parts of proton suffer elastic scattering but these parts are
scattered to different directions, not parallel to one another.
This physical interpretation is actually due to r0 ⌧ 1 and
ImW(s,b) ⌧ 1. We will use this approximation below to
demonstrate that the H(x) scaling function can have more
complex shapes, that differ from H(x) = exp(�x).

Based on the results of the previous section obtained in
the diffractive cone in the r0 ⌧ 1 and s̃(s,b)⌧ 1 limit, we
have the following scaling property of the opacity function:

Re exp [�W(s,b)] = 1� r(s)E(x̃), (43)
Im exp [�W(s,b)] = r0(s)r(s)E(x̃), (44)

x̃ = b/R(s), (45)
R(s) =

p
B(s) , (46)

where r(s) is four times the ratio of the elastic to the to-
tal cross section, as given in Eq. (27), and E(x̃) describes

scaling is violated!

scaling holds!
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FIG. 2. Left panel indicates that for pp elastic scattering the ratio of the scaling functions

H(x,s1)/H(x,s2), where x=�tB, ps1=2.76 TeV and p
s2=7 TeV, is not inconsistent with unity

within statistical errors, due to the energy independence of the H(x) scaling, at least, in the TeV

(2.76p
s1,27) energy range. The right panel indicates a statistically significant deviation from

unity of the ratios of the H(x) scaling functions for elastic pp̄ collisions at
p
s=1.96 TeV, and that

of pp collisions at
p
s=7 TeV. Notation and the experimental data are the same as in Fig. 1, but

represented here as ratios. On both panels, solid lines indicate the description of these data with

the help of the ReBB model [31]. The solid black lines at unity correspond to the scaling limit in

both panels.

and hence energy independence, within each of the pp and pp̄ data sets. The ratio of the

H(x) scaling functions is shown for elastic pp̄ collisions at
p
s=1.96 TeV over that of pp

collisions at
p
s=7 TeV. As a cross-check, we show the results of two different projection

procedures: direct 1.96!7 TeV and inverse 7!1.96 TeV denoted by blue and red central

points, respectively. No significant variation with respect to the direction of projection has

been found. In both ways, we observe a statistically significant Odderon effect as a peak

in the 5<x<10 region, followed by a factor of two suppression or decrease from unity in

a broad range of 10/x=�tB/20. The statistical significance of the observed difference

between the pp and pp̄ scaling functions has been found to be at least 6.26 �, consistently

with the result of a direct comparison of the scaling functions as shown in Fig. 1. A solid

line is also added to this panel too, to guide the eye and to indicate the magnitude of the

H(x) scaling violations in this pp to pp̄ comparison, estimated with the help of the ReBB
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Fig. 7 Rescaling of the differential cross section of elastic pp collisions at the ISR and LHC energies, using Eq. (67). This demonstrates that our
method can also be used to get the differential cross sections at other energies by such a rescaling procedure, provided that the nuclear slope and the
elastic cross sections are known at the new energy as well as at the energy from where we start to rescale the differential cross section. In all panels,
we have evaluated the level of agreement between the rescaled and measured data with the help of Eq. (60). Left panel: Rescaling of the differential
cross sections from the lowest ISR energy of

p
s = 23.5 to the highest ISR energy of 62.5 GeV. The level of agreement between the rescaled 23.5

GeV pp data and the measured 62.5 GeV pp data corresponds to c2/NDF = 111.0/110 with a CL = 21.3 % , that indicates an agreement within
1.3s . Middle panel: Rescaling of the differential cross section of elastic pp collisions from the energy of

p
s = 7 TeV [28, 73] down to 2.76

TeV [4]. The level of agreement between the rescaled 7.0 TeV pp data and the measured 2.76 TeV pp data corresponds to c2/NDF = 39.3/63
with a CL = 99.2 % , that indicates an agreement, within 0.01s , corresponding to a nearly vanishing deviation. Right panel: Rescaling of the
differential cross section of elastic pp collisions from the energy of

p
s = 2.76 TeV, measured by TOTEM [4], down to 1.96 TeV, where it is

compared to the D0 dataset of Ref. [8]. The level of agreement between the rescaled 2.76 TeV pp data and the measured 1.96 TeV pp data is
quantified by a c2/NDF = 18.1/11 and a CL = 7.9 % , that indicates an agreement within 1.8 s .

same common domain X12 starting from D1 and D2 as if the
data in both analog datasets were measured at the same val-
ues of x. So far, either D1 or D2 has some data value on any
element of the domain X12, but only one of them is deter-
mined.

Let us take first those points from X12 that belong to
D1, and label them with j index. There are n1 � i1 +1 such
points. For such points, the data and error-bars of the ex-
trapolated data set D12 will be taken from D1: d12(x12( j)) =
d1(x1( j)), e12(x12( j) = e1(x1( j)). However, for the same
points, D2 has no measured value. But we need to compare
the data of D1 and D2 at common values of x. So D2 data and
errors can be interpolated using linear or more sophisticated
interpolation methods. If the binning is fine enough, linear
interpolation between the neighbouring datapoints can be
used.

At this point, let us consider that in the diffractive cone,
when an exponential approximation to the differential cross
section can be validated, the shape of the scaling function
is known to be H(x) ⇡ exp(�x). This function is linear on
a (linear, logarithmic) plot of (x,H(x)). In what follows,
we will test both a (linear, exponential) interpolation in the
(x,H(x)) plots (that is expected to give the best results in the
diffractive cone) and a (linear, linear) interpolation that has
the least assumptions and that may work better than the (lin-
ear, exponential) interpolation technique around the diffrac-
tive minimum. These two different interpolation methods
also allow us to estimate the systematic error that comes
from the interpolation procedure itself. If the data points are
measured densely enough in the (x,H(x)) plot, both meth-
ods are expected to yield similar results. We present our final

results using both techniques and note that indeed we find
similar results with both methods.

Suppose that for the j-th point of data set D12 and for
some i value of D2, x2(i)< x12( j)< x2(i+1). Then a linear
interpolation between the i-th and i+1-th point of D2 yields
the following formula:

d12( j) = d2(i)+(d2(i+1)�d2(i))
x12( j)� x2(i)

x2(i+1)� x2(i)
. (56)

Similarly, the errors can also be determined by linear inter-
polation as

e12( j) = e2(i)+(e2(i+1)� e2(i))
x12( j)� x2(i)

x2(i+1)� x2(i)
. (57)

This way, one extends D2 to the domain X12, correspond-
ing to the overlapping acceptance of two measurements. If
there is a measured value in D2, we use that value and its
error bar. If there is no measurement in D2 precisely at that
given value of x that is part of the overlapping acceptance
(corresponding to a value x from D1) then we use the two
neighbouring points from D2 and use a (linear) interpolation
to estimate the value at this intermediate point. This method
works if the binning of both data sets is sufficiently fine so
that non-linear structures are well resolved.

This way, for those j = 1, ...,n1 � i1 +1 points from X12
that belonged to D1, we have defined the data values from
D1 by identity and defined the data points from D2 by linear
interpolation from the neighbouring bins, so for these points
both data sets are defined.

A similar procedure works for the remaining points in
D12 that originate from D2. There are f2 number of such
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Fig. 8 Rescaling of the differential cross section of elastic pp collisions from the energy of
p

s = 7 to 1.96 TeV using Eq. (67). We have evaluated
the confidence level of the comparison between the rescaled 7 TeV pp data set and the 1.96 TeV pp̄ data set with the help of Eq. (60), that does not
take into account the horizontal errors of x coming from the slopes B and the type C point-to-point correlated errors on the vertical scale. Without
these important effects, the difference between the datasets provides a c2/NDF = 73.6/17, equivalent to a confidence level of CL = 5.13x10�7

%, which corresponds to a difference at the 5.84 s level.

points. Let us index them with k = 1, ... f2. For these points,
data and error-bars of the extrapolated data set D12 will be
taken from D2: d21(x12(k)) = d2(x2(k)), while the errors
are given as e12(x12(k)) = e2(x2(k)). However, for the same
points, D1 has no measured value. As we need to compare
the data of D1 and D2 at common values of x, for these
points, D1 data and errors can be extrapolated using the lin-
ear or more sophisticated interpolation methods based on
the nearest measured points. If the binning is fine enough,
linear interpolation between the neighbouring data-points
can be appropriately used. For broader bins, more sophis-
ticated interpolation techniques may also be used that take
into account non-linear interpolations based on more than
two nearby bins, for example interpolations using Levy se-
ries expansion techniques of Ref. [9]. However, in the present
manuscript such refinements are not necessary as the (linear,
linear) and the (linear, exponential) interpolations in (x,H(x))
give similar results.

Consider now that for the k-th point of data set D12 and
for some l-th value of D2, x1(l) < x12(k) < x1(l + 1). Then
linear interpolation between the l-th and l+1-th point of D2
yields the following formula:

d21(k) = d1(l)+(d1(l +1)�d1(l))
x12(k)� x1(l)

x1(l +1)� x1(l)
. (58)

Similarly, the errors can also be determined by linear inter-
polation as

e21(k) = e1(l)+(e1(l +1)� e1(l))
x12(k)� x1(l)

x1(l +1)� x1(l)
. (59)

This way, using the linear interpolation techniques be-
tween the neighbouring data points, we can now compare
the extended D1 and D2 to their common kinematic range:
D1 was embedded and extrapolated to data points and er-
rors denoted as d12(x12) and e12(x12) while D2 was embed-
ded and extrapolated to data points and errors denoted as
d21(x12) and e21(x12), respectively. Note that the domain of
both of these extended data sets is the same X12 domain.
The index “12” indicates that D1 was extended to X12, while
index “21” indicates that D2 was extended to domain X12.

Now, we are done with the preparations to compare the
two data sets, using the following c2 definition:

c2 ⌘ c2
A =

n12

Â
j=1

(d12( j)�d21( j))2

e2
12( j)+ e2

21( j)
. (60)

In this comparison, there are no free parameters, so the num-
ber of degrees of freedom is NDF = n12 = n1 + f2 � i1 +1,
the number of data points in the unified data sample.

Based on the above Eq. (60) we get the value of c2 and
NDF, which can be used to evaluate the p-value, or the con-
fidence level (CL), of the hypothesis that the two data sets
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FIG. 2. Left panel indicates that for pp elastic scattering the ratio of the scaling functions

H(x,s1)/H(x,s2), where x=�tB, ps1=2.76 TeV and p
s2=7 TeV, is not inconsistent with unity

within statistical errors, due to the energy independence of the H(x) scaling, at least, in the TeV

(2.76p
s1,27) energy range. The right panel indicates a statistically significant deviation from

unity of the ratios of the H(x) scaling functions for elastic pp̄ collisions at
p
s=1.96 TeV, and that

of pp collisions at
p
s=7 TeV. Notation and the experimental data are the same as in Fig. 1, but

represented here as ratios. On both panels, solid lines indicate the description of these data with

the help of the ReBB model [31]. The solid black lines at unity correspond to the scaling limit in

both panels.

and hence energy independence, within each of the pp and pp̄ data sets. The ratio of the

H(x) scaling functions is shown for elastic pp̄ collisions at
p
s=1.96 TeV over that of pp

collisions at
p
s=7 TeV. As a cross-check, we show the results of two different projection

procedures: direct 1.96!7 TeV and inverse 7!1.96 TeV denoted by blue and red central

points, respectively. No significant variation with respect to the direction of projection has

been found. In both ways, we observe a statistically significant Odderon effect as a peak

in the 5<x<10 region, followed by a factor of two suppression or decrease from unity in

a broad range of 10/x=�tB/20. The statistical significance of the observed difference

between the pp and pp̄ scaling functions has been found to be at least 6.26 �, consistently

with the result of a direct comparison of the scaling functions as shown in Fig. 1. A solid

line is also added to this panel too, to guide the eye and to indicate the magnitude of the

H(x) scaling violations in this pp to pp̄ comparison, estimated with the help of the ReBB

9
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The authors present an innovative idea which attempts to get around the problem that data for proton-
proton and proton-antiproton elastic scattering at the same cm-energy are not available.

The paper presents the authors’ approach in great detail, which makes the paper a valuable contribution
to the ongoing discussion of the recent Totem elastic pp data.

I therefore agree with the second referee that the results deserve to be documented in a published form.

I have the following remarks, which overlap with the ones of the previous referees, and which could have
been addressed more clearly.

1. Firstly, just like referee R1, I am confused by Fig.8, which appears to show a C-odd e!ect just in the
region of 0.2 < !t < 0.6GeV 2, to the left of the dip. On the other hand, the authors clearly state that
the e!ect comes from the region 10 < !Bt < 20, i.e. from large !t beyond the dip. Thus Fig. 8 seems
to be in contradiction to the latter statement. Notice that the region of !t < 0.6GeV 2 is also covered
by the

"
s = 2.76 TeV Totem data, which according to the authors show no significant C-odd e!ect.

2. I agree with the second referee that some statement on the size of the e!ect would be desirable, e.g. an
estimate of A = d!(pp)/dt!d!(pp̄)/dt

d!(pp)/dt+d!(pp̄)/dt . This goes beyond the scope formulated by the authors, and may
not be straightforward with the methods developed by them, so I would leave it to their discretion.

3. The authors’ claims to model independence go a bit far. After all, the pp̄ data are at an energy which
is not within a scaling-window 2.76 <

"
s < 7 TeV of pp elastic scattering empirically discovered by

the authors. Rather they require an extrapolation to lower energies. It would be prudent to state this
fact explicitly in the conclusions.

4. I wish the authors would have formulated their model analysis of scaling violations in a Regge framework
and not in the Bia"las-Bzdak model. While the latter may have some merits as a pragmatic fit, the
values of diquark sizes Rd # 0.8 fm, of the same order as the proton radius look strange. They seem
to be in contradiction to an analysis

H. G. Dosch, C. Ewerz and V. Schatz, “The Odderon in high-energy elastic pp scattering,” Eur. Phys.
J. C 24 (2002), 561-571 doi:10.1007/s10052-002-0961-7 [arXiv:hep-ph/0201294 [hep-ph]]

which explicitly includes a three-gluon exchange Odderon and finds Rd < 0.35 fm. A comment on this
disagreement would be of interest.
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Fig. 8 Rescaling of the differential cross section of elastic pp collisions from the energy of
p

s = 7 to 1.96 TeV using Eq. (67). We have evaluated
the confidence level of the comparison between the rescaled 7 TeV pp data set and the 1.96 TeV pp̄ data set with the help of Eq. (60), that does not
take into account the horizontal errors of x coming from the slopes B and the type C point-to-point correlated errors on the vertical scale. Without
these important effects, the difference between the datasets provides a c2/NDF = 73.6/17, equivalent to a confidence level of CL = 5.13x10�7

%, which corresponds to a difference at the 5.84 s level.

points. Let us index them with k = 1, ... f2. For these points,
data and error-bars of the extrapolated data set D12 will be
taken from D2: d21(x12(k)) = d2(x2(k)), while the errors
are given as e12(x12(k)) = e2(x2(k)). However, for the same
points, D1 has no measured value. As we need to compare
the data of D1 and D2 at common values of x, for these
points, D1 data and errors can be extrapolated using the lin-
ear or more sophisticated interpolation methods based on
the nearest measured points. If the binning is fine enough,
linear interpolation between the neighbouring data-points
can be appropriately used. For broader bins, more sophis-
ticated interpolation techniques may also be used that take
into account non-linear interpolations based on more than
two nearby bins, for example interpolations using Levy se-
ries expansion techniques of Ref. [9]. However, in the present
manuscript such refinements are not necessary as the (linear,
linear) and the (linear, exponential) interpolations in (x,H(x))
give similar results.

Consider now that for the k-th point of data set D12 and
for some l-th value of D2, x1(l) < x12(k) < x1(l + 1). Then
linear interpolation between the l-th and l+1-th point of D2
yields the following formula:

d21(k) = d1(l)+(d1(l +1)�d1(l))
x12(k)� x1(l)

x1(l +1)� x1(l)
. (58)

Similarly, the errors can also be determined by linear inter-
polation as

e21(k) = e1(l)+(e1(l +1)� e1(l))
x12(k)� x1(l)

x1(l +1)� x1(l)
. (59)

This way, using the linear interpolation techniques be-
tween the neighbouring data points, we can now compare
the extended D1 and D2 to their common kinematic range:
D1 was embedded and extrapolated to data points and er-
rors denoted as d12(x12) and e12(x12) while D2 was embed-
ded and extrapolated to data points and errors denoted as
d21(x12) and e21(x12), respectively. Note that the domain of
both of these extended data sets is the same X12 domain.
The index “12” indicates that D1 was extended to X12, while
index “21” indicates that D2 was extended to domain X12.

Now, we are done with the preparations to compare the
two data sets, using the following c2 definition:

c2 ⌘ c2
A =

n12

Â
j=1

(d12( j)�d21( j))2

e2
12( j)+ e2

21( j)
. (60)

In this comparison, there are no free parameters, so the num-
ber of degrees of freedom is NDF = n12 = n1 + f2 � i1 +1,
the number of data points in the unified data sample.

Based on the above Eq. (60) we get the value of c2 and
NDF, which can be used to evaluate the p-value, or the con-
fidence level (CL), of the hypothesis that the two data sets
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points. Let us index them with k = 1, ... f2. For these points,
data and error-bars of the extrapolated data set D12 will be
taken from D2: d21(x12(k)) = d2(x2(k)), while the errors
are given as e12(x12(k)) = e2(x2(k)). However, for the same
points, D1 has no measured value. As we need to compare
the data of D1 and D2 at common values of x, for these
points, D1 data and errors can be extrapolated using the lin-
ear or more sophisticated interpolation methods based on
the nearest measured points. If the binning is fine enough,
linear interpolation between the neighbouring data-points
can be appropriately used. For broader bins, more sophis-
ticated interpolation techniques may also be used that take
into account non-linear interpolations based on more than
two nearby bins, for example interpolations using Levy se-
ries expansion techniques of Ref. [9]. However, in the present
manuscript such refinements are not necessary as the (linear,
linear) and the (linear, exponential) interpolations in (x,H(x))
give similar results.

Consider now that for the k-th point of data set D12 and
for some l-th value of D2, x1(l) < x12(k) < x1(l + 1). Then
linear interpolation between the l-th and l+1-th point of D2
yields the following formula:

d21(k) = d1(l)+(d1(l +1)�d1(l))
x12(k)� x1(l)

x1(l +1)� x1(l)
. (58)

Similarly, the errors can also be determined by linear inter-
polation as

e21(k) = e1(l)+(e1(l +1)� e1(l))
x12(k)� x1(l)

x1(l +1)� x1(l)
. (59)

This way, using the linear interpolation techniques be-
tween the neighbouring data points, we can now compare
the extended D1 and D2 to their common kinematic range:
D1 was embedded and extrapolated to data points and er-
rors denoted as d12(x12) and e12(x12) while D2 was embed-
ded and extrapolated to data points and errors denoted as
d21(x12) and e21(x12), respectively. Note that the domain of
both of these extended data sets is the same X12 domain.
The index “12” indicates that D1 was extended to X12, while
index “21” indicates that D2 was extended to domain X12.

Now, we are done with the preparations to compare the
two data sets, using the following c2 definition:

c2 ⌘ c2
A =

n12

Â
j=1

(d12( j)�d21( j))2

e2
12( j)+ e2

21( j)
. (60)

In this comparison, there are no free parameters, so the num-
ber of degrees of freedom is NDF = n12 = n1 + f2 � i1 +1,
the number of data points in the unified data sample.

Based on the above Eq. (60) we get the value of c2 and
NDF, which can be used to evaluate the p-value, or the con-
fidence level (CL), of the hypothesis that the two data sets

29

collisions at 2.76 and 7 TeV colliding energies by TOTEM.
So taking more TOTEM data in special runs at new ener-
gies between

p
s = 2.76 and 7.0 TeV seems to be a more

enlightening and inspiring scenario, if it can be harmonized
with LHC schedule and other ongoing experimental efforts.

12 Summary and conclusions

We have introduced a new, straightforwardly measurable scal-
ing function H(x) of elastic proton-(anti)proton scattering.
This scaling function transforms out the trival energy-depen-
dent factors, in particular, the effects due to the s-depend-
encies stemming from the elastic slope B(s), from the real-
to-imaginary ratio r0(s), as well as from the total and elastic
cross sections, stot(s) and sel(s), respectively. In our numer-
ical analysis of published data, the H(x) scaling and the de-
duced Odderon significance is obtained without theoretical
assumptions. However, the establised energy independence
of the H(x) scaling as a property of the data in the few TeV
energy range provides a strong constrain on model-building.
Several simple models, like the simple eikonal amplitude of
one-Pomeron-exchange lead to the violation of such a H(x)
scaling. It follows that in the few TeV energy range, where
the H(x) scaling is found to be valid, one-Pomeron exchange
cannot be the only contribution to the scattering amplitude.

Figs. 8 and 10 clearly illustrate a qualitative and a quan-
titative difference between the scaling properties of the elas-
tic pp and pp̄ collisions, corresponding to a crossing-odd
component of the elastic scattering amplitude at the TeV en-
ergy scale. As in this kinematic region the Reggeon contri-
butions to the scattering amplitude are suppressed by their
power-law decays, a significant characteristic difference be-
tween the H(x) scaling functions of elastic pp and pp̄ col-
lisions at the logarithmically similar energies of 7, 2.76 and
1.96 TeV is a clear-cut Odderon effect, because the trivial
energy dependences of sel(s) and B(s) as well as that of
r(s) and stot(s) are scaled out from H(x) by definition.

A comparison in Fig. 10 indicates a significant differ-
ence between the rescaled 7 TeV pp data set down to 1.96
TeV with the corresponding pp̄ data measured at

p
s = 1.96

TeV. Thus the re-analyzed D0 and TOTEM data, taken to-
gether with the verified energy independence of the H(x)
scaling function in the

p
s = 2.76� 7.0 TeV energy range

amount to the closing of the energy gap between 2.76 and
1.96 TeV in a model-independent way, as much as reason-
ably possible without a direct measurement.

At the same time, Fig. 5 indicates that the same 7 TeV
data rescaled down to

p
s = 2.76 TeV do not significantly

differ from the TOTEM data measured at the same energy
of 2.76 TeV, which is logarithmically close to 1.96 TeV, the
highest available colliding energy of pp̄ elastic collisions.
So, we have utilized the observed energy independence of
the H(x) scaling function of elastic pp collisions in the few

TeV energy range. One of the new, qualitative Odderon ef-
fects that we have identified was the approximate energy in-
dependence of the H(x) scaling function for elastic pp col-
lisions in the few TeV energy range, in contrast to a stronger
energy dependence of the H(x) scaling function for elastic
pp̄ collisions.

Our final significance analysis is presented in Appendix
A, resulting in an at least 6.26s , discovery level Odderon
effect, corresponding to a c2/NDF = 80.1/17 and CL =
3.7⇥ 10�8 %. The probability of our Odderon observation
is at least P = 1�CL = 0.99999999963. Our analysis in-
dicates that the statistically significant contribution to this
Odderon signal is coming from the kinematic range of 10 
x = �tB  20. It is thus important to measure elastic scat-
tering cross-sections at LHC at large �t, well beyond the
diffractive cone. Elastic pp scattering data in a vicinity ofp

s ⇡ 2 TeV as well as in between 2.76 and 7 TeV would be
most useful for further detailing the Odderon properties.

Although our final significance for an Odderon signal
of 6.26s is presented from the model-independent analysis
in Appendix A, let us emphasize that we find a hierarchy
of significances. If we allow for a model-dependent analy-
sis, this significance goes up to 7.1s as detailed in Ref. [77]
and summarized in Appendix C. If we consider that the in-
terpolations needed to compare the H(x) scaling functions
in a model-independent manner at different energies behave
as theoretical curves (i.e. have only one kind of error) then
we obtain the significance of at least 6.55s as discussed in
the body of this manuscript. This significance further de-
creases to 6.26s if we consider that these interpolation lines
have not only theoretical type of errors but both type A and
type B, point-to-point fluctuating and point-to-point corre-
lated systematic experimental errors as well. The only way
to further decrease the significance of the Odderon signal is
to limit the kinematic range of the comparison to narrower
and narrower ranges in �t.

In Appendix B, we discuss the model-independent prop-
erties of the Pomeron and Odderon exchange at the TeV
energy scale, under the condition that this energy is large
enough that the Pomeron and Odderon exchange can be iden-
tified with the crossing-even and the crossing-odd contribu-
tions to the elastic scattering, respectively. We demonstrated
here that S-matrix unitarity strongly constrains the possible
form of the impact parameter dependence of the Pomeron
and Odderon amplitudes.

In Appendix C, we demonstrated how the H(x) scal-
ing emerges within a specific model, defined in Ref. [30].
This model is one of the possible models in the class dis-
cussed in Appendix B. We have demonstrated that four con-
ditions must be satisfied simultaneously. One of the condi-
tions for the validity of the H(x) scaling is found to be the
s-independence of the experimentally measured r(s) param-
eter. The decrease of r(s) at the currently maximal LHC

In Summary, we wrote:

This is a dsigma/dt plot not H(x)!  

So the type_C (normalization) errors  
are not scaled out out which might be  

misleading for a reader. 

Note, here the errors were  
quadratically added

Odderon effect 
in the cross section at low-t??? 

or just a normalisation problem???



EPJC Referee comments

Referee report, Ms. EPJC-19-12-153.R2

The manuscript ”Evidence of Odderon-exchange from scaling properties ...” reports an evidence for a C-odd
contribution to proton-proton (proton-antiproton) elastic scattering using a newly proposed scaling applied
to the cross section d!/dt of pp elastic scattering.

The authors present an innovative idea which attempts to get around the problem that data for proton-
proton and proton-antiproton elastic scattering at the same cm-energy are not available.

The paper presents the authors’ approach in great detail, which makes the paper a valuable contribution
to the ongoing discussion of the recent Totem elastic pp data.

I therefore agree with the second referee that the results deserve to be documented in a published form.

I have the following remarks, which overlap with the ones of the previous referees, and which could have
been addressed more clearly.

1. Firstly, just like referee R1, I am confused by Fig.8, which appears to show a C-odd e!ect just in the
region of 0.2 < !t < 0.6GeV 2, to the left of the dip. On the other hand, the authors clearly state that
the e!ect comes from the region 10 < !Bt < 20, i.e. from large !t beyond the dip. Thus Fig. 8 seems
to be in contradiction to the latter statement. Notice that the region of !t < 0.6GeV 2 is also covered
by the

"
s = 2.76 TeV Totem data, which according to the authors show no significant C-odd e!ect.

2. I agree with the second referee that some statement on the size of the e!ect would be desirable, e.g. an
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proton and proton-antiproton elastic scattering at the same cm-energy are not available.

The paper presents the authors’ approach in great detail, which makes the paper a valuable contribution
to the ongoing discussion of the recent Totem elastic pp data.

I therefore agree with the second referee that the results deserve to be documented in a published form.

I have the following remarks, which overlap with the ones of the previous referees, and which could have
been addressed more clearly.

1. Firstly, just like referee R1, I am confused by Fig.8, which appears to show a C-odd e!ect just in the
region of 0.2 < !t < 0.6GeV 2, to the left of the dip. On the other hand, the authors clearly state that
the e!ect comes from the region 10 < !Bt < 20, i.e. from large !t beyond the dip. Thus Fig. 8 seems
to be in contradiction to the latter statement. Notice that the region of !t < 0.6GeV 2 is also covered
by the

"
s = 2.76 TeV Totem data, which according to the authors show no significant C-odd e!ect.

2. I agree with the second referee that some statement on the size of the e!ect would be desirable, e.g. an
estimate of A = d!(pp)/dt!d!(pp̄)/dt

d!(pp)/dt+d!(pp̄)/dt . This goes beyond the scope formulated by the authors, and may
not be straightforward with the methods developed by them, so I would leave it to their discretion.

3. The authors’ claims to model independence go a bit far. After all, the pp̄ data are at an energy which
is not within a scaling-window 2.76 <

"
s < 7 TeV of pp elastic scattering empirically discovered by

the authors. Rather they require an extrapolation to lower energies. It would be prudent to state this
fact explicitly in the conclusions.

4. I wish the authors would have formulated their model analysis of scaling violations in a Regge framework
and not in the Bia"las-Bzdak model. While the latter may have some merits as a pragmatic fit, the
values of diquark sizes Rd # 0.8 fm, of the same order as the proton radius look strange. They seem
to be in contradiction to an analysis

H. G. Dosch, C. Ewerz and V. Schatz, “The Odderon in high-energy elastic pp scattering,” Eur. Phys.
J. C 24 (2002), 561-571 doi:10.1007/s10052-002-0961-7 [arXiv:hep-ph/0201294 [hep-ph]]

which explicitly includes a three-gluon exchange Odderon and finds Rd < 0.35 fm. A comment on this
disagreement would be of interest.

.
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distribution radius of the proton should be chosen as

t0 = t1 = 0.3GeV2 , (3)

instead of t0 = t1 = 300MeV2 as given in eq. (17) of the original paper [10]. With these
changes in the original parameters we can reproduce the Donnachie–Landsho! fit. It
is shown together with the relevant data in figure 2 where we have chosen to restrict
ourselves to the dip region relevant for our study.
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Figure 2: The Donnachie-Landsho! fit for the di!erential elastic pp cross section

The Odderon contribution is particularly important at large t and in the dip region.
The dip originates from interference e!ects of the Odderon contribution with other
contributions, in particular with those of Pomeron and double Pomeron exchange. At
large t the di!erential cross section is even dominated by Odderon exchange, leading to
the observed t!8 behaviour. In [10] the large-t data have therefore been used to fix the
normalization parameter of the Odderon contribution TO. In [64] it is argued that this
dominance of the Odderon at large t comes about because the exchange of three gluons
permits to distribute the momentum transfer evenly between the three quarks in the
proton. Accordingly, that dominant contribution corresponds to a situation in which
each of the three gluons is coupled to a di!erent quark in the proton, see diagram (c)
in figure 3. Also at smaller values of t the authors of [10] use a coupling of the Odderon
to the proton which is given only by this diagram. By selecting a single diagram only,
however, gauge invariance is lost and the corresponding contribution becomes divergent
as one of the gluon momenta goes to zero. Therefore the gluon propagator needs to be
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Regge theory (DL) fits are not of a good quality, 
so we are not doing this here!
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They obtained 0.35 fm for the diquark size 
in a model-dependent way for ISR energies. 

 
We are not doing ISR in our ReBB analysis 

of the scaling/Odderon. 
 

We know from our previous work that 
the proton substructure size exhibits 
a jump from 0.6 fm (dressed quark) to 
0.9 fm (dressed diquark) when going 

from ISR to TOTEM. 



Wikipedia: “Controversy: Many scientists theorize that a diquark should not be considered a particle. Even 
though they may contain two quarks they are not colour neutral, and therefore cannot exist as isolated 

bound states. So instead they tend to float freely inside hadrons as composite entities; while free-floating 
they have a size of about 1 fm. This also happens to be the same size as the hadron itself.”
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Figure 2: The quark-diquark model compared to data on di!erential cross section
at four energies. Diquark as a simple constituent.

!
s [GeV] ! Rq [fm] Rd [fm] R [fm] Aqq

23 0.64 0.275 0.739 0.312 1

31 0.64 0.279 0.752 0.316 1

53 0.71 0.288 0.770 0.327 1

62 0.71 0.290 0.774 0.327 1

Table 1: Diquark as a simple constituent. The parameters of the model at four

di!erent energies.

4 Diquark as a qq system

In this section we consider another option, treating the diquark as a system com-

posed of the two constituent quarks. As before we parametrize "qq(s) using the same
simple Gaussian as in (9).

"qq(s) = Aqqe
!s2/2R2

q . (12)

To evaluate quark-diquark and diquark-diquark cross-sections we need the dis-
tribution of the quarks inside the diquark which we again take as a Gaussian:

D(sq1, sq2) =
1

#d2
e!(s

2
q1+s2q2)/2d2$2(sq1 + sq2), (13)

where sq1 and sq2 are transverse positions of the quarks in the diquark.

Using the Glauber [12] and Czyz-Maximon [11] expansions, analogous to (1), we

have:

"qd(s) =
4AqqR2

q

R2
d +R2

q

e
!s2

1
R2

d
+R2

q "
A2

qqR
2
q

R2
d

e!s2/R2
q , (14)
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Constituent quark and diquark properties from

small angle proton-proton elastic scattering at high

energies

A.Bialas and A.Bzdak!

M.Smoluchowski Institute of Physics

Jagellonian University, Cracow†

November 14, 2017

Abstract

Small momentum transfer elastic proton-proton cross-section at high en-

ergies is calculated assuming the nucleon composed of two constituents - a

quark and a diquark. A comparison to data (described very well up to "t # 2

GeV2/c) allows to determine some properties of the constituents. While quark

turns out fairly small, the diquark appears to be rather large, comparable to

the size of the proton.

1 Introduction

The quark structure of hadrons at low momentum transfers can manifest itself in

many physical phenomena. It is very important for their static properties as, e.g.,
magnetic moments and mass relations which are reasonably well described by the
constituent quark model [1]. It can be used for description of the elastic amplitudes

at low momentum transfers and spin e!ects in two-body processes [2]. Also, as it
was suggested long time ago [3], and rediscovered recently [4], the quark structure

of nucleon may be crucial in analysis of particle production from nuclear targets.

In most applications of the quark model to low-momentum transfer phenomena
only single qq interactions are considered. In this case the possible correlations be-

!Fellow of the Polish Science Foundation (FNP) scholarship for the year 2006.
†Address: Reymonta 4, 30-059 Krakow, Poland; e-mail: bialas@th.if.uj.edu.pl
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Even provided a non-trivial energy dependence of Rd, 
we are not far from original BB predictions. 

 
We are also close to our early extractions of Rd using  

the Levy series method.



Thank you!


