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m High-energy scattering and Wilson lines in quantum mechanics,
QED and QCD.

m Light-cone OPE versus OPE in color dipoles.

m The LO evolution of color dipoles: BK equation.

m NLO amplitudes and NLO BK equation in A’=4 SYM.
m NLO amplitudes for deep inelastic scattering in QCD.
m Conclusions.
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
. [e.e]
[oopy + X1, —oop1 + X1 ] = Pexp {lg/ dxt A+(x+,xl)}
—0o

is invariant under inversion (with respect to the point with x~ = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
. [e.e]
[oop1 4 X1, —oopy + X1 | = Pexp {Ig/ dx* A+(X+7XJ_)}
—0o
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x,)? = —x2 = after the inversion x; — x, /x2 and x* — x* /x%
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
. [e.e]
[oop1 4 X1, —oopy + X1 | = Pexp {Ig/ dx* A+(X+7XJ_)}
—0o
is invariant under inversion (with respect to the point with x~ = 0).

Indeed,
(x*,x,)? = —x2 = after the inversion x; — x, /x% and x* — x* /% =

0 Xt xt xi X1 X1
[cop1+X1, —ocop1+X.] — PeXp{'Q/_Oodg M(g:g)} = [Oolerg,*OOlerg}
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
. [e.e]
[oop1 4 X1, —oopy + X1 | = Pexp {Ig/ dx* A+(X+7XJ_)}
—0o
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(x*,x,)2 = —x2 = after the inversion x; — x, /% and x* — x*/x¢ =

C [ Xt xt xi X1 X1
[cop1+X1, —ocop1+X.] — PeXp{'Q/_Oodg M(gag)} = [Oolerg,*OOlerg}

=The dipole kernel is invariant under the inversion V(x,) = U(x, /X3 )

d i Qs '’z (x—y)? 7 1— T ,;,
d—]/Tr{VxVy} o2 —mm{vxvz FTr{VzVy } — NeTr{VyVj }]
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Conformal invariance of the BK equation

SL (2,C) for Wilson lines

(K1+|K2), S=- (D+|M12) § =

S = .(Pl—iPz)

I
2 2
[S,8:] = +8s, 5[&84 =%

5.,0(z2)=200(z2), % U(z2)] =202, [5.0z2]=-30(z2)

z=Z2 +iZ2,z=2 +iZ, U(z)=U(z2)
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Conformal invariance of the BK equation
SL (2,C) for Wilson lines

(K1+|K2), S=- (D+|M12) S =

S = (Pt —iP?)

2
[%.S5:] = =5, —[S+ S1=%
5.,0(z2)] = 2282( 2, [SU@z2]=20(z2, [S:,0(z2)]=-00(z2)

z=Z2 +iZ2,z=2 +iZ, U(z)=U(z2)
Conformal invariance of the evolution kernel

d .
%[&7 Tr{UUJ}] =

Ofch

/de XY, 2)[S-, TH{UUJ I Tr{U, U }]

20 20 20 _
é[x 8x+y26y+ 8Z}K(x,y,z)_0
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Conformal invariance of the BK equation
SL (2,C) for Wilson lines

(K1+|K2), S=- (D+|M12) S =

S = (Pt —iP?)

2
[%.S5:] = =5, —[S+ S1=%
5.,0(z2)] = 2282( 2, [SU@z2]=20(z2, [S:,0(z2)]=-00(z2)

z=Z2 +iZ2,z=2 +iZ, U(z)=U(z2)
Conformal invariance of the evolution kernel

d .
%[&7 Tr{UUJ}] =

Ofch

/de XY, 2)[S-, TH{UUJ I Tr{U, U }]

20 20 20 _
é[x 8x+y26y+ 8Z}K(x,y,z)_0

In the leading order - OK. In the NLO - ?
illi
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Expansion of the amplitude in color dipoles in the NLO

The high-energy operator expansion is
T{OXO(y)} = / d?20%2 1'9(z, ) Tr{ U2 U}"}
1 A P A
+ / 22 d?2,d%z3 IN-C(z4, 2,, 23)[N—0Tr{T”UZUZT3"T“UZUZTZ"} — Tr{U70}"]
In the leading order - conf. invariant impact factor
Lyt x-2z)3 (y—2)

X
°F gf 5, Z = - CCP, 2007
m2 2222 X Y+

lLo =
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NLO impact factor

INLO(

A .
X7Y§21722723§77) = _ILOX_ 2%3 |:|n_Z3__+C

The NLO impact factor is not Mobius invariant = the color dipole with the
cutoff n is not invariant

However, if we define a composite operator (a - analog of ;2 for usual OPE)

[Tr{UnUTn}]“’“f — Tr{UZ0}"}

d?z3 [Tr{T"0U7 O} T 02017} — NcTr{07 U17}] 02 O(X?)
/ 253253 e "2

the impact factor becomes conformal in the NLO.
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Non-linear evolution equation at NLO

d

%Tr{UXUJ} =
d?z (x—y)? 2 f f f
/ ﬁ asm + asKNLo(X, Y, Z) [TI’{UXUZ}TF{UZUy} — NCTI'{UZUyH +

O‘g / dZZdZZl (K4(X, Y, Z, Z/){UXa U;rfv U27 U;} + KG(Xv Y, 2, Z,){U)h Ui’v UZ’7 U27 U;v U;})

KnLo is the next-to-leading order correction to the dipole kernel and K4
and Kg are the coefficients in front of the (tree) four- and six-Wilson line
operators with arbitrary white arrangements of color indices.
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Definition of the NLO kernel

In general

} = asKLoTrH{UUJ} + a2KnioTr{U0)} + O(ad)
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Definition of the NLO kernel

In general

—Tr{U,0]} = asKioTr{UU]} + 02KnLoTr{U, U]} + O(af)

- d_ . . -
a2KnLoTr{UU]} = %Tr{UXUJ} — aKioT{U, U} + O(ad)
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Definition of the NLO kernel

In general

—Tr{U,0]} = asKioTr{UU]} + 02KnLoTr{U, U]} + O(af)

N d N N
a2KnLoTr{UU]} = %Tr{UXUJ} — aKioT{U, U} + O(ad)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(02KnLoTr{Ux0]}) = (Tr{U Ui — (asKioTr{UU]}) + O(ad)

- Balitsky (CPHT-Poly.-LPT/JLAB-ODU) NLO Photon Impact Factor in DIS at small-x Kavala, 23June 2010



Definition of the NLO kernel

In general

—Tr{U,0]} = asKioTr{UU]} + 02KnLoTr{U, U]} + O(af)
2 3,00 = 9 100,00 3,01 3
aSKNLoTr{UXUy} = %Tr{UXUy} — asKLoTT{UXUy} -+ O(Oés)

We calculate the “matrix element” of the r.h.s. in the shock-wave background

(02KnLoTr{Ux0]}) = (Tr{UXUT}) (sKLoTr{Ux0{}) + O(a3)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)

1 o .
= M . prescription in the integrals over Feynman parameter v

Typical integral

. 1 1 1, (k—p3
d == =
/0 V(ﬁkfp)%vAloz‘<lfV){vL 2 R
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

) < v %)

(1) - (X1 o (i)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(xvi) xviny (xviily o (XIX)

(XXI) . (£ 0) xxiy )

(xxvI) oo “ oxviny Xx1) < (XXX
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(XXX1) M (XXX 4 (XXX ’ (XXXIV)
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Diagrams of the NLO gluon contribution

"Running coupling" diagrams

A cicld

0] (n

v w ST

Chirilli - Balitsky (CPHT-Poly.-LPT/JLAB-ODU) NLO Photon Impact Factor in DIS at small-x Kavala, 23June 2010 9/20



Diagrams of the NLO gluon contribution

1 — 2 dipole transition diagrams
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Diagrams of the NLO gluon contribution

N = 4 SYM diagrams (scalar and gluino loops)
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Evolution equation for color dipole in N=4

—Tr{UZU }
= 55 [ 2 {1~ oNe (721 Za n 2

/ 2%32%3 4m { 2%2 Zgz}}
[Tr{T207 UjrT207 U7} — NcTr{U7 U7}]
_ ad [Endy 5,7, {l 2% } Z%sz%4
47t 234 2532%4 2%3254 2%32%4 254253
-

b1y /b 7yt b o4 aa ~n\bb
x Tr{[T& T }U;’lTaT Ug’ +T TaUé’l[T 7Ta]Ug’}( 23) (U24 — U%)

X

NLO kernel = Non-conformal term + Conformal term.
Non-conformal term is due to the non-invariant cutoff o« < o = €% in the rapidity
of Wilson lines.
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Evolution equation for color dipole in N=4

—Tr{UZU }

= d?z 1 _osNerm +2In 2%3 z§3
/ 2%32%3 4m { 2%2 Zgz}}

[Tr{T207 UjrT207 U7} — NcTr{U7 U7}]

_ ad [Endy 5,7, {l 2% } Z%sz%4
47t 234 2532%4 2%3254 2%32%4 254253

by T T ()1 b b aa (yn _ ()m\b’
x Tr{[T& T }U;’lTaT Ulr+T TaUé’l[T 7Ta]Ug’}( Z3) (U7, —ui)

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff o« < o = €% in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mobius invariant
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Evolution equation for composite conformal dipoles in N=4

(I.LB.and G. A. C))
% [Tr{0Z0§m] "
as [ 2 Z%Z aSNC 772 arm rtnTa in 1 (7t conf
= 3| ¢z 2 {1— - ﬂ [Tr{Te0Z 0} T UZ3UZZ}—NCTr{U21UZZ 1
2
a5 /d223d224 Z, 21N Z2, 2%3254
4rt . 253254254{ 2542%3 [ z§3z%4 254253} 254253}

x Tr{[T3, T?J07 T¥TY 07 + TPT20Y [T, T¥)017}[(07)% (01 — (24 — 23)]

Now Mobius invariant!
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Small- x (Regge) limit in the coordinate space

(x= X =y)*OXOTYOK)O'(Y))

Regge limit: x; — pxy, X, — pX,y_ = py_. Y. —=py—  p,p/ >0

Regge limit symmetry in a conformal theory: 2-dim conformal Mobius group
9(2,C).
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Small- x (Regge) limit in the coordinate space

(x= X =y)*OXOTYOK)O'(Y))

Regge limit: x; — pxy, X, — pX,y_ = py_. Y. —=py—  p,p/ >0

LLA: as < 1, aslnp ~ 1, = 5 (asInp)" = BFKL pomeron.
LLA < tree diagrams = the BFKL pomeron is M6bius invariant .

NLO LLA: extra as: » as(asInp)” = NLO BFKL

In conformal theory (A = 4 SYM) the NLO BFKL for composite conformal dipole
operator is Mobius invariant.
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plitude in A'=4 SYM theory

In a conformal theory the amplitude A(x, y; X, y') depends on two
conformal ratios which can be chosen as

R = XN —y)°

= Xy Y

L eyRyx? 192

=R oy yE TR
2/2

In the Regge limit R scales as p“p’“ while r does not depend on p or p'.
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NLO Amplitude in  N'=4 SYM theory

The pomeron contribution in a conformal theory can be represented as an
integral over one real variable v Cornalba (2007)

x—y)*X —yY){Oox O (yox)O'(Y))
- / dv f+(V)tan:7wF(1/)Q(r,I/)R%“’(”)

w(v) = w(0,v) is the pomeron intercept,

f, (w) = (€™ — 1)/ sinnw is the signature factor in the coordinate space.
F(v) is the “pomeron residue”.

The conformal function Q(r, v) is given

12

12 K2 1+iv K I-iv
fur,v) = F/dzz((zﬁ.gy) ) ((2/4-@2)

2
<5p1+%p2+2¢
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NLO Amplitude in N'=4 SYM theory: factorization in rapidity
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NLO Amplitude in N'=4 SYM theory: factorization in rapidity

b B8 g ceseccccancaan

Ya ® ®

Y<Y<Yp > {7 + {7 +..
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NLO Amplitude in N'=4 SYM theory: factorization in rapidity

(x=*X =Y)(T{OXO () O(X)O(¥)})
— /dzzudzzudzz’udzz’uIFaO(x, Y; 21,2)[DD]*™ (2, 2: 7, Z)IF* (X, Y; 7, 2,)

7

= (;,:);7)2 < impact factors do not scale with energy

= all energy dependence is contained in [DD]% %
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NLO Amplitude in N'=4 SYM theory: factorization in rapldlty

Projection onto conformal transverse eigenfunctions ( Z%Z%% ) (v=3+iv):

2

[ ez y* TOMOM}H ; 2) = (@ ) Mot + 1otz

e = [ Fadadaizdy sz
Ifo(7) =B(L=71=9)T(1+9)I2=7),  INo(1) = g='toP1(7)

2
‘I’l( ) =-2(7) -2 (1-7)+ §7T2 + ﬁ +2Cx(7)

Kavala, 23 June 2010 15/20



NLO Amplitude in N'=4 SYM theory: factorization in rapidity

——p--p-8- g

Ya

Yg<Y<Yy > o + St

i b b S i SRR SRR
) ® ®
X Y X < I > y o x fl ; y

y)'(X = y)HT{O(x ) f(y)O(x)O'(y)}

)
2 2 1+4l/ FZ(— _”/) —HZ %+iy OésNC
/d”d” /d %% - 4rcoshry T(L— 2iv) ((—2/<;-<0)2) 1+ =5 2]
V(14 4'?) (3 —iv) ( —K'? )%-HV/ 1+ asNg
4mcoshmv’ T'(1— 2iv') \(=2k" - ¢{)?
<u§8nf(ya ZO)])ggnf(Vlv 7))
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Assembling NLO F(v)

The last ingredient is the amplitude of scattering of two conformal dipoles
(v= % +iv)

(U(20,7)V2(Zo,7)) = (v — 1)5(20 — Z) (a0) M) [ALo(7) + Anro(7)]

Iy -1 o
m’ ANLO('Y) - *72A|_0|:

A
b= e a=R=

x() %2}

Y1 —=7)

Ao(y) =

. f — X4Y+
With our choice a = ey

(U(20,7)V(Z,7)) = 8(v — 1)5(20 — Zp) R [ALo(7) + Ao(7)]
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Assembling NLO F(v)

The last ingredient is the amplitude of scattering of two conformal dipoles
(v= % +iv)

(U(20,7)V2(Zo,7)) = (v — 1)5(20 — Z) (a0) M) [ALo(7) + Anro(7)]

Iy -1 o
m’ ANLO('Y) - *72A|_0|:

A
b= e a=R=

x() %2}

Y1 —=7)

Ao(y) =

With our choice a = (’;ﬁ;;z,
(U(20,7)V(Z,7)) = 8(v — 1)5(20 — Zp) R [ALo(7) + Ao(7)]

Now one can assemble F(v) in the next-to-leading order

F(v) = FLo(r) + AFnLo(v) + O(A?)
FLo(v) = Ifo()ALo()IPo(v),

Faio(v) = RiLo()ALo()IEo + 1o (V) AnLo()1F + 1fo (V) ALo(v)IRLo(v)
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T s
“H B

—_— — —_— —

DIS structure function F»(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Composite “conformal” dipole

[tr{U, UL}
= w{070{7} — —/d2 a2 {07053 r{U; 007} — Netr{UZ 0]7}]

“2 " 2532%3

Photon impact factor in the LO

(X — V)T, (i, ()} = _/d 2022,

2

0
Teay L~ 2 - G) +r4G G

RSMconf (Z 22)

Kavala, 23 June 2010 17/20

- Balitsky (CPHT-Poly.-LPT/JLAB-ODU) NLO Photon Impact Factor in DIS at small-x



Photon Impact Factor at NLO l. B.and G. A. C.
A=(x-y), X*:X+\/S/_2, y*:x+\/s/_2, R=— A%y,

XuYx 2122
— (x=z) y=z) — (x=2) y—2)
21 -4 o 22 =0 + =

2

INO(xy) = 8:75&03/2 / dzzldzzzu‘”"f(zl,zz){ ZZZZO;OV Xy

+ 2B L w2 *‘aﬁi?é?z“ LR

g Sgan 02 ok [wﬁ_gzwm 0571 g
R 2 ) L
_,_4%{%. (1-R)— —+2(InR 1)(InR—%)}

+ 2(3;22%23522) {R(Iln,R R~ %* 2InR—4] + 2(8ﬁ221%(28221¥21) [R(:Il_njz R~ Al
(G 2+ B 2 [ ] )
,z_jfz;g[aiz(l,m,z%ﬁu nhta aeIA- o+ fnr - o |
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NLO evolution of composite “conformal” dipoles in QCD

I.B.and G. A. C.

(6%

2—7:2 / o?z ([tr{uzlug}tr{ukug} — Netr{Uz U]}
— By, Zy 2

Z, { aSNC(bI 22+ b a3~ Zsnas | O 67 1)}

2%32%3 Zfszﬁs 253 3
ﬁ { { ) 25°Z5 + 254213 42,2, In 223 253}
Z , 2(22§ By — 224213) 2,75,
x [tr{Uz U] }tr{Uz U] }{Uz U]} — tr{U, U] U, U] U, UL} — (2 — )]
2%222 {2| 2%222 (1 Z%22234 ) In 2%3254]
2%3254 23°75, Z3Z, — 2325 25°Z,
% [tr{Uz UL Hr{UZ,UJ tr{UZ, UL} — tr{U, UL, Uz, U}, uz4u23} (24— )]}
b=4N;—3

KnLo Bk = Running coupling part + Conformal ' non—analytlc' (inj) part
+ Conformal analytic (N = 4) part

a— [tr{UZIU P =

Linearized KyLo sk reproduces the known result for the forward NLO
BFKL kernel.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The NLO BK kernel in for the evolution of conformal composite
dipoles in A/ = 4 SYM is Mobius invariant in the transverse plane.

m The NLO BK kernel agrees with NLO BFKL eigenvalues.

m The correlation function of four Z2 operators is calculated at the
NLO order.

m The analytic expression for the NLO photon impact factor is
calculated (in the coord. space)
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