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Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig
∫ ∞

−∞

dx+ A+(x+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).

Chirilli - Balitsky (CPHT-Poly.-LPT/JLAB-ODU) NLO Photon Impact Factor in DIS at small-x Kavala, 23 June 2010 3 / 20



Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig
∫ ∞

−∞

dx+ A+(x+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).

Indeed,
(x+, x⊥)2 = −x2

⊥ ⇒ after the inversion x⊥ → x⊥/x2
⊥ and x+ → x+/x2

⊥

Chirilli - Balitsky (CPHT-Poly.-LPT/JLAB-ODU) NLO Photon Impact Factor in DIS at small-x Kavala, 23 June 2010 3 / 20



Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig
∫ ∞

−∞

dx+ A+(x+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).

Indeed,
(x+, x⊥)2 = −x2

⊥ ⇒ after the inversion x⊥ → x⊥/x2
⊥ and x+ → x+/x2

⊥ ⇒

[∞p1+x⊥,−∞p1+x⊥] → Pexp
{

ig
∫ ∞

−∞

d
x+

x2
⊥

A+(
x+

x2
⊥

,
x⊥
x2
⊥

)
}

= [∞p1+
x⊥
x2
⊥

,−∞p1+
x⊥
x2
⊥

]

Chirilli - Balitsky (CPHT-Poly.-LPT/JLAB-ODU) NLO Photon Impact Factor in DIS at small-x Kavala, 23 June 2010 3 / 20



Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig
∫ ∞

−∞

dx+ A+(x+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).

Indeed,
(x+, x⊥)2 = −x2

⊥ ⇒ after the inversion x⊥ → x⊥/x2
⊥ and x+ → x+/x2

⊥ ⇒

[∞p1+x⊥,−∞p1+x⊥] → Pexp
{

ig
∫ ∞

−∞

d
x+

x2
⊥

A+(
x+

x2
⊥

,
x⊥
x2
⊥

)
}

= [∞p1+
x⊥
x2
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,−∞p1+
x⊥
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⊥
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⇒The dipole kernel is invariant under the inversion V(x⊥) = U(x⊥/x2
⊥)

d
dη

Tr{VxV†
y} =

αs

2π2

∫

d2z
6z4

(x − y)2 6z4

(x − z)2(z − y)2 [Tr{VxV†
z }Tr{VzV

†
y} − NcTr{VxV†

y}]
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

Ŝ− ≡
i
2
(K1 + iK2), Ŝ0 ≡

i
2
(D + iM12), Ŝ+ ≡

i
2
(P1 − iP2)

[Ŝ0, Ŝ±] = ±Ŝ±,
1
2
[Ŝ+, Ŝ−] = Ŝ0,

[Ŝ−, Û(z, z̄)] = z2∂zÛ(z, z̄), [Ŝ0, Û(z, z̄)] = z∂zÛ(z, z̄), [Ŝ+, Û(z, z̄)] = −∂zÛ(z, z̄)

z ≡ z1 + iz2, z̄ ≡ z1 + iz2, U(z⊥) = U(z, z̄)
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Ŝ− ≡
i
2
(K1 + iK2), Ŝ0 ≡
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Conformal invariance of the evolution kernel

d
dη

[Ŝ−,Tr{UxU†
y}] =

αsNc

2π2

∫

dz K(x, y, z)[Ŝ−,Tr{UxU†
y}Tr{UxU†

y}]

⇒
[

x2 ∂

∂x
+ y2 ∂

∂y
+ z2 ∂

∂z

]

K(x, y, z) = 0
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2π2

∫

dz K(x, y, z)[Ŝ−,Tr{UxU†
y}Tr{UxU†

y}]

⇒
[

x2 ∂

∂x
+ y2 ∂

∂y
+ z2 ∂

∂z

]

K(x, y, z) = 0

In the leading order - OK. In the NLO - ?
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Expansion of the amplitude in color dipoles in the NLO

η>Y

η<Y

+ +...

The high-energy operator expansion is

T{Ô(x)Ô(y)} =

∫

d2z1d2z2 ILO(z1, z2)Tr{Ûη

z1
Û†η

z2
}

+

∫

d2z1d2z2d2z3 INLO(z1, z2, z3)[
1

Nc
Tr{TnÛη

z1
Û†η

z3
TnÛη

z3
Û†η

z2
} − Tr{Ûη

z1
Û†η

z2
}]

In the leading order - conf. invariant impact factor

ILO =
x−2
+ y−2

+

π2Z2
1Z

2
2

, Zi ≡
(x − zi)

2
⊥

x+
−

(y − zi)
2
⊥

y+
CCP, 2007
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NLO impact factor

z2

z’
z1

y xz3

z2

zz’
z1

y xz3

(a) (b)

z

INLO(x, y; z1, z2, z3; η) = − ILO ×
λ

π2

z2
13

z2
12z2

23

[

ln
σs
4
Z3 −

iπ
2

+ C
]

The NLO impact factor is not Möbius invariant ⇒ the color dipole with the
cutoff η is not invariant
However, if we define a composite operator (a - analog of µ−2 for usual OPE)

[Tr{Ûη

z1
Û†η

z2
}
]conf

= Tr{Ûη

z1
Û†η

z2
}

+
λ

2π2

∫

d2z3
z2

12

z2
13z2

23

[Tr{TnÛη

z1
Û†η

z3
TnÛη

z3
Û†η

z2
} − NcTr{Ûη

z1
Û†η

z2
}] ln

az2
12

z2
13z2

23

+ O(λ2)

the impact factor becomes conformal in the NLO.
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Non-linear evolution equation at NLO

d
dη

Tr{UxU†
y} =

∫

d2z
2π2

(

αs
(x − y)2

(x − z)2(z − y)2 + α2
s KNLO(x, y, z)

)

[Tr{UxU†
z}Tr{UzU

†
y} − NcTr{UzU

†
y}] +

α2
s

∫

d2zd2z′
(

K4(x, y, z, z
′){Ux,U

†
z′ ,Uz,U

†
y} + K6(x, y, z, z

′){Ux,U
†
z′ ,Uz′ ,Uz,U

†
z ,U

†
y}

)

KNLO is the next-to-leading order correction to the dipole kernel and K4

and K6 are the coefficients in front of the (tree) four- and six-Wilson line
operators with arbitrary white arrangements of color indices.
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Definition of the NLO kernel

In general

d
dη

Tr{ÛxÛ†
y} = αsKLOTr{ÛxÛ†

y} + α2
s KNLOTr{ÛxÛ†

y} + O(α3
s )
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Definition of the NLO kernel

In general

d
dη

Tr{ÛxÛ†
y} = αsKLOTr{ÛxÛ†

y} + α2
s KNLOTr{ÛxÛ†

y} + O(α3
s )

α2
s KNLOTr{ÛxÛ†

y} =
d

dη
Tr{ÛxÛ†

y} − αsKLOTr{ÛxÛ†
y} + O(α3

s )

We calculate the “matrix element” of the r.h.s. in the shock-wave background

〈α2
s KNLOTr{ÛxÛ†

y}〉 =
d

dη
〈Tr{ÛxÛ†

y}〉 − 〈αsKLOTr{ÛxÛ†
y}〉 + O(α3

s )

Chirilli - Balitsky (CPHT-Poly.-LPT/JLAB-ODU) NLO Photon Impact Factor in DIS at small-x Kavala, 23 June 2010 8 / 20



Definition of the NLO kernel
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We calculate the “matrix element” of the r.h.s. in the shock-wave background

〈α2
s KNLOTr{ÛxÛ†

y}〉 =
d

dη
〈Tr{ÛxÛ†

y}〉 − 〈αsKLOTr{ÛxÛ†
y}〉 + O(α3

s )

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)

⇒
[

1
v

]

+
prescription in the integrals over Feynman parameter v

Typical integral

∫ 1

0
dv

1

(k − p)2
⊥v + p2

⊥(1 − v)

[1
v

]

+
=

1

p2
⊥

ln
(k − p)2

⊥

p2
⊥
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(II) (III) (IV) (V)

(VI) (VII) (VIII) (IX) (X)

(I)

(XIV)(XI) (XIII)(XII) (XV)
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(XXVI) (XXVII)

(XVI) (XVII) (XVIII) (XIX) (XX)

(XXI) (XXIV) (XV)(XXII) (XXIII)

(XVIII) (XXIX) (XXX)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(XXXI) (XXXIII) (XXXIV)(XXXII)
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Diagrams of the NLO gluon contribution

"Running coupling" diagrams

(I) (II) (III) (IV) (V)

y

x

(VI) (VII) (VIII) (IX) (X)
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Diagrams of the NLO gluon contribution

1 → 2 dipole transition diagrams

q

k’

k

k’

k

q q

k’ k
k’

q

k k

k’

q

k’

kk’

qq

k

k’

k’

q
k

q

k’
k

(c)(b)(a) (d) (e)
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x x
*

x
*x

x
*

x x
* x

*
x

*
x

*

x x x x
*x

*
x

*

x x x x

k

q
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b

c

a
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c
d
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Diagrams of the NLO gluon contribution

N = 4 SYM diagrams (scalar and gluino loops)
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Evolution equation for color dipole in N = 4 (I.B. and G. A. C.)

d
dη

Tr{Ûη

z1
Û†η

z2
}

=
αs

π2

∫

d2z3
z2

12

z2
13z2

23

{

1 −
αsNc

4π

[π2

3
+2 ln

z2
13

z2
12

ln
z2

23

z2
12

]}

× [Tr{TaÛη

z1
Û†η

z3
TaÛη

z3
Û†η

z2
} − NcTr{Ûη

z1
Û†η

z2
}]

−
α2

s

4π4

∫

d2z3d2z4

z4
34

z2
12z2

34

z2
13z2

24

[

1 +
z2

12z2
34

z2
13z2

24 − z2
23z2

14

]

ln
z2

13z2
24

z2
14z2

23

× Tr{[Ta,Tb]Ûη

z1
Ta′Tb′Û†η

z2
+ TbTaÛη

z1
[Tb′ ,Ta′ ]Û†η

z2
}(Ûη

z3
)aa′(Ûη

z4
− Ûη

z3
)bb′

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff α < σ = e2η in the rapidity
of Wilson lines.
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Evolution equation for color dipole in N = 4 (I.B. and G. A. C.)

d
dη

Tr{Ûη

z1
Û†η

z2
}

=
αs

π2

∫

d2z3
z2

12

z2
13z2

23

{

1 −
αsNc

4π

[π2

3
+2 ln

z2
13

z2
12

ln
z2

23

z2
12

]}

× [Tr{TaÛη

z1
Û†η

z3
TaÛη

z3
Û†η

z2
} − NcTr{Ûη

z1
Û†η

z2
}]

−
α2

s

4π4

∫

d2z3d2z4

z4
34

z2
12z2

34

z2
13z2

24

[

1 +
z2

12z2
34

z2
13z2

24 − z2
23z2

14

]

ln
z2

13z2
24

z2
14z2

23

× Tr{[Ta,Tb]Ûη

z1
Ta′Tb′Û†η

z2
+ TbTaÛη

z1
[Tb′ ,Ta′ ]Û†η

z2
}(Ûη

z3
)aa′(Ûη

z4
− Ûη

z3
)bb′

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff α < σ = e2η in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Möbius invariant
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Evolution equation for composite conformal dipoles in N = 4

(I.B. and G. A. C.)

d
dη

[

Tr{Ûη

z1
Û†η

z2
}
]conf

=
αs

π2

∫

d2z3
z2

12

z2
13z2

23

[

1 −
αsNc

4π
π2

3

]

[

Tr{TaÛη

z1
Û†η

z3
TaÛz3Û†η

z2
} − NcTr{Ûη

z1
Û†η

z2
}
]conf

−
α2

s

4π4

∫

d2z3d2z4
z2

12

z2
13z2

24z2
34

{

2 ln
z2

12z2
34

z2
14z2

23

+
[

1 +
z2

12z2
34

z2
13z2

24 − z2
14z2

23

]

ln
z2

13z2
24

z2
14z2

23

}

× Tr{[Ta,Tb]Ûη

z1
Ta′Tb′Û†η

z2
+ TbTaÛη

z1
[Tb′ ,Ta′ ]Û†η

z2
}[(Ûη

z3
)aa′(Ûη

z4
)bb′ − (z4 → z3)]

Now Möbius invariant!
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Small- x (Regge) limit in the coordinate space

(x − y)4(x′ − y′)4〈O(x)O†(y)O(x′)O†(y′)〉

Regge limit: x+ → ρx+, x′+ → ρx′+, y− → ρ′y−, y′− → ρ′y−− ρ, ρ′ → ∞

z_

z+

z_

,y’_ y’_

x+ , x_ , y_y+

x’− , x’_

Regge limit symmetry in a conformal theory: 2-dim conformal Möbius group
SL(2,C).
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Small- x (Regge) limit in the coordinate space

(x − y)4(x′ − y′)4〈O(x)O†(y)O(x′)O†(y′)〉

Regge limit: x+ → ρx+, x′+ → ρx′+, y− → ρ′y−, y′− → ρ′y−− ρ, ρ′ → ∞

z_

z+

z_

,y’_ y’_

x+ , x_ , y_y+

x’− , x’_

LLA: αs � 1, αs ln ρ ∼ 1, ⇒
∑

(αs ln ρ)n ≡ BFKL pomeron.
LLA ⇔ tree diagrams ⇒ the BFKL pomeron is Möbius invariant .

NLO LLA: extra αs:
∑

αs(αs ln ρ)n ≡ NLO BFKL

In conformal theory (N = 4 SYM) the NLO BFKL for composite conformal dipole
operator is Möbius invariant.
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plitude in N=4 SYM theory

In a conformal theory the amplitude A(x, y; x′, y′) depends on two
conformal ratios which can be chosen as

R =
(x − x′)(y − y′)2

(x − y)2(x′ − y′)2 ,

r = R
[

1 −
(x − y′)2(y − x′)2

(x − x′)2(y − y′)2 +
1
R

]2

In the Regge limit R scales as ρ2ρ′2 while r does not depend on ρ or ρ′.
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NLO Amplitude in N=4 SYM theory

The pomeron contribution in a conformal theory can be represented as an
integral over one real variable ν Cornalba (2007)

(x − y)4(x′ − y′)4〈O(x)O†(y)O(x′)O†(y′)〉

=
i
2

∫

dν f̃+(ν)
tanh πν
ν

F(ν)Ω(r, ν)R
1
2 ω(ν)

ω(ν) ≡ ω(0, ν) is the pomeron intercept,
f̃+(ω) = (eiπω − 1)/ sin πω is the signature factor in the coordinate space.
F(ν) is the “pomeron residue”.
The conformal function Ω(r, ν) is given

Ω(r, ν) =
ν2

π3

∫

d2z
( κ2

(2κ · ζ)2

)
1
2 +iν( κ′2

(2κ′ · ζ)2

)
1
2−iν

ζ ≡ p1 +
z2
⊥

s p2 + z⊥
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NLO Amplitude in N=4 SYM theory: factorization in rapidity

YA

YB

<Y<YB YA

x y

y’x’
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NLO Amplitude in N=4 SYM theory: factorization in rapidity

YA

YB

<Y<YB YA

x y

y’x’

+ +...

x’

x y x y

y’y’x’

(x − y)4(x′ − y′)4〈T{Ô(x)Ô†(y)Ô(x′)Ô†(y′)}〉

=

∫

d2z1⊥d2z2⊥d2z′1⊥d2z′2⊥IFa0(x, y; z1, z2)[DD]a0,b0(z1, z2; z′1, z
′
2)IF

b0(x′, y′; z′1, z
′
2)

a0 = x+y+
(x−y)2 , b0 =

x′
−

y′
−

(x′−y′)2 ⇔ impact factors do not scale with energy

⇒ all energy dependence is contained in [DD]a0,b0
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NLO Amplitude in N=4 SYM theory: factorization in rapidity

YA

YB

<Y<YB YA

x y

y’x’

+ +...

x’

x y x y

y’y’x’

Projection onto conformal transverse eigenfunctions
(

z2
12

z2
10z2

20

)γ

(γ = 1
2 + iν) :

∫

dz1dz2(x − y)4T{Ô(x)Ô(y)}
( z2

12

z2
10z2

20

)γ

=
( κ2

(2κ · ζ0)2

)γ

[IA
LO(γ) + IA

NLO(γ)]Û(z0, γ),

Û(z0, γ) =

∫

d2z1d2z2(z
2
12z−2

10 z−2
20 )γ Û(z1, z2)

IA
LO(γ) = B(1 − γ, 1 − γ)Γ(1 + γ)Γ(2 − γ), IA

NLO(γ) =
λ

8π2
IA
LOΦ1(γ)

Φ1(γ) = −2ψ′(γ) − 2ψ′(1 − γ) +
2
3
π2 +

χ(γ) − 2
γ(1 − γ)

+ 2Cχ(γ)
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NLO Amplitude in N=4 SYM theory: factorization in rapidity

YA

YB

<Y<YB YA

x y

y’x’

+ +...

x’

x y x y

y’y’x’

(x − y)4(x′ − y′)4〈T{Ô(x)Ô†(y)Ô(x′)Ô†(y′)}〉

=

∫

dνdν′
∫

d2z0d2z′0
ν2(1 + 4ν2)

4π coshπν

Γ2
(

1
2 − iν

)

Γ(1 − 2iν)

( −κ2

(−2κ · ζ0)2

)
1
2 +iν

[

1 +
αsNc

2π
Φ1(ν)

]

×
ν′2(1 + 4ν′2)
4π coshπν′

Γ2
(

1
2 − iν′

)

Γ(1 − 2iν′)

( −κ′2

(−2κ′ · ζ′0)
2

)
1
2 +iν′

[

1 +
αsNc

2π
Φ1(ν

′)
]

× 〈Ûa0
conf(ν, z0)V̂

b0
conf(ν

′, z′0)〉
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Assembling NLO F(ν)

The last ingredient is the amplitude of scattering of two conformal dipoles
(γ ≡ 1

2 + iν)

〈Ûa(z0, γ)V̂
b(z′0, γ)〉 = δ(ν − ν ′)δ(z0 − z′0) (ab)

1
2 ω(ν)[ALO(γ) + ANLO(γ)]

ALO(γ) =
Γ(−γ)Γ(γ − 1)

Γ(1 + γ)Γ(2 − γ)
, ANLO(γ) = −

λ

4π2 ALO

[ χ(γ)

γ(1 − γ)
−
π2

3

]

With our choice a = x+y+
(x−y)2 , b =

x′
−

y′
−

(x′−y′)2 , ab = R ⇒

〈Û(z0, γ)V̂(z′0, γ)〉 = δ(ν − ν ′)δ(z0 − z′0) R
1
2 ω(ν)[ALO(γ) + ANLO(γ)]
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2 + iν)

〈Ûa(z0, γ)V̂
b(z′0, γ)〉 = δ(ν − ν ′)δ(z0 − z′0) (ab)

1
2 ω(ν)[ALO(γ) + ANLO(γ)]

ALO(γ) =
Γ(−γ)Γ(γ − 1)

Γ(1 + γ)Γ(2 − γ)
, ANLO(γ) = −

λ

4π2 ALO

[ χ(γ)

γ(1 − γ)
−
π2

3

]

With our choice a = x+y+
(x−y)2 , b =

x′
−

y′
−

(x′−y′)2 , ab = R ⇒

〈Û(z0, γ)V̂(z′0, γ)〉 = δ(ν − ν ′)δ(z0 − z′0) R
1
2 ω(ν)[ALO(γ) + ANLO(γ)]

Now one can assemble F(ν) in the next-to-leading order

F(ν) = FLO(ν) + λFNLO(ν) + O(λ2)

FLO(ν) = IA
LO(ν)ALO(ν)IB

LO(ν),

FNLO(ν) = IA
NLO(ν)ALO(ν)IB

LO + IA
LO(ν)ANLO(ν)IB

LO + IA
LO(ν)ALO(ν)IB

NLO(ν)
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In QCD

η>Y

η<Y

+ +...

DIS structure function F2(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Composite “conformal” dipole

[tr{Ûz1Û
†
z2
}]conf

a

= tr{Ûη

z1
Û†η

z2
} −

αs

4π2

∫

d2z3
z2

12

z2
13z2

23

ln
ae2ηz2

12

z2
13z2

23

[tr{Ûη

z1
Û†η

z3
}tr{Ûz3 Û†η

z2
} − Nctr{Ûη

z1
Û†η

z2
}]

Photon impact factor in the LO

(x − y)6T{jµ(x)jν(y)} =
1
π2

∫

d2z1d2z2

z4
12

R3Û conf(z1, z2)
∂2

∂xµ∂yν

[

− 2(κ · ζ1)(κ · ζ2) + κ2(ζ1 · ζ2)
]
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Photon Impact Factor at NLO I. B. and G. A. C.

∆ ≡ (x − y), x∗ = x+
√

s/2, y∗ = x+
√

s/2, R ≡ −
∆2z2

12⊥
x∗y∗Z1Z2

Z1 = − (x−z1)
2

x∗
+ (y−z1)

2

y∗
, Z2 = − (x−z2)

2

x∗
+ (y−z2)

2

y∗

INLO
µν

(x, y) = −
αsN2

c

8π7x2
∗y2

∗

∫

d2z1d2z2 U conf(z1, z2)

{[

1

Z2
1Z

2
2

∂x
µ
∂y

ν
ln

∆2

x∗y∗

+ 2

(

∂x
µ
Z1
)(

Z2∂
y
ν

)

Z3
1Z

3
1

[

ln
1
R

+
1

2R
− 2
]

+
2
(

∂x
µ
Z1
)(

∂y
νZ1

)

Z4
1Z

2
2

[

ln
1
R
−

1
2R

]

−
1
2

[ ∂x
µ
Z1

Z3
1Z

2
2

∂y
ν

ln
∆2

x∗y∗
+
∂y

νZ1

Z3
1Z

2
2

∂x
µ

ln
∆2

x∗y∗

]

(

1 −
1
R

)

−
1

2Z2
2

[

(

∂x
µ

1

Z2
1

)

∂y
ν
R +

(

∂y
ν

1

Z2
1

)

∂x
µ

R
] ln R

1 − R

−
(

∂x
µ
∂y

ν

∆2

x∗y∗

)R3

z4
12

[ 1
R

+
3

2R2 − 2
](x∗y∗

∆2

)3
+

1
R

[ ∂x
µ
Z1

Z3
1Z

2
2

(

∂y
ν

ln
∆2

x∗y∗

)

+
∂y

νZ1

Z3
1Z

2
2

(

∂x
µ

ln
∆2

x∗y∗

)

]

+ 4

(

∂x
µ
Z1
)(

∂y
νZ2

)

Z3
1Z

3
2

[

4Li2(1 − R) −
2π2

3
+ 2(ln R − 1)

(

ln R −
1
R

)

]

+ 2

(

∂x
µ
Z1
)(

∂y
νZ2

)

Z3
1Z

3
2

[ ln R
R(1 − R)

−
1
R

+ 2 ln R − 4
]

+ 2

(

∂x
µ
Z1
)(

∂y
νZ1

)

Z4
1Z

2
2

[ ln R
R(1 − R)

−
1
R

]

−
( ∂x

µ
Z1

Z3
1Z

2
2

∂y
ν

ln
∆2

x∗y∗
+
∂y

νZ2

Z3
2Z

2
1

∂x
µ

ln
∆2

x∗y∗

)[ ln R
R(1 − R)

− 2
]

+ (z1 ↔ z2)

]

− 2
z2

12⊥

Z3
1Z

3
2

[

4Li2(1 − R) −
2π2

3
+ 2(ln

1
R

+
1
R

+
1

2R2 − 3) ln
1
R
−
(

6 +
1
R

)

ln R +
3
R
− 4
]

∂x
µ
∂y

ν

∆2

x∗y∗

}
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NLO evolution of composite “conformal” dipoles in QCD

I. B. and G. A. C.

a
d
da

[tr{Uz1U†
z2
}]conf

a =
αs

2π2

∫

d2z3

(

[tr{Uz1U†
z3
}tr{Uz3U†

z2
} − Nctr{Uz1U†

z2
}]conf

a

×
z2

12

z2
13z2

23

[

1 +
αsNc

4π

(

b ln z2
12µ

2 + b
z2

13 − z2
23

z2
13z2

23

ln
z2

13

z2
23

+
67
9

−
π2

3

)

]

+
αs

4π2

∫

d2z4

z4
34

{[

− 2 +
z23

2z2
23 + z2

24z2
13 − 4z2

12z2
34

2(z23
2z2

23 − z2
24z2

13)
ln

z23
2z2

23

z2
24z2

13

]

× [tr{Uz1U†
z3
}tr{Uz3U†

z4
}{Uz4U†

z2
} − tr{Uz1U†

z3
Uz4U†

z2
Uz3U†

z4
} − (z4 → z3)]

+
z2

12z2
34

z2
13z2

24

[

2 ln
z2

12z2
34

z23
2z2

23

+
(

1 +
z2

12z2
34

z2
13z2

24 − z23
2z2

23

)

ln
z2

13z2
24

z23
2z2

23

]

× [tr{Uz1U†
z3
}tr{Uz3U†

z4
}tr{Uz4U†

z2
} − tr{Uz1U†

z4
Uz3U†

z2
Uz4U†

z3
} − (z4 → z3)]

}

b = 11
3 Nc −

2
3 nf

KNLO BK = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (N = 4) part

Linearized KNLO BK reproduces the known result for the forward NLO
BFKL kernel.
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Conclusions

High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

High-energy operator expansion in color dipoles works at the NLO
level.

The NLO BK kernel in for the evolution of conformal composite
dipoles in N = 4 SYM is Möbius invariant in the transverse plane.

The NLO BK kernel agrees with NLO BFKL eigenvalues.

The correlation function of four Z2 operators is calculated at the
NLO order.

The analytic expression for the NLO photon impact factor is
calculated (in the coord. space)
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