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• Chiral Perturbation Theory (ChPT) is a low-energy effective theory of 
QCD and an integral component of our understanding of many 
nuclear processes.

• It describes interactions of mesons and baryons at the energy scale ~ 
1 GeV or below and, in my view, is the most elegant example 
employing ”modern” techniques of effective field theories.
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• Modern EFT’s:
– In most cases, symmetry consideration alone is sufficient to capture the 

long wavelength dynamics of a physical system.
For ChPT the symmetry is SU(Nf)L x SU(Nf)R chiral symmetry.

– Short wavelength fluctuations are encoded in uncalculable “Wilson 
coefficients.”

– A power counting scheme must be supplied to organized the relative 
importance of different effective operators.
In ChPT the power counting is the “derivative expansion.”



• Ironically, “modern” means more than half-a-century old:



• Ironically, “modern” means more than half-a-century old:

• ChPT is an EFT about Nambu-Goldstone bosons, which has an even 
longer history:



The typical “textbook” example of Nambu-Goldstone bosons starts with 
the following potential energy:

� = �1 + i�2

V (�) = �µ2|�|2 + �|�|4

• There is an infinite number of 
ground state, labelled by the polar 
angle :

• But once an “alpha” is chosen, the 
rotational invariance is hidden.

|VACi = {|0i↵; ↵ 2 [0, 2⇡)}



To see the NGB explicitly, let’s go to “polar coordinate:”

In this parameterization, the ground state is
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To see the NGB explicitly, let’s go to “polar coordinate:”

In this parameterization, the ground state is

This is the equivalent to shifting 
the Pi-mode by a constant:

Rotational symmetry implies the dynamics
must be independent of the constant shift!

This is a “shift symmetry.”
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More generally, there is a well-defined procedure to write down NGB 
effective actions for arbitrary symmetry breaking pattern.
(CCWZ: Coleman, Callan, Wess and Zumino, Phys. Rev. 1969.)

One picks a nonlinearly realized group G, and a subgroup H of G that is 
linearly realized. 
We say G is the broken group and H the unbroken group:

The “pions” are the coordinates on the coset manifold G/H.
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The “pions” are the coordinates on the coset manifold G/H.

When

This is the shift symmetry!

Rarely discussed…
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CCWZ looked for objects that have “simple” transformation properties 
under the action of G.

These are contained in the Cartan-Maurer one-form:

They are the “Goldstone covariant derivative” and the “associated gauge 
field”,

upon which the complete effective Lagrangian can be built (apart from 
the topological terms)



• CCWZ  has been applied to ChPT to very high orders. Some heroic 
efforts went into constructing the effective Lagrangian up to O(p8), 
which is completed only recently:
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• In fact, ChPT is not just about NGB’s –
We need to incorporate the interaction with fermions (nucleons) 
and spin-1 bosons (photons). But again, CCWZ gave well-defined 
prescriptions on how to do it.

• But one thing is clear –
Since the EFT is based on “symmetry”, choosing a different 
symmetry gives rise to a different EFT.

Conventional wisdom:
NGB interactions depends both on the full symmetry G in the UV 
and the unbroken symmetry H in the IR.



In spite of the tremendous success of CCWZ in a wide range of topics, 
there’s always something odd about it. 

Its best summarized as the following question:

Nambu-Goldstone bosons are long-range degrees of freedom 
interpolating different vacua, why would its interactions know anything 
about the “broken group” G in the UV?

In other words, NGB’s should be all about the IR physics, not the UV. 
Indeed, NGB’s have a very peculiar IR property that has been known for 
(again) more than half-a-century…



The property is about the IR behavior of NGB’s:

ie, the S-matrix elements involving a zero-momentum NGB vanish!

This is called the Adler’s zero condition since the 1960’s and independent 
of the symmetry breaking pattern G/H.
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The property is about the IR behavior of NGB’s:

ie, the S-matrix elements involving a zero-momentum NGB vanish!

This is called the Adler’s zero condition since the 1960’s and independent 
of the symmetry breaking pattern G/H.

In fact, one can show that the Adler’s zero condition, follows directly 
from the shift symmetry acting on the NGB:

That is, Adler’s zero is the Ward identity of the shift symmetry.
Recall the shift symmetry is an indication of the existence of other 
degenerate ground states!
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It turns out that the Adler’s zero condition allows for an entirely on-shell 
formulation of ChPT. 
It all started from an obscure paper by Susskind and Frye from (again) 
half-a-century ago:



This is what they did, schematically.
Use the Adler’s zero condition to fix the 4-pt amplitude of pions,
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This is what they did, schematically.
Use the Adler’s zero condition to fix the 4-pt amplitude of pions,

Some comments:
•They worked directly with “flavor-ordered” amplitudes.
•There is no constant term in the amplitude.
•“f” is a dimensionful parameter, while “c” is an arbitrary number, which 
could be absorbed into the normalization of “f”.
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Once we have the 4-pt amplitude, we can build up the 6-pt amplitude 
from the 4-pt amplitude:

sij = (pi + pj)
2
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ijk = (pi + pj + pk)
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Once we have the 4-pt amplitude, we can build up the 6-pt amplitude 
from the 4-pt amplitude:

This expression doesn’t satisfy the Adler’s zero condition!

sij = (pi + pj)
2

P 2
ijk = (pi + pj + pk)

2



The resolution is to introduce an additional contribution, the “contact 
interaction,”

It turns out imposing the Adler’s condition also uniquely fixes this 6-pt 
contact interaction:



Susskind and Frye constructed up to 8-pt amplitudes this way, and
conjectured that this can be extended to arbitrary multiplicity “n”.
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This is quite striking because they only invoked

• A notion of “flavor ordering,” which arises due to some discrete 
quantum numbers, given by the “unbroken group” H.

• The vanishing “soft limit” in the scattering amplitudes.

In other words, only IR data are used. 

They made no reference to the group “G” in the UV. 
How general is this approach?
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This is quite striking because they only invoked

• A notion of “flavor ordering,” which arises due to some discrete 
quantum numbers, given by the “unbroken group” H.

• The vanishing “soft limit” in the scattering amplitudes.

In other words, only IR data are used. 

They made no reference to the group “G” in the UV. 
How general is this approach?
The answer is affirmative, but arrived only much later…



• On-shell Soft Bootstrap

What Susskind and Frye did was the precursor to modern S-matrix 
program, which seeks to define a QFT by on-shell data:

For NGB’s, all interaction vertices are determined by recursively requiring 
Adler’s zero on tree-level amplitudes.

In particular, the progress is based on the “soft recursion relation” 
proposed by Cheung, Kampf, Novotny and Trnka in 1412.4095 and 
1509.03309.



An all-leg shift in external momenta:

Taking z à 1/ai is equivalent to taking the soft limit of pi. Then

• The integrand vanishes like 1/zn-1 and the residue at infinity vanishes.
• There is no pole at z = 1/ai because of Adler’s zero condition.
• The only poles are at z = 0 and when the internal propagators go on-

shell (ie factorization channel).



Internal propagators go on-shell at
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Internal propagators go on-shell at

Cauchy’s theorem then gives
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LHS includes contact term. RHS includes only 
factorization channel!



A comment on the all-leg-shift:

• Nontrivial solutions for ai don’t always exist.

• For D=4, the number of non-trivial solutions is (n-5), n=number of external 
momenta.

• The general solution is only defined “projectively” and has a “shift 
symmetry”:

A(r) and B are arbitrary constants!



When soft-bootstrapping the amplitudes,

it is a non-trivial check that the outcome is independent of A(r) and B .

We will see that this doesn’t automatically happen. Thus we define a 
consistent EFT in soft bootstrap when



Soft-recursion relation allows one to generalize Susskind and Frye, to all 
orders in the multiplicity “n”.
But the discussion so far has been confined to the leading two-derivative 
operators.



Soft-recursion relation allows one to generalize Susskind and Frye, to all 
orders in the multiplicity “n”.
But the discussion so far has been confined to the leading two-derivative 
operators.

However, in a general EFT of NGB’s
• There exist higher derivative operators which become increasingly 

important as the energy becomes higher.
• Each higher derivative operator comes with an uncalculable Wilson 

coefficient.
How does on-shell soft bootstrap incorporate higher derivative
operators?
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For four-derivative or less, one can show the soft blocks exist only for 4-pt 
and 5-pt contact terms. (IL and Z. Yin: 1904.12859)



Introducing “Soft blocks”

For four-derivative or less, one can show the soft blocks exist only for 4-pt 
and 5-pt contact terms. (IL and Z. Yin: 1904.12859)

• Soft blocks are “seeds“ for soft recursion relations.

• Soft blocks are in 1-to-1 correspondence with the number of 
independent operators at a particular order in the derivative expansion.

• Practically speaking, they are the lowest order contact interactions from 
a particular higher-derivative operator.



4-pt Soft blocks at O(p4):



4-pt Soft blocks at O(p4):

All four soft blocks appear in ChPT:



• As is well-known, construction of independent operators in EFT is 
notoriously difficult, due to the complicated operator relations such 
as integration-by-parts, equation-of-motion and etc.

For example, in ChPT the LO E.O.M. is

• Making things worse, there are additional relations imposed by the 
“symmetry” of the coset in ChPT.



• It turns out that these complicated operator relations manifest 
themselves trivially in soft blocks.

a) Integration-by-parts = total momentum conservation
b) Equation-of-motion = on-shell conditions for external momenta
c) Symmetry relations are automatically incorporated in soft-

bootstrap.

In the end, soft blocks are an efficient way to count the number of 
independent operators at each order in the derivative expansion!

Moreover, all tree amplitudes can be generated recursively once the soft 
blocks are obtained.



• We enumerated all soft blocks in ChPT up to O(p10), which correspond 
to pure mesonic operators in ChPT, ie turning off spin-1/2 and spin-1 
fields.

• For simplicity we work in general spacetime dimension D and general 
flavor Nf :

• The outcome agree with existing literature up to O(p8) and makes a 
prediction for O(p10).

Dai, IL, Mehen and Mohapatra: 2009.01819



Concluding Remarks:

• Interactions of NGB’s can be determined (almost) entirely from the IR
– using the Adler’s zero condition as the defining property. 

• The nonlinearity in the NGB interactions arises entirely from IR 
physics. What’s being “broken” in the UV is irrelevant, for the most 
part.

• The complete effective Lagrangian for ChPT can be formulated in an 
entirely on-shell perspective, when external sources and fermions are 
neglected.

• What happens when we put back the photon and the nucleon??


