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Positivity bounds
EFTs describe the IR behavior of some “UV completion”, by integrating out 
its heavy dofs.


But in a bottom-up view: not all EFTs have a UV completion!


Using axiomatic principles of QFT, including causality, unitarity, Lorentz 
symmetry, etc., bounds can be placed on (the signs of) (combinations of) 
Wilson coefficients.


2-to-2 amplitude


c2 > 0; or in SMEFT: C(8) > 0 [A. Adams et al., JHEP 06]


More bounds on higher-s dependence. Talk by F. Riva.


Other recent developments [B. Bellazzini et al., 2011.00037]  
[A. Tolley et al., 2011.02400] [Caron-Huot and Van Duong, 2011.02957] [T. Trott, 2011.10058] 
[Arkani-Hamed et al., 2012.15849]
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We are interested in extracting the positivity bounds of:


Leading energy dependence only, s2. (Dim-8)


EFTs with more than one fields/particles. (e.g. SMEFT 
operators; or those involving multiplet particles, chiral 
PT, spin-2 EFTs, …)


Somewhat orthogonal to talk by F. Riva yesterday (one field 
but with all dimensions > 8).


Motivation: phenomenologically interesting scenarios, SMEFT, 
massive gravity, chiral PT, inflation… etc.
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<latexit sha1_base64="DLx9Z37U4AWTWntH4jZqUf00giA=">AAACCXicjVDLSgMxFM3UV62vUZdugkWoVMpMqehGqLpxWcE+oJ0OmUzahmaSIckIZejWjb/ixoUibv0Dd/6N6WOhouCBkMM593LvPUHMqNKO82FlFhaXlleyq7m19Y3NLXt7p6FEIjGpY8GEbAVIEUY5qWuqGWnFkqAoYKQZDC8nfvOWSEUFv9GjmHgR6nPaoxhpI/k2PC+oI+fwDPtOEftlqLpl81dUt1Ls4FBo5dt5t+RMAf8meTBHzbffO6HASUS4xgwp1XadWHspkppiRsa5TqJIjPAQ9UnbUI4iorx0eskYHhglhD0hzeMaTtWvHSmKlBpFgamMkB6on95E/M1rJ7p36qWUx4kmHM8G9RIGtYCTWGBIJcGajQxBWFKzK8QDJBHWJrzc/0JolEvuccm5ruSrF/M4smAP7IMCcMEJqIIrUAN1gMEdeABP4Nm6tx6tF+t1Vpqx5j274Bust09DxZeO</latexit>

A(s, 0) = c0 + c2s
2 + c4s

4 + · · ·



Finding bounds is a geometric problem:  
finding the extremal rays of a spectrahedron.


Small number of fields: analytical solution.


Large number of fields: solve by semi-definite programming  
(SDPs).

Main result:

<latexit sha1_base64="v83FH6RU9bBM9JA2ifRWAx9GSTE="></latexit>
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2-scalar EFT
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…  +  s<->u crossing+ +=

<latexit sha1_base64="1HvkINpjak7q1niHbwzgg2jhfME="></latexit>

f =
1

2⇡i

I

�
ds

A(s, 0)

(s� µ2)3

Causality -> Cauchy’s integral formula


Unitarity -> Optical theorem 
               Froissart bound

<latexit sha1_base64="bypjWtDG/l5Nzzp+E1cDbSbQFg8=">AAACBnicjVBNS8NAEJ3Ur1q/oh5FWCxCC1KSouix6sWbFewHNLFstpt26WYTdjdCCT158a948aCIV3+DN/+NSduDioIPBh7vzTAzz4s4U9qyPozc3PzC4lJ+ubCyura+YW5uNVUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TlDc8zv3VLpWKhuNajiLoB7gvmM4J1KnXN3dOSOrDKDqdOgPWAYJ5cjkvK4eKmqspds2hXrAnQ36QIM9S75rvTC0kcUKEJx0p1bCvSboKlZoTTccGJFY0wGeI+7aRU4IAqN5m8MUb7qdJDfijTEhpN1K8TCQ6UGgVe2pndqn56mfib14m1f+ImTESxpoJMF/kxRzpEWSaoxyQlmo9Sgolk6a2IDLDERKfJFf4XQrNasY8q1tVhsXY2iyMPO7AHJbDhGGpwAXVoAIE7eIAneDbujUfjxXidtuaM2cw2fIPx9gl3kJfc</latexit>

A(s, 0)  O(s ln2 s)

Dispersion relation
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s2

(dim-8)

(not necessarily elastic)
See also talk by Riva
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<latexit sha1_base64="StX4o3BsMc0yUFBOmIgxasWbUOs="></latexit>

1  i, j, k, l  n
<latexit sha1_base64="hatwuSFbpgA6vdhd7yrUk7PsgWs=">AAAB+nicbZBLSwMxFIXv+Kz11erSTbAILkqZUUGXRTcuK9gHtEPJpHfa2MyDJKOUsT/FjQtF3PpL3PlvzLRFtPZA4PCde8nleLHgStv2l7W0vLK6tp7byG9ube/sFop7DRUlkmGdRSKSLY8qFDzEuuZaYCuWSANPYNMbXmV58x6l4lF4q0cxugHth9znjGqDuoWi0xFIePmuPCyLzBpWcir2ROTH2POkBDPVuoXPTi9iSYChZoIq1XbsWLsplZozgeN8J1EYUzakfWwbG9IAlZtOTh+TI0N6xI+keaEmE/p7I6WBUqPAM5MB1QM1n2VwUdZOtH/hpjyME40hm37kJ4LoiGQ9kB6XyLQYGUOZ5OZWwgZUUqZNW/mFJfwzjZOKc1qxb85K1ctZHTk4gEM4BgfOoQrXUIM6MHiAJ3iBV+vRerberPfp6JI129mHP7I+vgFV35LA</latexit>

ijkl: particle index Forward scattering amp,  
at low energy  
(calculable in EFT)

M2 = m2
i +m2

j

+m2
k +m2

l
<latexit sha1_base64="DZBdXR0jbUp8u3Uk0Vx3PND9fQw=">AAACCHicbVDLSsNAFJ34rPUVdenCYLEIQkmioBuh6MaNUME+oHkwmU7asTNJmJkIJXTpxl9x40IRt36CO//GaVpEaw9cOHPOvdy5J0goEdI0v7S5+YXFpeXCSnF1bX1jU9/abog45QjXUUxj3gqgwJREuC6JpLiVcAxZQHEz6F+O/OY95oLE0a0cJNhlsBuRkCAoleTre9eeXT5nPvHsI+bfebbjlBXp50/q2b5esipmDuOHmNNKCUxQ8/VPpxOjlOFIIgqFaFtmIt0MckkQxcOikwqcQNSHXdxWNIIMCzfLDxkaB0rpGGHMVUXSyNXfExlkQgxYoDoZlD0x7Y3EWV47leGZm5EoSSWO0HhRmFJDxsYoFaNDOEaSDhSBiBP1VwP1IIdIquyKM0P4Rxp2xTqumDcnperFJI4C2AX74BBY4BRUwRWogTpA4AE8gRfwqj1qz9qb9j5undMmMzvgD7SPb1Cql54=</latexit>

X = BSM states  
summation & PS integration

✏ < 1
<latexit sha1_base64="4Ng5EtcnSeWysgpg3JaCcF0ic1Q=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqoAcPQS8eI5gYTJYwO+lNhszOLDOzQgj5Cy8eFPHq33jzb5w8EI0paCiquunuilLBjfX9Ly+3tLyyupZfL2xsbm3vFHf36kZlmmGNKaF0I6IGBZdYs9wKbKQaaRIJvI/612P//hG14Ure2UGKYUK7ksecUeukhxamhgslL4N2sRSU/QnID/HnlRLMUG0XP1sdxbIEpWWCGtMM/NSGQ6otZwJHhVZmMKWsT7vYdFTSBE04nFw8IkdO6ZBYaVfSkon6e2JIE2MGSeQ6E2p7Zt4bi4u8Zmbji3DIZZpZlGy6KM4EsYqM3ycdrpFZMXCEMs3drYT1qKbMupAKC0P4R+on5eC07N+elSpXszjycACHcAwBnEMFbqAKNWAg4Qle4NUz3rP35r1PW3PebGYf/sD7+AZGg5Cl</latexit>

Amplitude 
of SM -> X

s<->u crossing
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<latexit sha1_base64="StX4o3BsMc0yUFBOmIgxasWbUOs="></latexit>
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<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>

where


Mijkl contains all scattering info at D8, and is calculable in SMEFT.

M ijkl ⌘ d2

ds2
Mij!kl

✓
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2
M2

◆
, mij

X ⌘ Mij!X(µ,⇧X)
<latexit sha1_base64="rEKyBTL7xl4DUmC1b87z7KqyX48="></latexit>

M ijkl =
X

↵

C(8)
↵ /⇤4M ijkl

↵

<latexit sha1_base64="Rtgf8VemRdvuIc6cl5esCd0VMa8=">AAACKHicjVBLSwMxGMzWV62vVY9egkWol7qrBXsRi714sFDBPqC7Ldk028ZmHyRZoSz7c7z4V7yIKNKrv8R0W0RFwYHAZOabPMYJGRXSMCZaZmFxaXklu5pbW9/Y3NK3d5oiiDgmDRywgLcdJAijPmlIKhlph5wgz2Gk5YyqU791R7iggX8jxyGxPTTwqUsxkkrq6ee1bkxvRyw5s0Tk9SzEwiGC1TnpxoXyYXJkXakD+2pXSmDt00pjPT1vFo0U8G+SB3PUe/qz1Q9w5BFfYoaE6JhGKO0YcUkxI0nOigQJER6hAeko6iOPCDtOP5rAA6X0oRtwtXwJU/VrIkaeEGPPUZMekkPx05uKv3mdSLplO6Z+GEni49lFbsSgDOC0NdinnGDJxoogzKl6K8RDxBGWqtvc/0poHhfNk6JxXcpXLuZ1ZMEe2AcFYIJTUAGXoA4aAIN78AhewKv2oD1pb9pkNprR5pld8A3a+wct3Kap</latexit>
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M ijkl =
X

X

0
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+ (j $ l)

<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>

When i=k, j=l, ( i j -> i j ),  
RHS ->                     i.e.Tr

�
mmT

�
� 0

<latexit sha1_base64="DSFwGCQJnEr3fwiaGxOAOTaQVZg=">AAACCXicjVBNS8NAEN34WetX1KOXxSLUS0lV0GPRi8cK/YImls12ki7dTcLuRCihVy/+FS8eFPHqP/DmvzH9OKgo+GDg8d4MM/P8RAqDjvNhLSwuLa+sFtaK6xubW9v2zm7LxKnm0OSxjHXHZwakiKCJAiV0Eg1M+RLa/vBy4rdvQRsRRw0cJeApFkYiEJxhLvVs6iqGA62yhh67EgIsK3XTcLUIB3jkhuD07FK14kxB/yYlMke9Z7+7/ZinCiLkkhnTrToJehnTKLiEcdFNDSSMD1kI3ZxGTIHxsuknY3qYK30axDqvCOlU/TqRMWXMSPl55+Ru89ObiL953RSDcy8TUZIiRHy2KEglxZhOYqF9oYGjHOWEcS3yWykfMM045uEV/xdC67hSPak416el2sU8jgLZJwekTKrkjNTIFamTJuHkjjyQJ/Js3VuP1ov1OmtdsOYze+QbrLdPqiCaSQ==</latexit>

M ijij � 0
<latexit sha1_base64="PUkjDnM7VyLe89lvuK1Jk6yEWR4=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MaNUME+oB1LJr3Tps1khiQjlKF/w40LRdz6Z9z5b0wfgloPBA7fuZdcTpAIro3rfjq5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB8GqSNx5QaR7LOzNK0I9oT/KQM2osat/cZ3zAB+N2D91OseSW3amI920WSAnmqnaKH+1uzNIIpWGCat3y3MT4GVWGM4HjQjvVmFA2pD1sWStphNrPpjePyZElXRLGyj5pyJT+3MhopPUoCuxkRE1f/80m8L+slZrwws+4TFKDks0+ClNBTEwmBZAuV8iMGFlDmeL2VsL6VFFmbE0FW4K3UMKCqZ+UvdOye3tWqlzO68jDARzCMXhwDhW4hirUgEECj/AML07qPDmvzttsNOfMd/bhl5z3L+dvkZY=</latexit>
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The standard approach: elastic positivity

Simplest generalization from 1-scalar EFT to multi-fields:

Dim-8 coef. space
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<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>

When i=k, j=l, ( i j -> i j ),  
RHS ->                     i.e.

Superposition:  
with superposed states:  
RHS ->  
i.e. 

Tr
�
mmT

�
� 0

<latexit sha1_base64="DSFwGCQJnEr3fwiaGxOAOTaQVZg=">AAACCXicjVBNS8NAEN34WetX1KOXxSLUS0lV0GPRi8cK/YImls12ki7dTcLuRCihVy/+FS8eFPHqP/DmvzH9OKgo+GDg8d4MM/P8RAqDjvNhLSwuLa+sFtaK6xubW9v2zm7LxKnm0OSxjHXHZwakiKCJAiV0Eg1M+RLa/vBy4rdvQRsRRw0cJeApFkYiEJxhLvVs6iqGA62yhh67EgIsK3XTcLUIB3jkhuD07FK14kxB/yYlMke9Z7+7/ZinCiLkkhnTrToJehnTKLiEcdFNDSSMD1kI3ZxGTIHxsuknY3qYK30axDqvCOlU/TqRMWXMSPl55+Ru89ObiL953RSDcy8TUZIiRHy2KEglxZhOYqF9oYGjHOWEcS3yWykfMM045uEV/xdC67hSPak416el2sU8jgLZJwekTKrkjNTIFamTJuHkjjyQJ/Js3VuP1ov1OmtdsOYze+QbrLdPqiCaSQ==</latexit>

M ijij � 0
<latexit sha1_base64="PUkjDnM7VyLe89lvuK1Jk6yEWR4=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MaNUME+oB1LJr3Tps1khiQjlKF/w40LRdz6Z9z5b0wfgloPBA7fuZdcTpAIro3rfjq5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB8GqSNx5QaR7LOzNK0I9oT/KQM2osat/cZ3zAB+N2D91OseSW3amI920WSAnmqnaKH+1uzNIIpWGCat3y3MT4GVWGM4HjQjvVmFA2pD1sWStphNrPpjePyZElXRLGyj5pyJT+3MhopPUoCuxkRE1f/80m8L+slZrwws+4TFKDks0+ClNBTEwmBZAuV8iMGFlDmeL2VsL6VFFmbE0FW4K3UMKCqZ+UvdOye3tWqlzO68jDARzCMXhwDhW4hirUgEECj/AML07qPDmvzttsNOfMd/bhl5z3L+dvkZY=</latexit>
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|u ·mX · v|2 + |u ·mX · v⇤|2 � 0
<latexit sha1_base64="0MnPQF2KaT3gntxFy0rP9UqTf0w=">AAACGnicjZDLSgMxGIUz9VbrbdSlm2ARRKHMVEGXRTcuK9gLdKZDJpO2oZlkSDKFMu1zuPFV3LhQxJ248W1MLwuv4IHA4Tv/T5ITJowq7TjvVm5hcWl5Jb9aWFvf2Nyyt3fqSqQSkxoWTMhmiBRhlJOappqRZiIJikNGGmH/cpI3BkQqKviNHibEj1GX0w7FSBsU2O4o9XAkNIyD5swMRu3y8U/aPjLc6xInsItuyZkK/m2KYK5qYL96kcBpTLjGDCnVcp1E+xmSmmJGxgUvVSRBuI+6pGUsRzFRfjb92hgeGBLBjpDmcA2n9PNGhmKlhnFoJmOke+p7NoG/Za1Ud879jPIk1YTj2UWdlEEt4KQnGFFJsGZDYxCW1LwV4h6SCGvTZuF/JdTLJfek5FyfFisX8zryYA/sg0PggjNQAVegCmoAg1twDx7Bk3VnPVjP1stsNGfNd3bBF1lvH2BzoGs=</latexit>

uivju⇤kv⇤lM ijkl � 0
<latexit sha1_base64="YMyrkPqpzRtdEiZoII9LRoKbU3s=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgLkqigi6LbtwIFewD2qRMptN2mskkzKNQQnZu/BU3LhRx6y+482+cPgS1HpjhcM693HtPkDAqleN8WrmFxaXllfxqYW19Y3PL3t6pyVgLTKo4ZrFoBEgSRjmpKqoYaSSCoChgpB6EV2O/PiRC0pjfqVFCvAj1OO1SjJSR2va+9unQH2g/PQ6zoflZduOndBCyrNUjTtsuOiVnAuh+kzmlCGaotO2PVifGOiJcYYakbLpOorwUCUUxI1mhpSVJEA5RjzQN5Sgi0ksnd2Tw0Cgd2I2FeVzBifqzI0WRlKMoMJURUn351xuL/3lNrboXXkp5ohXheDqoqxlUMRyHAjtUEKzYyBCEBTW7QtxHAmFloiuYENy5EOZI7aTknpac27Ni+XIWRx7sgQNwBFxwDsrgGlRAFWBwDx7BM3ixHqwn69V6m5bmrFnPLvgF6/0LjqiZuw==</latexit>

<latexit sha1_base64="5aYvRibXEjrsYlDzoCEdsE0lCfo="></latexit>

M(|ui+ |vi ! |ui+ |vi) = uivju⇤kv⇤l ·M ijkl

<latexit sha1_base64="y+BOtHkx2tVU0iILdmxrcjK+8Jw=">AAACLHicjZBLSwMxFIUz9VXra9Slm2ARXEiZEUU3SrEblxXsAzpjyaSZNjTzILkplNof5Ma/IogLi7j1dzjtjKBFwQOBy3fOJcnxYsEVWNbEyC0sLi2v5FcLa+sbm1vm9k5dRVpSVqORiGTTI4oJHrIacBCsGUtGAk+whtevTP3GgEnFo/AWhjFzA9INuc8pgQS1zYojmA/32pG824PLC33HU8IzcuTgFAy+IoP5SNss2iVrJvz3UESZqm3z2elEVAcsBCqIUi3bisEdEQmcCjYuOFqxmNA+6bJWMoYkYModzT47xgcJ6WA/kskJAc/o940RCZQaBl6SDAj01Lw3hb95LQ3+uTviYayBhTS9yNcCQ4SnzeEOl4yCGCYDoZInb8W0RyShkPRb+F8J9eOSfVqybk6K5ausjjzaQ/voENnoDJXRNaqiGqLoAT2hVzQxHo0X4814T6M5I9vZRT9kfHwCf9CplA==</latexit>

|ui = ui |ii , |vi = vi |ii

Dim-8 coef. space

The standard approach: elastic positivity

Simplest generalization from 1-scalar EFT to multi-fields:

Dim-8 coef. space
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[0801.3222, Manohar & Mateu]
[1601.04068, Cheung & Remmen]

Chiral PT dRGT massive gravity

CMS-PAS-SMP-18-001

Anomalous quartic-gauge boson couplings
[1902.08977, Q. Bi, CZ, S.-Y. Zhou]



Motivations for an improved approach.


                           is however to the determination of 
degree-4 positive semidefinite (PSD) polynomial, which is 
NP hard.


e.g. u,v are 12-dimensional in the aQGC problem.


Connection to UV physics is not clear.


Elastic bounds are not the optimal.

uivju⇤kv⇤lM ijkl � 0
<latexit sha1_base64="YMyrkPqpzRtdEiZoII9LRoKbU3s=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgLkqigi6LbtwIFewD2qRMptN2mskkzKNQQnZu/BU3LhRx6y+482+cPgS1HpjhcM693HtPkDAqleN8WrmFxaXllfxqYW19Y3PL3t6pyVgLTKo4ZrFoBEgSRjmpKqoYaSSCoChgpB6EV2O/PiRC0pjfqVFCvAj1OO1SjJSR2va+9unQH2g/PQ6zoflZduOndBCyrNUjTtsuOiVnAuh+kzmlCGaotO2PVifGOiJcYYakbLpOorwUCUUxI1mhpSVJEA5RjzQN5Sgi0ksnd2Tw0Cgd2I2FeVzBifqzI0WRlKMoMJURUn351xuL/3lNrboXXkp5ohXheDqoqxlUMRyHAjtUEKzYyBCEBTW7QtxHAmFloiuYENy5EOZI7aTknpac27Ni+XIWRx7sgQNwBFxwDsrgGlRAFWBwDx7BM3ixHqwn69V6m5bmrFnPLvgF6/0LjqiZuw==</latexit>

Beyond elastic positivity

 9



M ijkl =
X

X

0
Z 1

(✏⇤)2

dµmX
ijmX

kl

⇡(µ� 1
2M

2)3
+ (j $ l)

<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>

Being completely ignorant about m, the only essential math structure 
we need is

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘

i(j|k|l): j,l symmetrized
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<latexit sha1_base64="qmGIPWLPqWIVJIhXSKZCQ7+TR+o=">AAAB8nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKosegFy9CBPOAzRpmJ7PJmNnZZaZXCEs+w4sHRbz6Nd78GyePg4qCBQ1FVTfdXWEqhUHX/XAKC4tLyyvF1dLa+sbmVnl7p2mSTDPeYIlMdDukhkuheAMFSt5ONadxKHkrHF5M/NY910Yk6gZHKQ9i2lciEoyilfyr21zcDeW4I1S3XPGq7hTkb1KBOerd8nunl7As5gqZpMb4nptikFONgkk+LnUyw1PKhrTPfUsVjbkJ8unJY3JglR6JEm1LIZmqXydyGhszikPbGVMcmJ/eRPzN8zOMzoJcqDRDrthsUZRJggmZ/E96QnOGcmQJZVrYWwkbUE0Z2pRK/wuheVT1Tqru9XGldj6Powh7sA+H4MEp1OAS6tAABgk8wBM8O+g8Oi/O66y14MxnduEbnLdPj6yRbw==</latexit>

M ijkl 2



M ijkl =
X

X

0
Z 1

(✏⇤)2

dµmX
ijmX

kl

⇡(µ� 1
2M

2)3
+ (j $ l)

<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>

Being completely ignorant about m, the only essential math structure 
we need is

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘

i(j|k|l): j,l symmetrized

Which is a “convex cone”

Convex cones: are sets closed under addition and positive scalar 
multiplication.

 10

<latexit sha1_base64="qmGIPWLPqWIVJIhXSKZCQ7+TR+o=">AAAB8nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKosegFy9CBPOAzRpmJ7PJmNnZZaZXCEs+w4sHRbz6Nd78GyePg4qCBQ1FVTfdXWEqhUHX/XAKC4tLyyvF1dLa+sbmVnl7p2mSTDPeYIlMdDukhkuheAMFSt5ONadxKHkrHF5M/NY910Yk6gZHKQ9i2lciEoyilfyr21zcDeW4I1S3XPGq7hTkb1KBOerd8nunl7As5gqZpMb4nptikFONgkk+LnUyw1PKhrTPfUsVjbkJ8unJY3JglR6JEm1LIZmqXydyGhszikPbGVMcmJ/eRPzN8zOMzoJcqDRDrthsUZRJggmZ/E96QnOGcmQJZVrYWwkbUE0Z2pRK/wuheVT1Tqru9XGldj6Powh7sA+H4MEp1OAS6tAABgk8wBM8O+g8Oi/O66y14MxnduEbnLdPj6yRbw==</latexit>

M ijkl 2



M ijkl =
X

X

0
Z 1

(✏⇤)2

dµmX
ijmX

kl

⇡(µ� 1
2M

2)3
+ (j $ l)

<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>

Being completely ignorant about m, the only essential math structure 
we need is

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘

i(j|k|l): j,l symmetrized

Which is a “convex cone”

Convex cones: are sets closed under addition and positive scalar 
multiplication.

Conical hull: The set of all positive linear combinations of elements 
of X = {x}, is a convex cone, denoted by

 10

<latexit sha1_base64="qmGIPWLPqWIVJIhXSKZCQ7+TR+o=">AAAB8nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKosegFy9CBPOAzRpmJ7PJmNnZZaZXCEs+w4sHRbz6Nd78GyePg4qCBQ1FVTfdXWEqhUHX/XAKC4tLyyvF1dLa+sbmVnl7p2mSTDPeYIlMdDukhkuheAMFSt5ONadxKHkrHF5M/NY910Yk6gZHKQ9i2lciEoyilfyr21zcDeW4I1S3XPGq7hTkb1KBOerd8nunl7As5gqZpMb4nptikFONgkk+LnUyw1PKhrTPfUsVjbkJ8unJY3JglR6JEm1LIZmqXydyGhszikPbGVMcmJ/eRPzN8zOMzoJcqDRDrthsUZRJggmZ/E96QnOGcmQJZVrYWwkbUE0Z2pRK/wuheVT1Tqru9XGldj6Powh7sA+H4MEp1OAS6tAABgk8wBM8O+g8Oi/O66y14MxnduEbnLdPj6yRbw==</latexit>

M ijkl 2

C = cone(X)

<latexit sha1_base64="jJ5TGALCmSNChDqUqccFTAUv6yc=">AAAB+XicjVDJSgNBFHzjGuM26tFLYxDiJUxU0IsQzMVjBLNAMoSeTk/SpJehuycYhvyJFw+KePVPvPk3dpaDioIFD4qq93hFRQlnxgbBh7e0vLK6tp7byG9ube/s+nv7DaNSTWidKK50K8KGciZp3TLLaSvRFIuI02Y0rE795ohqw5S8s+OEhgL3JYsZwdZJXd+vXnVEpO4zoiSdFFsnXb9QLgUzoL9JARaodf33Tk+RVFBpCcfGtMtBYsMMa8sIp5N8JzU0wWSI+7TtqMSCmjCbJZ+gY6f0UKy0G2nRTP16kWFhzFhEblNgOzA/van4m9dObXwZZkwmqaWSzB/FKUdWoWkNqMc0JZaPHcFEM5cVkQHWmFhXVv5/JTROS+WzUnB7XqhcL+rIwSEcQRHKcAEVuIEa1IHACB7gCZ69zHv0XrzX+eqSt7g5gG/w3j4B4D6TKA==</latexit>



M ijkl =
X

X

0
Z 1

(✏⇤)2

dµmX
ijmX

kl

⇡(µ� 1
2M

2)3
+ (j $ l)

<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>

Being completely ignorant about m, the only essential math structure 
we need is

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘

i(j|k|l): j,l symmetrized

Which is a “convex cone”

Convex cones: are sets closed under addition and positive scalar 
multiplication.

Conical hull: The set of all positive linear combinations of elements 
of X = {x}, is a convex cone, denoted by

Salient cone: if the cone C does  
not contain any straight line.
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<latexit sha1_base64="qmGIPWLPqWIVJIhXSKZCQ7+TR+o=">AAAB8nicjVDLSgNBEOyNrxhfUY9eBoPgKeyKosegFy9CBPOAzRpmJ7PJmNnZZaZXCEs+w4sHRbz6Nd78GyePg4qCBQ1FVTfdXWEqhUHX/XAKC4tLyyvF1dLa+sbmVnl7p2mSTDPeYIlMdDukhkuheAMFSt5ONadxKHkrHF5M/NY910Yk6gZHKQ9i2lciEoyilfyr21zcDeW4I1S3XPGq7hTkb1KBOerd8nunl7As5gqZpMb4nptikFONgkk+LnUyw1PKhrTPfUsVjbkJ8unJY3JglR6JEm1LIZmqXydyGhszikPbGVMcmJ/eRPzN8zOMzoJcqDRDrthsUZRJggmZ/E96QnOGcmQJZVrYWwkbUE0Z2pRK/wuheVT1Tqru9XGldj6Powh7sA+H4MEp1OAS6tAABgk8wBM8O+g8Oi/O66y14MxnduEbnLdPj6yRbw==</latexit>

M ijkl 2

<latexit sha1_base64="rhSGv3imhcA/7xeXPdaHNQv+YHA=">AAACIXicjVDLSgMxFM3UV62vUZdugkVwY5mKYjdCsRuXVewDOkPJZDJtaCYZkoy2DP0VN/6KGxeKdCf+jJm2iIqCBy4czrmXe+/xY0aVdpw3K7ewuLS8kl8trK1vbG7Z2ztNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX9Qy/zWLZGKCn6jRzHxItTjNKQYaSN17crQpRy6EdJ9P4Q1N/LFMIWIB3B8lFmfDnSvaa+vkZTiDg7Pna5dLJecKeDfpAjmqHftiRsInESEa8yQUp2yE2svRVJTzMi44CaKxAgPUI90DOUoIspLpx+O4YFRAhgKaYprOFW/TqQoUmoU+aYzO1j99DLxN6+T6LDipZTHiSYczxaFCYNawCwuGFBJsGYjQxCW1NwKcR9JhLUJtfC/EJrHpfJpybk6KVYv5nHkwR7YB4egDM5AFVyCOmgADO7BI3gGL9aD9WS9WpNZa86az+yCb7DePwBx5qMO</latexit>

x 2 C and � x 2 C ) x = 0

<latexit sha1_base64="m/ihuamahSBwebtcolJHEHsq9uE="></latexit>

Mijkl =
X

↵

mi(j
↵ m|k|l)

↵ ) Mijij = 2
X

↵

mij
↵m

ij
↵ � 0

�Mijij = 2
X

�

mij
� m

ij
� � 0

) M ijij = 2
X

↵

mij
↵m

ij
↵ = 0

) m↵ = 0 ) M ijkl = 0

<latexit sha1_base64="Q8dau2qJ0VgUhNvhwiMzvIVJJxU="></latexit>

) Mijij = 2
X

↵

mij
↵m

ij
↵ = 0

) m↵ = 0 ) Mijkl = 0

C = cone(X)

<latexit sha1_base64="jJ5TGALCmSNChDqUqccFTAUv6yc=">AAAB+XicjVDJSgNBFHzjGuM26tFLYxDiJUxU0IsQzMVjBLNAMoSeTk/SpJehuycYhvyJFw+KePVPvPk3dpaDioIFD4qq93hFRQlnxgbBh7e0vLK6tp7byG9ube/s+nv7DaNSTWidKK50K8KGciZp3TLLaSvRFIuI02Y0rE795ohqw5S8s+OEhgL3JYsZwdZJXd+vXnVEpO4zoiSdFFsnXb9QLgUzoL9JARaodf33Tk+RVFBpCcfGtMtBYsMMa8sIp5N8JzU0wWSI+7TtqMSCmjCbJZ+gY6f0UKy0G2nRTP16kWFhzFhEblNgOzA/van4m9dObXwZZkwmqaWSzB/FKUdWoWkNqMc0JZaPHcFEM5cVkQHWmFhXVv5/JTROS+WzUnB7XqhcL+rIwSEcQRHKcAEVuIEa1IHACB7gCZ69zHv0XrzX+eqSt7g5gG/w3j4B4D6TKA==</latexit>



face-representation edge-representation

The polyhedral cone {x} is 
bounded by hyper-planes:

Edges are the generators of {x}

F1

F2

F3

E1 E2

E3

<latexit sha1_base64="fw/b2lQtMx1WzhGHbeNUmxv3W34=">AAACKnicjVDLSgMxFM3UV62vqks3wWJxIWVGFEUoVEVwWcE+oDMMmfS2Dc08TDLVUvo9bvwVN10oxa0fYqYt+EDBAyHnnnMvNzlexJlUpjk2UnPzC4tL6eXMyura+kZ2c6sqw1hQqNCQh6LuEQmcBVBRTHGoRwKI73Goed3LxK/1QEgWBreqH4Hjk3bAWowSpSU3e273gOKHM/suJk08LfJFW8a+y/C9yybKlb7tTD4p22Ae2PjTL1puNmcVzAnw3ySHZii72ZHdDGnsQ6AoJ1I2LDNSzoAIxSiHYcaOJUSEdkkbGpoGxAfpDCZfHeI9rTRxKxT6BApP1K8TA+JL2fc93ekT1ZE/vUT8zWvEqnXqDFgQxQoCOl3UijlWIU5yw00mgCre14RQwfRbMe0QQajS6Wb+F0L1sGAdF8ybo1zpYhZHGu2gXbSPLHSCSugalVEFUfSIntELejWejJExNt6mrSljNrONvsF4/wB6hqVw</latexit>

~x : ~x =
X

i

wi
~

Ei

wi � 0,
X

i

wi = 1

<latexit sha1_base64="Gxf0eUBzCp/keT6SRvjjTvyjn00=">AAACUXicjVHLSgMxFL0d3/VVdekmWBRXZaYoiivRjStRsFpoSslkbtvQTGZMMsVS/EUXuvI/3LhQTB/gq4IHAifnnMsNJ2EqhbG+/5zzpqZnZufmF/KLS8srq4W19WuTZJpjhScy0dWQGZRCYcUKK7GaamRxKPEm7JwO/JsuaiMSdWV7KdZj1lKiKTizTmoU2rSLnNwd0duMRWR4UY2A8iixI2eHttAnlObHXnmSt0O7TjSfqfNfqUahGJT8IcjfpAhjXDQKjzRKeBajslwyY2qBn9p6n2kruMT7PM0Mpox3WAtrjioWo6n3h43ck22nRKSZaHeUJUP160Sfxcb04tAlY2bb5qc3ECd5tcw2D+t9odLMouKjRc1MEpuQQb0kEhq5lT1HGNfCvZXwNtOMW/cJ+f+VcF0uBfsl/3KveHwyrmMeNmELdiGAAziGM7iACnB4gBd4g/fcU+7VA88bRb3ceGYDvsFb/AAyVbEY</latexit>

~x : ~n1 · ~x � 0

~n2 · ~x � 0

...

~nN · ~x � 0

<latexit sha1_base64="TlUR7jKdZK5auMog6t/UO0V1ejU=">AAACJXicbVDLSgMxFM3Ud31VXboJFqFuylQUXSiIIrisYLXQlJJJ77ShmcyQ3CmWYX7Gjb/ixoVFBFf+itMH4utAcg/nnktyjxcpadF1353czOzc/MLiUn55ZXVtvbCxeWvD2AioiVCFpu5xC0pqqKFEBfXIAA88BXde72LUv+uDsTLUNziIoBnwjpa+FBwzqVU4YQnrg6D3LD1lAceuCRIRakiZAh9L43tquWxJZmSniyyd1L1WoVgpu2PQL+L+VopkimqrMGTtUMQBaBSKW9uouBE2E25QCgVpnsUWIi56vAONjGoegG0m4y1TupspbeqHJjsa6Vj9PpHwwNpB4GXO0SL2d28k/tdrxOgfNxOpoxhBi8lDfqwohnQUGW1LAwLVICNcGJn9lYouN1xgFmz+3xD+kNv9cuWw7F4fFM/Op3Eskm2yQ0qkQo7IGbkiVVIjgjyQJ/JChs6j8+y8Om8Ta86ZzmyRH3A+PgF3FqZ0</latexit>

{~x} = cone

⇣n

~

Ei

o⌘
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(conical hull)

<latexit sha1_base64="f3Zc7nwvQW+CaY4NvmjxHWbFUt0=">AAAB8HicjVDLSgNBEOz1GeMr6tHLYBDiJWxE0WPQi8cI5iHJEmYnvcmQmdllZlYJS77CiwdFvPo53vwbJ4+DioIFDUVVN91dYSK4sb7/4S0sLi2vrObW8usbm1vbhZ3dholTzbDOYhHrVkgNCq6wbrkV2Eo0UhkKbIbDy4nfvENteKxu7CjBQNK+4hFn1DrptnTf5Z0++kfdQrFS9qcgf5MizFHrFt47vZilEpVlghrTrviJDTKqLWcCx/lOajChbEj72HZUUYkmyKYHj8mhU3okirUrZclU/TqRUWnMSIauU1I7MD+9ifib105tdB5kXCWpRcVmi6JUEBuTyfekxzUyK0aOUKa5u5WwAdWUWZdR/n8hNI7LldOyf31SrF7M48jBPhxACSpwBlW4ghrUgYGEB3iCZ097j96L9zprXfDmM3vwDd7bJ9G6j8M=</latexit>

(wi � 0)

Representations of polyhedral cones



inequality-representation extremal-representation
ER

Extremal Ray (ER): An element x is an extremal ray of cone C, if it 
cannot be split into two other elements linearly independent: 

if x = u+ v and u, v 2 C, then x = �u or x = �v,� > 0

<latexit sha1_base64="MKBY82fdVm+tbyiKDxTgItqQ+ug="></latexit>

Denote the set of ERs by ext({x})


(Krein-Milman theorem): a salient cone C is a conical hull of its ERs,  
C = cone(ext(C)), i.e. generators = ERs

 12

Representations of general cones

-> posi. bounds



Solution #1: if the EFT has symmetries, mij is determined by symm.  
=> Use the “extremal representation approach”:


The ERs/generators of the cone are “projectors” 
[see also 1405.2960 Bellazzini et al.]


“vertex enumeration” to get facets.


ERs <=> UV states.  
(For pheno applications see                                            )

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘

<latexit sha1_base64="1ygvjV8y91QsRiXJfyzD1K0ZQzQ="></latexit>

P ijkl
r =

X

↵

Cr,↵
i,j

⇣
Cr,↵

k,l

⌘⇤<latexit sha1_base64="vBg0E96Bcv6NGiyjQkFLEyY/qns=">AAACIHicjVDLSsNAFJ34rPVVdekmWIR2U1JR6rLoxmUF+4Cmhsn0ph07mYSZG6Gk+RQ3/oobF4roTr/GNO1CRcEDM/dwzr3M3OOGgmu0rHdjYXFpeWU1t5Zf39jc2i7s7LZ0ECkGTRaIQHVcqkFwCU3kKKATKqC+K6Dtjs6nfvsWlOaBvMJxCD2fDiT3OKOYSk6hZvsUh8qPWSAhsQV4WMpuO2446jrmpZvJaCLKia34YIj2vJadQrFasTKYf5MimaPhFN7sfsAiHyQyQbXuVq0QezFVyJmAJG9HGkLKRnQA3ZRK6oPuxdmCiXmYKn3TC1R6JJqZ+nUipr7WY99NO6fr6J/eVPzN60bonfZiLsMIQbLZQ14kTAzMaVpmnytgKMYpoUzx9K8mG1JFGaaZ5v8XQuuoUj2pWJfHxfrZPI4c2ScHpESqpEbq5II0SJMwckceyBN5Nu6NR+PFeJ21LhjzmT3yDcbHJx1tpMc=</latexit>

cone

⇣n

P i(j|k|l)
r

o⌘

“Vertex enumeration”

E.g. reverse search 
[Avis & Fukuda, 92’]

[B. Fuks, Y. Liu, CZ, S.-Y. Zhou 2009.02212]

[CZ and S.-Y. Zhou PRL 125, 201601]
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<latexit sha1_base64="tbqunA4cyb27IrULW01XyylrzMQ="></latexit>

OS,0 = [(Dµ�)
†D⌫�]⇥ [(Dµ�)†D⌫�]

OS,1 = [(Dµ�)
†Dµ�]⇥ [(D⌫�)

†D⌫�]

OS,2 = [(Dµ�)
†D⌫�]⇥ [(D⌫�)†Dµ�]

11S

1A

3A

3S

3

OT,0 = Tr[Ŵµ⌫Ŵ
µ⌫ ]Tr[Ŵ↵�Ŵ

↵� ] OT,1 = Tr[Ŵ↵⌫Ŵ
µ� ]Tr[Ŵµ�Ŵ

↵⌫ ]
OT,2 = Tr[Ŵ↵µŴ

µ� ]Tr[Ŵ�⌫Ŵ
⌫↵] OT,10 = Tr[Ŵµ⌫W̃

µ⌫ ]Tr[Ŵ↵�W̃
↵� ]

OT,5 = Tr[Ŵµ⌫Ŵ
µ⌫ ]B̂↵�B̂

↵� OT,6 = Tr[Ŵ↵⌫Ŵ
µ� ]B̂µ�B̂

↵⌫

OT,7 = Tr[Ŵ↵µŴ
µ� ]B̂�⌫B̂

⌫↵ OT,11 = Tr[Ŵµ⌫W̃
µ⌫ ]B̂↵�B̃

↵�

OT,8 = B̂µ⌫B̂
µ⌫B̂↵�B̂

↵� OT,9 = B̂↵µB̂
µ�B̂�⌫B̂

⌫↵
<latexit sha1_base64="wJD8wLbgTd1hACqjMtO9jLbO4u8="></latexit>

OT,0 = Tr[Ŵµ⌫Ŵ
µ⌫ ]Tr[Ŵ↵�Ŵ

↵� ] OT,1 = Tr[Ŵ↵⌫Ŵ
µ� ]Tr[Ŵµ�Ŵ

↵⌫ ]
OT,2 = Tr[Ŵ↵µŴ

µ� ]Tr[Ŵ�⌫Ŵ
⌫↵] OT,10 = Tr[Ŵµ⌫W̃

µ⌫ ]Tr[Ŵ↵�W̃
↵� ]

OT,5 = Tr[Ŵµ⌫Ŵ
µ⌫ ]B̂↵�B̂

↵� OT,6 = Tr[Ŵ↵⌫Ŵ
µ� ]B̂µ�B̂

↵⌫

OT,7 = Tr[Ŵ↵µŴ
µ� ]B̂�⌫B̂

⌫↵ OT,11 = Tr[Ŵµ⌫W̃
µ⌫ ]B̂↵�B̃

↵�

OT,8 = B̂µ⌫B̂
µ⌫B̂↵�B̂

↵� OT,9 = B̂↵µB̂
µ�B̂�⌫B̂

⌫↵
<latexit sha1_base64="wJD8wLbgTd1hACqjMtO9jLbO4u8="></latexit>

fS,0 � 0

fS,0 + fS,2 � 0

fS,0 + fS,1 + fS,2 � 0
<latexit sha1_base64="HexERevWv7VjgAD+SQ6SV1UZ2lM=">AAACLXicjVBdS8MwFE3n16xfVR99CQ5FUEY7BX0c6oOPE90HrKWkWbqFpWlJUmGU/SFf/Csi+DARX/0bZl0fnCh4INyTc+4luSdIGJXKtidGaWFxaXmlvGqurW9sblnbOy0ZpwKTJo5ZLDoBkoRRTpqKKkY6iSAoChhpB8Orqd9+IELSmN+rUUK8CPU5DSlGSku+dR362d2JPT50+8Q2Xdcs7sd5rf2hO/O+b1Wcqp0D/k0qoEDDt17cXozTiHCFGZKy69iJ8jIkFMWMjE03lSRBeIj6pKspRxGRXpZvO4YHWunBMBb6cAVz9ftEhiIpR1GgOyOkBvKnNxV/87qpCi+8jPIkVYTj2UNhyqCK4TQ62KOCYMVGmiAsqP4rxAMkEFY6YPN/IbRqVee0at+eVeqXRRxlsAf2wRFwwDmogxvQAE2AwSN4BhPwZjwZr8a78TFrLRnFzC6Yg/H5BTWopHg=</latexit>

FT,2 � 0,

4FT,1 + FT,2 � 0,

FT,2 + 8FT,10 � 0,

8FT,0 + 4FT,1 + 3FT,2 � 0,

12FT,0 + 4FT,1 + 5FT,2 + 4FT,10 � 0,

4FT,0 + 4FT,1 + 3FT,2 + 12FT,10 � 0.
<latexit sha1_base64="WO7jEeyyWw+RxJ9N2wlt3c0NjEM="></latexit>

O1 = @↵(ē�µe)@↵(ē�µe) ,

O2 = @↵(ē�µe)@↵(l̄�µl) ,

O3 = D↵(ēl) D↵(l̄e),

O4 = @↵(l̄�µl) @↵(l̄�µl) ,

O5 = D↵(l̄�µ⌧ I l) D↵(l̄�µ⌧
I l) ,

<latexit sha1_base64="TfPytRHujSeLHa+7nQEgAaouFck="></latexit>

4-Higgs operators:

4-W operators:

4-electron operators:

Triangular cone

6-facet 4D cone

4D “circular cone”
<latexit sha1_base64="zzMyI+LgpOF10k+11+OZUqvBWJ8="></latexit>

C1  0, C3 � 0, C4  0

2
p
C1C4 � C2,

2
p
C1C4 � �(C2 + C3).

[CZ and S.-Y. Zhou 2005.03047]
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<latexit sha1_base64="tbqunA4cyb27IrULW01XyylrzMQ="></latexit>

OS,0 = [(Dµ�)
†D⌫�]⇥ [(Dµ�)†D⌫�]

OS,1 = [(Dµ�)
†Dµ�]⇥ [(D⌫�)

†D⌫�]

OS,2 = [(Dµ�)
†D⌫�]⇥ [(D⌫�)†Dµ�]

11S

1A

3A

3S

3

OT,0 = Tr[Ŵµ⌫Ŵ
µ⌫ ]Tr[Ŵ↵�Ŵ

↵� ] OT,1 = Tr[Ŵ↵⌫Ŵ
µ� ]Tr[Ŵµ�Ŵ

↵⌫ ]
OT,2 = Tr[Ŵ↵µŴ

µ� ]Tr[Ŵ�⌫Ŵ
⌫↵] OT,10 = Tr[Ŵµ⌫W̃

µ⌫ ]Tr[Ŵ↵�W̃
↵� ]

OT,5 = Tr[Ŵµ⌫Ŵ
µ⌫ ]B̂↵�B̂

↵� OT,6 = Tr[Ŵ↵⌫Ŵ
µ� ]B̂µ�B̂

↵⌫

OT,7 = Tr[Ŵ↵µŴ
µ� ]B̂�⌫B̂

⌫↵ OT,11 = Tr[Ŵµ⌫W̃
µ⌫ ]B̂↵�B̃

↵�

OT,8 = B̂µ⌫B̂
µ⌫B̂↵�B̂

↵� OT,9 = B̂↵µB̂
µ�B̂�⌫B̂

⌫↵
<latexit sha1_base64="wJD8wLbgTd1hACqjMtO9jLbO4u8="></latexit>

OT,0 = Tr[Ŵµ⌫Ŵ
µ⌫ ]Tr[Ŵ↵�Ŵ

↵� ] OT,1 = Tr[Ŵ↵⌫Ŵ
µ� ]Tr[Ŵµ�Ŵ

↵⌫ ]
OT,2 = Tr[Ŵ↵µŴ

µ� ]Tr[Ŵ�⌫Ŵ
⌫↵] OT,10 = Tr[Ŵµ⌫W̃

µ⌫ ]Tr[Ŵ↵�W̃
↵� ]

OT,5 = Tr[Ŵµ⌫Ŵ
µ⌫ ]B̂↵�B̂

↵� OT,6 = Tr[Ŵ↵⌫Ŵ
µ� ]B̂µ�B̂

↵⌫

OT,7 = Tr[Ŵ↵µŴ
µ� ]B̂�⌫B̂

⌫↵ OT,11 = Tr[Ŵµ⌫W̃
µ⌫ ]B̂↵�B̃

↵�

OT,8 = B̂µ⌫B̂
µ⌫B̂↵�B̂

↵� OT,9 = B̂↵µB̂
µ�B̂�⌫B̂

⌫↵
<latexit sha1_base64="wJD8wLbgTd1hACqjMtO9jLbO4u8="></latexit>

fS,0 � 0

fS,0 + fS,2 � 0

fS,0 + fS,1 + fS,2 � 0
<latexit sha1_base64="HexERevWv7VjgAD+SQ6SV1UZ2lM=">AAACLXicjVBdS8MwFE3n16xfVR99CQ5FUEY7BX0c6oOPE90HrKWkWbqFpWlJUmGU/SFf/Csi+DARX/0bZl0fnCh4INyTc+4luSdIGJXKtidGaWFxaXmlvGqurW9sblnbOy0ZpwKTJo5ZLDoBkoRRTpqKKkY6iSAoChhpB8Orqd9+IELSmN+rUUK8CPU5DSlGSku+dR362d2JPT50+8Q2Xdcs7sd5rf2hO/O+b1Wcqp0D/k0qoEDDt17cXozTiHCFGZKy69iJ8jIkFMWMjE03lSRBeIj6pKspRxGRXpZvO4YHWunBMBb6cAVz9ftEhiIpR1GgOyOkBvKnNxV/87qpCi+8jPIkVYTj2UNhyqCK4TQ62KOCYMVGmiAsqP4rxAMkEFY6YPN/IbRqVee0at+eVeqXRRxlsAf2wRFwwDmogxvQAE2AwSN4BhPwZjwZr8a78TFrLRnFzC6Yg/H5BTWopHg=</latexit>

FT,2 � 0,

4FT,1 + FT,2 � 0,

FT,2 + 8FT,10 � 0,

8FT,0 + 4FT,1 + 3FT,2 � 0,

12FT,0 + 4FT,1 + 5FT,2 + 4FT,10 � 0,

4FT,0 + 4FT,1 + 3FT,2 + 12FT,10 � 0.
<latexit sha1_base64="WO7jEeyyWw+RxJ9N2wlt3c0NjEM="></latexit>

O1 = @↵(ē�µe)@↵(ē�µe) ,

O2 = @↵(ē�µe)@↵(l̄�µl) ,

O3 = D↵(ēl) D↵(l̄e),

O4 = @↵(l̄�µl) @↵(l̄�µl) ,

O5 = D↵(l̄�µ⌧ I l) D↵(l̄�µ⌧
I l) ,

<latexit sha1_base64="TfPytRHujSeLHa+7nQEgAaouFck="></latexit>

4-Higgs operators:

4-W operators:

4-electron operators:

Triangular cone

6-facet 4D cone

4D “circular cone”
<latexit sha1_base64="zzMyI+LgpOF10k+11+OZUqvBWJ8="></latexit>

C1  0, C3 � 0, C4  0

2
p
C1C4 � C2,

2
p
C1C4 � �(C2 + C3).

[CZ and S.-Y. Zhou 2005.03047]

Beyond elastic positivity!



Q: What if there is no symmetries? How to characterize bounds?

Solution #2: use duality.
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<latexit sha1_base64="ivnMfbJp5ePNUxvMZ57OGfLSPjA="></latexit>

Cn4⇤
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} ,
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Q: What if there is no symmetries? How to characterize bounds?

Solution #2: use duality.

Dual cone is defined as

i.e. set of all valid linear bounds.

Are they enough to carve out exactly the original cone C?

Yes: use hyperplane separation theorem.
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Cn4

= {M | Q ·M � 0, 8Q 2 Cn4⇤
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Dual cone is defined as

i.e. set of all valid linear bounds.
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Q: What if there is no symmetries? How to characterize bounds?

Solution #2: use duality.

Dual cone is defined as

i.e. set of all valid linear bounds.

Are they enough to carve out exactly the original cone C?

Yes: use hyperplane separation theorem.

These bounds are not independent.

The independent ones are (using the extremal rep. of the dual)

<latexit sha1_base64="ivnMfbJp5ePNUxvMZ57OGfLSPjA="></latexit>

Cn4⇤
= {Q | Q ·M � 0, 8M 2 Cn4

} ,

<latexit sha1_base64="IaVATrFIyP2d9+wXR8pp0eNfZ/k="></latexit>

Cn4

= {M | Q ·M � 0, 8Q 2 Cn4⇤
} .

<latexit sha1_base64="8iXnmZaAomAjkScOfsw9PESQFEE="></latexit>

Cn4

=

n

M | Q ·M � 0, 8Q 2 ext

⇣

Cn4⇤⌘o
.
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Q: What if there is no symmetries? How to characterize bounds?

Solution #2: use duality.

Dual cone is defined as

i.e. set of all valid linear bounds.

Are they enough to carve out exactly the original cone C?

Yes: use hyperplane separation theorem.

These bounds are not independent.

The independent ones are (using the extremal rep. of the dual)

Assuming the Cn4* is salient.

<latexit sha1_base64="ivnMfbJp5ePNUxvMZ57OGfLSPjA="></latexit>

Cn4⇤
= {Q | Q ·M � 0, 8M 2 Cn4

} ,

<latexit sha1_base64="IaVATrFIyP2d9+wXR8pp0eNfZ/k="></latexit>

Cn4

= {M | Q ·M � 0, 8Q 2 Cn4⇤
} .

<latexit sha1_base64="8iXnmZaAomAjkScOfsw9PESQFEE="></latexit>

Cn4

=

n

M | Q ·M � 0, 8Q 2 ext

⇣

Cn4⇤⌘o
.
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Caveat:       is contained in a lower-dim subspace of
<latexit sha1_base64="omBYNS38yCAYyEK9kf2OiuhtSlc=">AAAB+HicjVBNSwMxFHypX7V+dNWjl2ARPJVdqeix2IvHCrYV2m3Jptk2NJtdkqxQl/4SLx4U8epP8ea/Mdv2oKLgwINh5j3eMEEiuDau+4EKK6tr6xvFzdLW9s5u2dnbb+s4VZS1aCxidRsQzQSXrGW4Eew2UYxEgWCdYNLI/c4dU5rH8sZME+ZHZCR5yCkxVho45V5EzDgIcaOfyX5tNnAqXtWdA/9NKrBEc+C894YxTSMmDRVE667nJsbPiDKcCjYr9VLNEkInZMS6lkoSMe1n8+AzfGyVIQ5jZUcaPFe/XmQk0noaBXYzj6l/ern4m9dNTXjhZ1wmqWGSLh6FqcAmxnkLeMgVo0ZMLSFUcZsV0zFRhBrbVel/JbRPq95Z1b2uVeqXyzqKcAhHcAIenEMdrqAJLaCQwgM8wTO6R4/oBb0uVgtoeXMA34DePgE7bZLP</latexit>

Cn4
<latexit sha1_base64="2dw/0thpqCSrZVRRAKw5QRHT2j4=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1gEVyURRZdFNy6r2Ae0aZlMJ+3QySTMQ6ihX+LGhSJu/RR3/o2TtgsVBQ9cOJxzL/dwwpQzpT3vwyksLa+srhXXSxubW9tld2e3qRIjCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4vsz91h2ViiXiVk9SGsR4KFjECNZW6rvlboz1KAzRTS8TvZNp3634VW8G9DepwAL1vvveHSTExFRowrFSHd9LdZBhqRnhdFrqGkVTTMZ4SDuWChxTFWSz4FN0aJUBihJpR2g0U79eZDhWahKHdjOPqX56ufib1zE6Og8yJlKjqSDzR5HhSCcobwENmKRE84klmEhmsyIywhITbbsq/a+E5nHVP6161yeV2sWijiLswwEcgQ9nUIMrqEMDCBh4gCd4du6dR+fFeZ2vFpzFzR58g/P2CUxTkto=</latexit>

Rn4

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘
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Caveat:       is contained in a lower-dim subspace of

Crossing symmetries:

i<->k, and j<->l exchanges. These are s<->u crossing when t->0.

In additional, (i<->j) and (k<->l) simultaneously. Or equivalently, m 
matrices are symmetric or anti-symmetric. (implies P-conservation)

<latexit sha1_base64="omBYNS38yCAYyEK9kf2OiuhtSlc=">AAAB+HicjVBNSwMxFHypX7V+dNWjl2ARPJVdqeix2IvHCrYV2m3Jptk2NJtdkqxQl/4SLx4U8epP8ea/Mdv2oKLgwINh5j3eMEEiuDau+4EKK6tr6xvFzdLW9s5u2dnbb+s4VZS1aCxidRsQzQSXrGW4Eew2UYxEgWCdYNLI/c4dU5rH8sZME+ZHZCR5yCkxVho45V5EzDgIcaOfyX5tNnAqXtWdA/9NKrBEc+C894YxTSMmDRVE667nJsbPiDKcCjYr9VLNEkInZMS6lkoSMe1n8+AzfGyVIQ5jZUcaPFe/XmQk0noaBXYzj6l/ern4m9dNTXjhZ1wmqWGSLh6FqcAmxnkLeMgVo0ZMLSFUcZsV0zFRhBrbVel/JbRPq95Z1b2uVeqXyzqKcAhHcAIenEMdrqAJLaCQwgM8wTO6R4/oBb0uVgtoeXMA34DePgE7bZLP</latexit>

Cn4
<latexit sha1_base64="2dw/0thpqCSrZVRRAKw5QRHT2j4=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1gEVyURRZdFNy6r2Ae0aZlMJ+3QySTMQ6ihX+LGhSJu/RR3/o2TtgsVBQ9cOJxzL/dwwpQzpT3vwyksLa+srhXXSxubW9tld2e3qRIjCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4vsz91h2ViiXiVk9SGsR4KFjECNZW6rvlboz1KAzRTS8TvZNp3634VW8G9DepwAL1vvveHSTExFRowrFSHd9LdZBhqRnhdFrqGkVTTMZ4SDuWChxTFWSz4FN0aJUBihJpR2g0U79eZDhWahKHdjOPqX56ufib1zE6Og8yJlKjqSDzR5HhSCcobwENmKRE84klmEhmsyIywhITbbsq/a+E5nHVP6161yeV2sWijiLswwEcgQ9nUIMrqEMDCBh4gCd4du6dR+fFeZ2vFpzFzR58g/P2CUxTkto=</latexit>

Rn4

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘
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Caveat:       is contained in a lower-dim subspace of

Crossing symmetries:

i<->k, and j<->l exchanges. These are s<->u crossing when t->0.

In additional, (i<->j) and (k<->l) simultaneously. Or equivalently, m 
matrices are symmetric or anti-symmetric. (implies P-conservation)

Define the crossing symmetric subspace.

<latexit sha1_base64="omBYNS38yCAYyEK9kf2OiuhtSlc=">AAAB+HicjVBNSwMxFHypX7V+dNWjl2ARPJVdqeix2IvHCrYV2m3Jptk2NJtdkqxQl/4SLx4U8epP8ea/Mdv2oKLgwINh5j3eMEEiuDau+4EKK6tr6xvFzdLW9s5u2dnbb+s4VZS1aCxidRsQzQSXrGW4Eew2UYxEgWCdYNLI/c4dU5rH8sZME+ZHZCR5yCkxVho45V5EzDgIcaOfyX5tNnAqXtWdA/9NKrBEc+C894YxTSMmDRVE667nJsbPiDKcCjYr9VLNEkInZMS6lkoSMe1n8+AzfGyVIQ5jZUcaPFe/XmQk0noaBXYzj6l/ern4m9dNTXjhZ1wmqWGSLh6FqcAmxnkLeMgVo0ZMLSFUcZsV0zFRhBrbVel/JbRPq95Z1b2uVeqXyzqKcAhHcAIenEMdrqAJLaCQwgM8wTO6R4/oBb0uVgtoeXMA34DePgE7bZLP</latexit>

Cn4
<latexit sha1_base64="2dw/0thpqCSrZVRRAKw5QRHT2j4=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1gEVyURRZdFNy6r2Ae0aZlMJ+3QySTMQ6ihX+LGhSJu/RR3/o2TtgsVBQ9cOJxzL/dwwpQzpT3vwyksLa+srhXXSxubW9tld2e3qRIjCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4vsz91h2ViiXiVk9SGsR4KFjECNZW6rvlboz1KAzRTS8TvZNp3634VW8G9DepwAL1vvveHSTExFRowrFSHd9LdZBhqRnhdFrqGkVTTMZ4SDuWChxTFWSz4FN0aJUBihJpR2g0U79eZDhWahKHdjOPqX56ufib1zE6Og8yJlKjqSDzR5HhSCcobwENmKRE84klmEhmsyIywhITbbsq/a+E5nHVP6161yeV2sWijiLswwEcgQ9nUIMrqEMDCBh4gCd4du6dR+fFeZ2vFpzFzR58g/P2CUxTkto=</latexit>

Rn4

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘

<latexit sha1_base64="jOQ824vpob8ENQgXmshYP4l5E9M="></latexit>

Cn4

⇢ �!
S n4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk
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Caveat:       is contained in a lower-dim subspace of

Crossing symmetries:

i<->k, and j<->l exchanges. These are s<->u crossing when t->0.

In additional, (i<->j) and (k<->l) simultaneously. Or equivalently, m 
matrices are symmetric or anti-symmetric. (implies P-conservation)

Define the crossing symmetric subspace.

        contains straight lines perpendicular to this subspace, and 
thus not salient.

Not needed!

<latexit sha1_base64="omBYNS38yCAYyEK9kf2OiuhtSlc=">AAAB+HicjVBNSwMxFHypX7V+dNWjl2ARPJVdqeix2IvHCrYV2m3Jptk2NJtdkqxQl/4SLx4U8epP8ea/Mdv2oKLgwINh5j3eMEEiuDau+4EKK6tr6xvFzdLW9s5u2dnbb+s4VZS1aCxidRsQzQSXrGW4Eew2UYxEgWCdYNLI/c4dU5rH8sZME+ZHZCR5yCkxVho45V5EzDgIcaOfyX5tNnAqXtWdA/9NKrBEc+C894YxTSMmDRVE667nJsbPiDKcCjYr9VLNEkInZMS6lkoSMe1n8+AzfGyVIQ5jZUcaPFe/XmQk0noaBXYzj6l/ern4m9dNTXjhZ1wmqWGSLh6FqcAmxnkLeMgVo0ZMLSFUcZsV0zFRhBrbVel/JbRPq95Z1b2uVeqXyzqKcAhHcAIenEMdrqAJLaCQwgM8wTO6R4/oBb0uVgtoeXMA34DePgE7bZLP</latexit>

Cn4
<latexit sha1_base64="2dw/0thpqCSrZVRRAKw5QRHT2j4=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1gEVyURRZdFNy6r2Ae0aZlMJ+3QySTMQ6ihX+LGhSJu/RR3/o2TtgsVBQ9cOJxzL/dwwpQzpT3vwyksLa+srhXXSxubW9tld2e3qRIjCW2QhCeyHWJFORO0oZnmtJ1KiuOQ01Y4vsz91h2ViiXiVk9SGsR4KFjECNZW6rvlboz1KAzRTS8TvZNp3634VW8G9DepwAL1vvveHSTExFRowrFSHd9LdZBhqRnhdFrqGkVTTMZ4SDuWChxTFWSz4FN0aJUBihJpR2g0U79eZDhWahKHdjOPqX56ufib1zE6Og8yJlKjqSDzR5HhSCcobwENmKRE84klmEhmsyIywhITbbsq/a+E5nHVP6161yeV2sWijiLswwEcgQ9nUIMrqEMDCBh4gCd4du6dR+fFeZ2vFpzFzR58g/P2CUxTkto=</latexit>

Rn4

<latexit sha1_base64="OqHhc5QRQ13AyJ0KiJ/i0ONWIhs="></latexit>

Cn4

= cone

⇣n

mi(jm|k|l),m 2 Rn2
o⌘

<latexit sha1_base64="jOQ824vpob8ENQgXmshYP4l5E9M="></latexit>

Cn4

⇢ �!
S n4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="sEAstD5oLTVlUOSQbWZvLspGtm4=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBZBXJRUKrosduOygn1Am5bJdNIOnUzCzEQIIf6KGxeKuPVD3Pk3TtouVBQ8cOFwzr3cw/EizpR2nA+rsLK6tr5R3Cxtbe/s7tn7Bx0VxpLQNgl5KHseVpQzQduaaU57kaQ48DjterNm7nfvqFQsFLc6iagb4IlgPiNYG2lkl9NBgPXU81FzmIphPcuGpyO7Uqs6c6C/SQWWaI3s98E4JHFAhSYcK9WvOZF2Uyw1I5xmpUGsaITJDE9o31CBA6rcdB4+Q8dGGSM/lGaERnP160WKA6WSwDObeVL108vF37x+rP1LN2UiijUVZPHIjznSIcqbQGMmKdE8MQQTyUxWRKZYYqJNX6X/ldA5q9bOq85NvdK4WtZRhEM4ghOowQU04Bpa0AYCCTzAEzxb99aj9WK9LlYL1vKmDN9gvX0CMLWUdw==</latexit>

Cn4⇤

<latexit sha1_base64="jOQ824vpob8ENQgXmshYP4l5E9M="></latexit>

Cn4

⇢ �!
S n4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="sEAstD5oLTVlUOSQbWZvLspGtm4=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBZBXJRUKrosduOygn1Am5bJdNIOnUzCzEQIIf6KGxeKuPVD3Pk3TtouVBQ8cOFwzr3cw/EizpR2nA+rsLK6tr5R3Cxtbe/s7tn7Bx0VxpLQNgl5KHseVpQzQduaaU57kaQ48DjterNm7nfvqFQsFLc6iagb4IlgPiNYG2lkl9NBgPXU81FzmIphPcuGpyO7Uqs6c6C/SQWWaI3s98E4JHFAhSYcK9WvOZF2Uyw1I5xmpUGsaITJDE9o31CBA6rcdB4+Q8dGGSM/lGaERnP160WKA6WSwDObeVL108vF37x+rP1LN2UiijUVZPHIjznSIcqbQGMmKdE8MQQTyUxWRKZYYqJNX6X/ldA5q9bOq85NvdK4WtZRhEM4ghOowQU04Bpa0AYCCTzAEzxb99aj9WK9LlYL1vKmDN9gvX0CMLWUdw==</latexit>

Cn4⇤

crossing-antisymmetric axis

crossing-symm. subspace

O
 16



Knowing that physical amplitudes are crossing symmetric,

i.e. define the duality inside the symmetric subspace.

<latexit sha1_base64="mcPi1azalbsJFEFIiP6Zk+nO/Eo="></latexit>

Qn4

⌘ Cn4⇤
\ �!

S n4

Cn4

=
n

M 2 �!
S n4

| Q ·M � 0 8Q 2 Qn4
o
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Knowing that physical amplitudes are crossing symmetric,

i.e. define the duality inside the symmetric subspace.

What is       ?

<latexit sha1_base64="mcPi1azalbsJFEFIiP6Zk+nO/Eo="></latexit>

Qn4

⌘ Cn4⇤
\ �!

S n4

Cn4

=
n

M 2 �!
S n4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="6YRaFet6xPGv2Nq6Obbo00RB8dU=">AAAB+XicjVDLSgMxFL3xWetr1KWbYFFclRmp6LLoxmUL9gHttGTSTBuayQxJplCG/okbF4q49U/c+Tdm2i5UFDxw4XDOvdzDCRLBtXHdD7Syura+sVnYKm7v7O7tOweHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsF49vcb02Y0jyW92aaMD8iQ8lDTomxUt9xzroRMaMgxPVeJnuVWd8peWV3Dvw3KcEStb7z3h3ENI2YNFQQrTuemxg/I8pwKtis2E01SwgdkyHrWCpJxLSfzZPP8KlVBjiMlR1p8Fz9epGRSOtpFNjNPKb+6eXib14nNeG1n3GZpIZJungUpgKbGOc14AFXjBoxtYRQxW1WTEdEEWpsWcX/ldC8KHuXZbdeKVVvlnUU4BhO4Bw8uIIq3EENGkBhAg/wBM8oQ4/oBb0uVlfQ8uYIvgG9fQKx6pMN</latexit>

Qn4

 17



Knowing that physical amplitudes are crossing symmetric,

i.e. define the duality inside the symmetric subspace.

What is       ?

With crossing symmetry

<latexit sha1_base64="mcPi1azalbsJFEFIiP6Zk+nO/Eo="></latexit>

Qn4

⌘ Cn4⇤
\ �!

S n4

Cn4

=
n

M 2 �!
S n4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="6YRaFet6xPGv2Nq6Obbo00RB8dU=">AAAB+XicjVDLSgMxFL3xWetr1KWbYFFclRmp6LLoxmUL9gHttGTSTBuayQxJplCG/okbF4q49U/c+Tdm2i5UFDxw4XDOvdzDCRLBtXHdD7Syura+sVnYKm7v7O7tOweHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsF49vcb02Y0jyW92aaMD8iQ8lDTomxUt9xzroRMaMgxPVeJnuVWd8peWV3Dvw3KcEStb7z3h3ENI2YNFQQrTuemxg/I8pwKtis2E01SwgdkyHrWCpJxLSfzZPP8KlVBjiMlR1p8Fz9epGRSOtpFNjNPKb+6eXib14nNeG1n3GZpIZJungUpgKbGOc14AFXjBoxtYRQxW1WTEdEEWpsWcX/ldC8KHuXZbdeKVVvlnUU4BhO4Bw8uIIq3EENGkBhAg/wBM8oQ4/oBb0uVlfQ8uYIvgG9fQKx6pMN</latexit>

Qn4
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<latexit sha1_base64="zriij9qKciYPVob0nv6S+zvITrY="></latexit>

Q ·M � 0

) Qijkl
X

↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ 8m

) Q(ij),(kl) � 0
<latexit sha1_base64="XsHYH2o6wtXcLU6E58Cj1x0kAAg=">AAACEnicjVDLSgMxFM34rPU16tJNsAgtSJkRRZdFNy5bsQ/ojCWTZtrYTDImGaUM/QY3/oobF4q4deXOvzHTdqGi4IELh3Pu5d57gphRpR3nw5qZnZtfWMwt5ZdXVtfW7Y3NhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwOM385g2Rigp+oYcx8SPU4zSkGGkjdeySd057fY2kFLdehHQfIwZrl2mRXpX2igNWGnkqwZhcOx274JadMeDfpACmqHbsd68rcBIRrjFDSrVdJ9Z+iqSmmJFR3ksUiREeoB5pG8pRRJSfjl8awV2jdGEopCmu4Vj9OpGiSKlhFJjO7Gr108vE37x2osNjP6U8TjTheLIoTBjUAmb5wC6VBGs2NARhSc2tEPeRRFibFPP/C6GxX3YPy07toFA5mcaRA9tgBxSBC45ABZyBKqgDDO7AA3gCz9a99Wi9WK+T1hlrOrMFvsF6+wR+Vp1W</latexit>

) Q(ij),(kl) ⌫ 0

<latexit sha1_base64="HP9xWYzn0INAj/t6ZygLgQzMDDc=">AAACCXicjVDLSsNAFJ3UV62vqEs3g0VwVZKi6LLoxmUV+4AmLZPpTTt0MgkzE6GEunTjr7hxoYhb/8Cdf+Ok7UJFwQMDh3Pu5Z45QcKZ0o7zYRUWFpeWV4qrpbX1jc0te3unqeJUUmjQmMeyHRAFnAloaKY5tBMJJAo4tILRee63bkAqFotrPU7Aj8hAsJBRoo3Us7E3AOfWC2NJOMeRx4QXET0MAnzVzUS3OunZZbfiTIH/JmU0R71nv3v9mKYRCE05UarjOon2MyI1oxwmJS9VkBA6IgPoGCpIBMrPpj+Z4AOj9LFJY57QeKp+3chIpNQ4CsxkHlP99HLxN6+T6vDUz5hIUg2Czg6FKcc6xnktuM8kUM3HhhAqmcmK6ZBIQrUpr/S/EprVintccS6PyrWzeR1FtIf20SFy0QmqoQtURw1E0R16QE/o2bq3Hq0X63U2WrDmO7voG6y3TxrimfQ=</latexit>

� 0 8m 2 Rn2

<latexit sha1_base64="iezYCTAyadLvT5gWPCd59Ekx0EI=">AAACIHicjVDLSgMxFM3UV62vqks3wSIIQpkWpS6Lbly2ah/QaUsmzbShmcyQ3FHKMJ/ixl9x40IR3enXmGm7UFHwQODcc+7l3hw3FFyDbb9bmYXFpeWV7GpubX1jcyu/vdPUQaQoa9BABKrtEs0El6wBHARrh4oR3xWs5Y7PU791w5TmgbyGSci6PhlK7nFKwEj9fMW55MMREKWCW+z4BEaUiLieOFzOSteLr5L+US+WvbID3GcaG5b084VS0Z4C/00KaI5aP//mDAIa+UwCFUTrTskOoRsTBZwKluScSLOQ0DEZso6hkphN3Xj6wQQfGGWAvUCZJwFP1a8TMfG1nviu6Uxv1j+9VPzN60TgnXZjLsMImKSzRV4kMAQ4TQsPuGIUxMQQQhU3t2I6IopQMJnm/hdCs1wsnRTt+nGhejaPI4v20D46RCVUQVV0gWqogSi6Qw/oCT1b99aj9WK9zloz1nxmF32D9fEJrPuj4g==</latexit>

) Q 2 Sn2⇥n2

+

<latexit sha1_base64="C1+XvXsPxA6IktR3vGDEJnaogUU="></latexit>

Qn4

= Sn2⇥n2

+ \ �!
S n4



Knowing that physical amplitudes are crossing symmetric,

i.e. define the duality inside the symmetric subspace.

What is       ?

With crossing symmetry

      is a spectrahedron.

<latexit sha1_base64="mcPi1azalbsJFEFIiP6Zk+nO/Eo="></latexit>

Qn4

⌘ Cn4⇤
\ �!

S n4

Cn4

=
n

M 2 �!
S n4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="6YRaFet6xPGv2Nq6Obbo00RB8dU=">AAAB+XicjVDLSgMxFL3xWetr1KWbYFFclRmp6LLoxmUL9gHttGTSTBuayQxJplCG/okbF4q49U/c+Tdm2i5UFDxw4XDOvdzDCRLBtXHdD7Syura+sVnYKm7v7O7tOweHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsF49vcb02Y0jyW92aaMD8iQ8lDTomxUt9xzroRMaMgxPVeJnuVWd8peWV3Dvw3KcEStb7z3h3ENI2YNFQQrTuemxg/I8pwKtis2E01SwgdkyHrWCpJxLSfzZPP8KlVBjiMlR1p8Fz9epGRSOtpFNjNPKb+6eXib14nNeG1n3GZpIZJungUpgKbGOc14AFXjBoxtYRQxW1WTEdEEWpsWcX/ldC8KHuXZbdeKVVvlnUU4BhO4Bw8uIIq3EENGkBhAg/wBM8oQ4/oBb0uVlfQ8uYIvgG9fQKx6pMN</latexit>

Qn4

<latexit sha1_base64="6YRaFet6xPGv2Nq6Obbo00RB8dU=">AAAB+XicjVDLSgMxFL3xWetr1KWbYFFclRmp6LLoxmUL9gHttGTSTBuayQxJplCG/okbF4q49U/c+Tdm2i5UFDxw4XDOvdzDCRLBtXHdD7Syura+sVnYKm7v7O7tOweHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsF49vcb02Y0jyW92aaMD8iQ8lDTomxUt9xzroRMaMgxPVeJnuVWd8peWV3Dvw3KcEStb7z3h3ENI2YNFQQrTuemxg/I8pwKtis2E01SwgdkyHrWCpJxLSfzZPP8KlVBjiMlR1p8Fz9epGRSOtpFNjNPKb+6eXib14nNeG1n3GZpIZJungUpgKbGOc14AFXjBoxtYRQxW1WTEdEEWpsWcX/ldC8KHuXZbdeKVVvlnUU4BhO4Bw8uIIq3EENGkBhAg/wBM8oQ4/oBb0uVlfQ8uYIvgG9fQKx6pMN</latexit>

Qn4

 17

<latexit sha1_base64="zriij9qKciYPVob0nv6S+zvITrY="></latexit>

Q ·M � 0

) Qijkl
X

↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ 8m

) Q(ij),(kl) � 0
<latexit sha1_base64="XsHYH2o6wtXcLU6E58Cj1x0kAAg=">AAACEnicjVDLSgMxFM34rPU16tJNsAgtSJkRRZdFNy5bsQ/ojCWTZtrYTDImGaUM/QY3/oobF4q4deXOvzHTdqGi4IELh3Pu5d57gphRpR3nw5qZnZtfWMwt5ZdXVtfW7Y3NhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwOM385g2Rigp+oYcx8SPU4zSkGGkjdeySd057fY2kFLdehHQfIwZrl2mRXpX2igNWGnkqwZhcOx274JadMeDfpACmqHbsd68rcBIRrjFDSrVdJ9Z+iqSmmJFR3ksUiREeoB5pG8pRRJSfjl8awV2jdGEopCmu4Vj9OpGiSKlhFJjO7Gr108vE37x2osNjP6U8TjTheLIoTBjUAmb5wC6VBGs2NARhSc2tEPeRRFibFPP/C6GxX3YPy07toFA5mcaRA9tgBxSBC45ABZyBKqgDDO7AA3gCz9a99Wi9WK+T1hlrOrMFvsF6+wR+Vp1W</latexit>

) Q(ij),(kl) ⌫ 0

<latexit sha1_base64="HP9xWYzn0INAj/t6ZygLgQzMDDc=">AAACCXicjVDLSsNAFJ3UV62vqEs3g0VwVZKi6LLoxmUV+4AmLZPpTTt0MgkzE6GEunTjr7hxoYhb/8Cdf+Ok7UJFwQMDh3Pu5Z45QcKZ0o7zYRUWFpeWV4qrpbX1jc0te3unqeJUUmjQmMeyHRAFnAloaKY5tBMJJAo4tILRee63bkAqFotrPU7Aj8hAsJBRoo3Us7E3AOfWC2NJOMeRx4QXET0MAnzVzUS3OunZZbfiTIH/JmU0R71nv3v9mKYRCE05UarjOon2MyI1oxwmJS9VkBA6IgPoGCpIBMrPpj+Z4AOj9LFJY57QeKp+3chIpNQ4CsxkHlP99HLxN6+T6vDUz5hIUg2Czg6FKcc6xnktuM8kUM3HhhAqmcmK6ZBIQrUpr/S/EprVintccS6PyrWzeR1FtIf20SFy0QmqoQtURw1E0R16QE/o2bq3Hq0X63U2WrDmO7voG6y3TxrimfQ=</latexit>

� 0 8m 2 Rn2

<latexit sha1_base64="iezYCTAyadLvT5gWPCd59Ekx0EI=">AAACIHicjVDLSgMxFM3UV62vqks3wSIIQpkWpS6Lbly2ah/QaUsmzbShmcyQ3FHKMJ/ixl9x40IR3enXmGm7UFHwQODcc+7l3hw3FFyDbb9bmYXFpeWV7GpubX1jcyu/vdPUQaQoa9BABKrtEs0El6wBHARrh4oR3xWs5Y7PU791w5TmgbyGSci6PhlK7nFKwEj9fMW55MMREKWCW+z4BEaUiLieOFzOSteLr5L+US+WvbID3GcaG5b084VS0Z4C/00KaI5aP//mDAIa+UwCFUTrTskOoRsTBZwKluScSLOQ0DEZso6hkphN3Xj6wQQfGGWAvUCZJwFP1a8TMfG1nviu6Uxv1j+9VPzN60TgnXZjLsMImKSzRV4kMAQ4TQsPuGIUxMQQQhU3t2I6IopQMJnm/hdCs1wsnRTt+nGhejaPI4v20D46RCVUQVV0gWqogSi6Qw/oCT1b99aj9WK9zloz1nxmF32D9fEJrPuj4g==</latexit>

) Q 2 Sn2⇥n2

+

<latexit sha1_base64="C1+XvXsPxA6IktR3vGDEJnaogUU="></latexit>

Qn4

= Sn2⇥n2

+ \ �!
S n4



Knowing that physical amplitudes are crossing symmetric,

i.e. define the duality inside the symmetric subspace.

What is       ?

With crossing symmetry

      is a spectrahedron.

Finding positivity bounds = finding ERs of some spectrahedron.

<latexit sha1_base64="mcPi1azalbsJFEFIiP6Zk+nO/Eo="></latexit>

Qn4

⌘ Cn4⇤
\ �!

S n4

Cn4

=
n

M 2 �!
S n4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="6YRaFet6xPGv2Nq6Obbo00RB8dU=">AAAB+XicjVDLSgMxFL3xWetr1KWbYFFclRmp6LLoxmUL9gHttGTSTBuayQxJplCG/okbF4q49U/c+Tdm2i5UFDxw4XDOvdzDCRLBtXHdD7Syura+sVnYKm7v7O7tOweHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsF49vcb02Y0jyW92aaMD8iQ8lDTomxUt9xzroRMaMgxPVeJnuVWd8peWV3Dvw3KcEStb7z3h3ENI2YNFQQrTuemxg/I8pwKtis2E01SwgdkyHrWCpJxLSfzZPP8KlVBjiMlR1p8Fz9epGRSOtpFNjNPKb+6eXib14nNeG1n3GZpIZJungUpgKbGOc14AFXjBoxtYRQxW1WTEdEEWpsWcX/ldC8KHuXZbdeKVVvlnUU4BhO4Bw8uIIq3EENGkBhAg/wBM8oQ4/oBb0uVlfQ8uYIvgG9fQKx6pMN</latexit>

Qn4

<latexit sha1_base64="6YRaFet6xPGv2Nq6Obbo00RB8dU=">AAAB+XicjVDLSgMxFL3xWetr1KWbYFFclRmp6LLoxmUL9gHttGTSTBuayQxJplCG/okbF4q49U/c+Tdm2i5UFDxw4XDOvdzDCRLBtXHdD7Syura+sVnYKm7v7O7tOweHTR2nirIGjUWs2gHRTHDJGoYbwdqJYiQKBGsF49vcb02Y0jyW92aaMD8iQ8lDTomxUt9xzroRMaMgxPVeJnuVWd8peWV3Dvw3KcEStb7z3h3ENI2YNFQQrTuemxg/I8pwKtis2E01SwgdkyHrWCpJxLSfzZPP8KlVBjiMlR1p8Fz9epGRSOtpFNjNPKb+6eXib14nNeG1n3GZpIZJungUpgKbGOc14AFXjBoxtYRQxW1WTEdEEWpsWcX/ldC8KHuXZbdeKVVvlnUU4BhO4Bw8uIIq3EENGkBhAg/wBM8oQ4/oBb0uVlfQ8uYIvgG9fQKx6pMN</latexit>

Qn4

<latexit sha1_base64="GGLTQhCEBm/diKBSntioikpHzbU="></latexit>

Cn4

=

n

M 2 �!
S n4

| Q ·M � 0 8Q 2 ext

⇣

Qn4
⌘o
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<latexit sha1_base64="zriij9qKciYPVob0nv6S+zvITrY="></latexit>

Q ·M � 0

) Qijkl
X
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↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ 8m

) Q(ij),(kl) � 0
<latexit sha1_base64="XsHYH2o6wtXcLU6E58Cj1x0kAAg=">AAACEnicjVDLSgMxFM34rPU16tJNsAgtSJkRRZdFNy5bsQ/ojCWTZtrYTDImGaUM/QY3/oobF4q4deXOvzHTdqGi4IELh3Pu5d57gphRpR3nw5qZnZtfWMwt5ZdXVtfW7Y3NhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwOM385g2Rigp+oYcx8SPU4zSkGGkjdeySd057fY2kFLdehHQfIwZrl2mRXpX2igNWGnkqwZhcOx274JadMeDfpACmqHbsd68rcBIRrjFDSrVdJ9Z+iqSmmJFR3ksUiREeoB5pG8pRRJSfjl8awV2jdGEopCmu4Vj9OpGiSKlhFJjO7Gr108vE37x2osNjP6U8TjTheLIoTBjUAmb5wC6VBGs2NARhSc2tEPeRRFibFPP/C6GxX3YPy07toFA5mcaRA9tgBxSBC45ABZyBKqgDDO7AA3gCz9a99Wi9WK+T1hlrOrMFvsF6+wR+Vp1W</latexit>

) Q(ij),(kl) ⌫ 0

<latexit sha1_base64="HP9xWYzn0INAj/t6ZygLgQzMDDc=">AAACCXicjVDLSsNAFJ3UV62vqEs3g0VwVZKi6LLoxmUV+4AmLZPpTTt0MgkzE6GEunTjr7hxoYhb/8Cdf+Ok7UJFwQMDh3Pu5Z45QcKZ0o7zYRUWFpeWV4qrpbX1jc0te3unqeJUUmjQmMeyHRAFnAloaKY5tBMJJAo4tILRee63bkAqFotrPU7Aj8hAsJBRoo3Us7E3AOfWC2NJOMeRx4QXET0MAnzVzUS3OunZZbfiTIH/JmU0R71nv3v9mKYRCE05UarjOon2MyI1oxwmJS9VkBA6IgPoGCpIBMrPpj+Z4AOj9LFJY57QeKp+3chIpNQ4CsxkHlP99HLxN6+T6vDUz5hIUg2Czg6FKcc6xnktuM8kUM3HhhAqmcmK6ZBIQrUpr/S/EprVintccS6PyrWzeR1FtIf20SFy0QmqoQtURw1E0R16QE/o2bq3Hq0X63U2WrDmO7voG6y3TxrimfQ=</latexit>

� 0 8m 2 Rn2

<latexit sha1_base64="iezYCTAyadLvT5gWPCd59Ekx0EI=">AAACIHicjVDLSgMxFM3UV62vqks3wSIIQpkWpS6Lbly2ah/QaUsmzbShmcyQ3FHKMJ/ixl9x40IR3enXmGm7UFHwQODcc+7l3hw3FFyDbb9bmYXFpeWV7GpubX1jcyu/vdPUQaQoa9BABKrtEs0El6wBHARrh4oR3xWs5Y7PU791w5TmgbyGSci6PhlK7nFKwEj9fMW55MMREKWCW+z4BEaUiLieOFzOSteLr5L+US+WvbID3GcaG5b084VS0Z4C/00KaI5aP//mDAIa+UwCFUTrTskOoRsTBZwKluScSLOQ0DEZso6hkphN3Xj6wQQfGGWAvUCZJwFP1a8TMfG1nviu6Uxv1j+9VPzN60TgnXZjLsMImKSzRV4kMAQ4TQsPuGIUxMQQQhU3t2I6IopQMJnm/hdCs1wsnRTt+nGhejaPI4v20D46RCVUQVV0gWqogSi6Qw/oCT1b99aj9WK9zloz1nxmF32D9fEJrPuj4g==</latexit>

) Q 2 Sn2⇥n2

+

<latexit sha1_base64="C1+XvXsPxA6IktR3vGDEJnaogUU="></latexit>

Qn4

= Sn2⇥n2

+ \ �!
S n4



Wiki: the set of n × n positive semidefinite matrices forms a convex cone, and a 
spectrahedron is a shape that can be formed by intersecting this cone with 
a linear affine subspace.


Let                     be the basis matrices of the affine space  

The spectrahedron


How do they look like? From google:

Qi, i = 0, 1, ..., N
<latexit sha1_base64="MHiufSjIPcvUg9oFDkItYSqen+A=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBRQiJCroRim5cSQvWFtoQJtNJO3QyCTMTpdR+ihsXirj1S9z5N04fCxUFD1w4nHMv93CijDOlPe/DKiwsLi2vFFdLa+sbm1t2eftGpbkktEFSnspWhBXlTNCGZprTViYpTiJOm9HgYuI3b6lULBXXepjRIME9wWJGsDZSaJfrIXM6iJ15ju+4rutchXbFd70p0N+kAnPUQvu9001JnlChCcdKtX0v08EIS80Ip+NSJ1c0w2SAe7RtqMAJVcFoGn2M9o3SRXEqzQiNpurXixFOlBomkdlMsO6rn95E/M1r5zo+DUZMZLmmgswexTlHOkWTHlCXSUo0HxqCiWQmKyJ9LDHRpq3S/0q4OXT9I9erH1eq5/M6irALe3AAPpxAFS6hBg0gcAcP8ATP1r31aL1Yr7PVgjW/2YFvsN4+AWiskX4=</latexit>

Q(x) = Q0 + xiQi
<latexit sha1_base64="kE8R8L24hMpwB/SgmDMLjHflHNQ=">AAAB+HicjVDLSsNAFL2pr1ofjbp0M1iEilBSFXQjFN24bMA+oA1hMp20QyeTMDOR1tAvceNCEbd+ijv/xuljoaLggQuHc+7lHk6QcKa043xYuaXlldW1/HphY3Nru2jv7DZVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvp37rjkrFYnGrxwn1ItwXLGQEayP5dtEtj44uXd85HvnM9Zlvl6oVZwb0NynBAnXffu/2YpJGVGjCsVKdqpNoL8NSM8LppNBNFU0wGeI+7RgqcESVl82CT9ChUXoojKUZodFM/XqR4UipcRSYzQjrgfrpTcXfvE6qwwsvYyJJNRVk/ihMOdIxmraAekxSovnYEEwkM1kRGWCJiTZdFf5XQvOkUj2tOO5ZqXa1qCMP+3AAZajCOdTgBurQAAIpPMATPFv31qP1Yr3OV3PW4mYPvsF6+wT8rJIB</latexit>

G = {x | Q(x) ⌫ 0}
<latexit sha1_base64="qDtXWV3lNPV2onUfwQIzlBcxXz0=">AAACAXicjVDLSgNBEJz1GeNr1YvgZTAI8RI2KuhFCHrQYwLmAdklzE56kyGzs+vMrCSs8eKvePGgiFf/wpt/4+RxUFGwoKGo6qa7y485U9pxPqyZ2bn5hcXMUnZ5ZXVt3d7YrKkokRSqNOKRbPhEAWcCqpppDo1YAgl9DnW/dz7y6zcgFYvElR7E4IWkI1jAKNFGatnbF6du2nfxrYsr+f6+qxJK4dpxhy07Vyw4Y+C/SQ5NUW7Z7247okkIQlNOlGoWnVh7KZGaUQ7DrJsoiAntkQ40DRUkBOWl4w+GeM8obRxE0pTQeKx+nUhJqNQg9E1nSHRX/fRG4m9eM9HBiZcyEScaBJ0sChKOdYRHceA2k0A1HxhCqGTmVky7RBKqTWjZ/4VQOygUDwtO5ShXOpvGkUE7aBflUREdoxK6RGVURRTdoQf0hJ6te+vRerFeJ60z1nRmC32D9fYJ7ZeV6g==</latexit>
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Spectrahedron?



Each point x in a spectrahedron is contained in (the relative interior of) a unique 
facet, F(x) 
 
 
 

 19

Spectrahedron?



Each point x in a spectrahedron is contained in (the relative interior of) a unique 
facet, F(x) 
 
 
 

 19

<latexit sha1_base64="015+oU8Jlb+4KM2a63LopiuNw1g=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxC3ZQZUXQjFAVxWcE+YDqUTCbThiaZIcmIdSj+ihsXirj1P9z5N2baIir2QOBwzr3ckxMkjCrtOJ9WYW5+YXGpuFxaWV1b37A3t5oqTiUmDRyzWLYDpAijgjQ01Yy0E0kQDxhpBYOL3G/dEqloLG70MCE+Rz1BI4qRNlLX3ulwpPuSZyHlI++ycnfgnzldu+xUnTGgO5OUwRT1rv3RCWOcciI0Zkgpz3US7WdIaooZGZU6qSIJwgPUI56hAnGi/GycfgT3jRLCKJbmCQ3H6s+NDHGlhjwwk3lW9dfLxf88L9XRqZ9RkaSaCDw5FKUM6hjmVcCQSoI1GxqCsKQmK8R9JBHWprCSKWH2379J87DqHled66Ny7XxaRxHsgj1QAS44ATVwBeqgATC4B4/gGbxYD9aT9Wq9TUYL1nRnG/yC9f4Fxc6UxA==</latexit>

dim[F (x)] = 0

Spectrahedron?



Each point x in a spectrahedron is contained in (the relative interior of) a unique 
facet, F(x) 
 
 
 

 19

<latexit sha1_base64="WT0/lUfZOWw8/O7aPK3WLx4fy3U=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxC3ZQZUXQjFAVxWcE+YDqUTCbThiaZIcmIdSj+ihsXirj1P9z5N2baIir2QOBwzr3ckxMkjCrtOJ9WYW5+YXGpuFxaWV1b37A3t5oqTiUmDRyzWLYDpAijgjQ01Yy0E0kQDxhpBYOL3G/dEqloLG70MCE+Rz1BI4qRNlLX3ulwpPuSZyHlI++ycnfgn7ldu+xUnTGgO5OUwRT1rv3RCWOcciI0Zkgpz3US7WdIaooZGZU6qSIJwgPUI56hAnGi/GycfgT3jRLCKJbmCQ3H6s+NDHGlhjwwk3lW9dfLxf88L9XRqZ9RkaSaCDw5FKUM6hjmVcCQSoI1GxqCsKQmK8R9JBHWprCSKWH2379J87DqHled66Ny7XxaRxHsgj1QAS44ATVwBeqgATC4B4/gGbxYD9aT9Wq9TUYL1nRnG/yC9f4Fx1KUxQ==</latexit>

dim[F (x)] = 1

Spectrahedron?



Each point x in a spectrahedron is contained in (the relative interior of) a unique 
facet, F(x) 
 
 
 

 19

<latexit sha1_base64="0VzDtGDFUvrpHHhIhlmo6SKGKx4=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWomzJTFN0IRUFcVrAPmA4lk8m0oUlmSDJiHYq/4saFIm79D3f+jZm2iIo9EDiccy/35AQJo0o7zqc1N7+wuLRcWCmurq1vbNpb200VpxKTBo5ZLNsBUoRRQRqaakbaiSSIB4y0gsFF7rduiVQ0Fjd6mBCfo56gEcVIG6lr73Y40n3Js5DykXdZvjv0z6pdu+RUnDGgO5OUwBT1rv3RCWOcciI0Zkgpz3US7WdIaooZGRU7qSIJwgPUI56hAnGi/GycfgQPjBLCKJbmCQ3H6s+NDHGlhjwwk3lW9dfLxf88L9XRqZ9RkaSaCDw5FKUM6hjmVcCQSoI1GxqCsKQmK8R9JBHWprCiKWH2379Js1pxjyvO9VGpdj6towD2wD4oAxecgBq4AnXQABjcg0fwDF6sB+vJerXeJqNz1nRnB/yC9f4FyNaUxg==</latexit>

dim[F (x)] = 2

Spectrahedron?



Each point x in a spectrahedron is contained in (the relative interior of) a unique 
facet, F(x) 
 
 
 

 19

Spectrahedron?

<latexit sha1_base64="x5j6ZY9kM4R5f9v28lnLdfOC10w=">AAAB/XicdVDLSgMxFM34rPU1PnZugkWomzLjA90IRUFcVrAPmA4lk8m0oUlmSDJiHYq/4saFIm79D3f+jZm2iIo9EDiccy/35AQJo0o7zqc1Mzs3v7BYWCour6yurdsbmw0VpxKTOo5ZLFsBUoRRQeqaakZaiSSIB4w0g/5F7jdviVQ0Fjd6kBCfo66gEcVIG6ljb7c50j3Js5DyoXdZvtv3zw47dsmpOCNAdyopgQlqHfujHcY45URozJBSnusk2s+Q1BQzMiy2U0UShPuoSzxDBeJE+dko/RDuGSWEUSzNExqO1J8bGeJKDXhgJvOs6q+Xi/95XqqjUz+jIkk1EXh8KEoZ1DHMq4AhlQRrNjAEYUlNVoh7SCKsTWFFU8L0v3+TxkHFPa4410el6vmkjgLYAbugDFxwAqrgCtRAHWBwDx7BM3ixHqwn69V6G4/OWJOdLfAL1vsXylqUxw==</latexit>

dim[F (x)] = 3



Each point x in a spectrahedron is contained in (the relative interior of) a unique 
facet, F(x) 
 
 
 

The null space of Q(x) is constant on F(x) -> numerically identify F(x) for any x  
[Ramana & Goldman ’95]


Let {ui} be basis of Null(Q(x)), then Null(B) is the linear span of F(x)

 19

<latexit sha1_base64="YeLSVLyAJZqf9HSPha/173UmpfA="></latexit>

B =

2

64
Q1u1 · · · Qmu1

...
. . .

...
Q1uk · · · Qmuk

3

75

Spectrahedron?



{Qi, 1  i  6} =

8
>><

>>:

0

BB@

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1

CCA ,

0

BB@

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

1

CCA ,

0

BB@

0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

1

CCA ,

0

BB@

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

1

CCA ,

0

BB@

0 0 1 1
0 0 0 0
1 0 0 0
1 0 0 0

1

CCA ,

0

BB@

0 0 0 0
0 0 1 1
0 1 0 0
0 1 0 0

1

CCA

9
>>=

>>;
<latexit sha1_base64="JyFYKTUfIvYcsldAUHql7wurmE0=">AAAE7HicrVTPb9MwFPaawEb41cGRi0VFNaQpimECLkgTXDhuEt0m1VXlOK+tNccJtoNURfkbuHAAIa78Qdz4b3DSCq1kKwz2JOe9fM/vvS+f5cS5FMZG0Y+Njudfu765dSO4eev2nbvd7XtHJis0hwHPZKZPYmZACgUDK6yEk1wDS2MJx/Hp6zp//B60EZl6a+c5jFI2VWIiOLMOG m97HVoejsUuoRKwqB/PaPWy74KJpWXjdgIaw1SokmnN5lXJnVUBJriPo1+L0uDM2yUQCipZdg6oFtOZfby7bmxdSFZaridCVhDyP2PbQ8iVfG3jQ0r79F3BkoZFeHku5yPkYlH+VQLSUnXdWbSQq1G+TaR9FuQPYxeOVuNuj4RRY/jioIeWdjDufqdJxosUlOWSGTMkUW5HrrsVXILrXxjIGT9lUxi6ULEUzKhsLmuFHzkkwZNMu6UsbtCzFSVLjZmnsduZMjszv+dq8LzcsLCTF6NSqLywoPhi0KSQ2Ga4vvk4ERq4lXMXMK6F44r5jGnGrfs/BH8nwtGTkDwNo8O93v6rpRxb6AF6iHYQQc/RPnqDDtAAcU94H7xP3mdf+R/9L/7XxdbOxrLmPlox/9tPT4NTAA==</latexit>

The spectrahedron:


Positivity bounds:

Q(x) = xiQi
<latexit sha1_base64="AwmpBKjydNsjP9kdYUcy8tE/Els=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBDiJeyqoBch6MVjAuYBm2WZncwmQ2ZnlplZSVjyGV48KOLVr/Hm3zh5HFQULGgoqrrp7opSzrRx3Q9naXlldW29sFHc3Nre2S3t7be0zBShTSK5VJ0Ia8qZoE3DDKedVFGcRJy2o+HN1G/fU6WZFHdmnNIgwX3BYkawsZLfqIxOrkYha4QsLJW9qjsD+puUYYF6WHrv9iTJEioM4Vhr33NTE+RYGUY4nRS7maYpJkPcp76lAidUB/ns5Ak6tkoPxVLZEgbN1K8TOU60HieR7UywGeif3lT8zfMzE18GORNpZqgg80VxxpGRaPo/6jFFieFjSzBRzN6KyAArTIxNqfi/EFqnVe+s6jbOy7XrRRwFOIQjqIAHF1CDW6hDEwhIeIAneHaM8+i8OK/z1iVnMXMA3+C8fQJOwpCd</latexit>

 20

<latexit sha1_base64="Te+F7PrAMOhD8Ujwd1nkURx+00g=">AAACIHicjVDJSgNBEO1xjXGLevTSGIR4CZMQiZdA0IvHBMwCmWTo6dQkTXoWumskYcinePFXvHhQRG/6NU6Wg4qCDwoe71VRVc8JpdBomu/Gyura+sZmaiu9vbO7t585OGzqIFIcGjyQgWo7TIMUPjRQoIR2qIB5joSWM7qa+a1bUFoE/g1OQuh6bOALV3CGiWRnypbHcOi4tN6Li73StGJJcNGK5zJnktZz47PK2BZ1W1gDMC0lBkO0pnYmW8ibc9C/SZYsUbMzb1Y/4JEHPnLJtO4UzBC7MVMouIRp2oo0hIyP2AA6CfWZB7obzx+c0tNE6VM3UEn5SOfq14mYeVpPPCfpnN2tf3oz8TevE6F70Y2FH0YIPl8sciNJMaCztGhfKOAoJwlhXInkVsqHTDGOSabp/4XQLOYL53mzXspWL5dxpMgxOSE5UiBlUiXXpEYahJM78kCeyLNxbzwaL8bronXFWM4ckW8wPj4BKxmi/Q==</latexit>

Q24 = {Q(x) = xiQi � 0}
<latexit sha1_base64="GK8xNkKnW57SwqAIGchObKcZi04="></latexit>

Q ·M � 0, for all Q 2 ext

⇣
Q24

⌘

General 2-scalar case:
<latexit sha1_base64="vVy6uvKkisGMk107Y7mMzzC4OeA="></latexit>

L � 1

⇤4
CijklOijkl, Oijkl = @µ�i@

µ�j@⌫�k@
⌫�l

6 Ops: C1111, C2222, C1212, C1122, C1112, C1222.

<latexit sha1_base64="zl7hRIk/79zlBXOuzsP8mgzGgac="></latexit>

Mscalar =

2

664

4C1111 C 0
1122 C1112 C1112

C 0
1122 4C2222 C1222 C1222

C1112 C1222 C1212 C 0
1122

C1112 C1222 C 0
1122 C1212

3

775 ,

<latexit sha1_base64="4PYYgDsdfYqStuds+mYSBdU77WU=">AAACFXicjVDLSgMxFM3UV62vUZdugkUUlDIZFF0Wu3FZwT6gMwyZNNOGZh4mmUIZ5ifc+CtuXCjiVnDn35hpu1BR8MCFk3Pu5eYeP+FMKsv6MEoLi0vLK+XVytr6xuaWub3TlnEqCG2RmMei62NJOYtoSzHFaTcRFIc+px1/1Cj8zpgKyeLoRk0S6oZ4ELGAEay05JknjUMvQ8i2c4fepmwMG/PnsRMITDKUZ3ZeaDayc8+sopo1BfybVMEcTc98d/oxSUMaKcKxlD1kJcrNsFCMcJpXnFTSBJMRHtCephEOqXSz6VU5PNBKHwax0BUpOFW/TmQ4lHIS+rozxGoof3qF+JvXS1Vw4WYsSlJFIzJbFKQcqhgWEcE+E5QoPtEEE8H0XyEZYp2G0kFW/hdC266hs5p1fVqtX87jKIM9sA+OAALnoA6uQBO0AAF34AE8gWfj3ng0XozXWWvJmM/sgm8w3j4B6pKczQ==</latexit>

C 0
1122 ⌘ C1122 +

1

2
C1212

0

BB@

a b e e
b c f f
e f d b
e f b d

1

CCA

<latexit sha1_base64="hY0HwD5PEZD2n/+4bnD5gezWmHE="></latexit>

ij=11

22
12
21

kl=11 22 12 21

<latexit sha1_base64="X54BG6djDufn1wI9yZ6a13nasr0=">AAACCHicjZDLSsNAFIZP6q3WW9SlC4NFcFWSUtGNUHTjsgV7gTYtk+mkHTqZhJmJUEKWbnwVNy4UcesjuPNtnKRdqCj4w8Dh+8/hnPm9iFGpbPvDKCwtr6yuFddLG5tb2zvm7l5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt70KvM7t0RIGvIbNYuIG6Axpz7FSGk0NA/7AVITz0+a6SCpDmppn9McYcQ0uxiaZadi57L+LsqwUGNovvdHIY4DwhVmSMqeY0fKTZBQFDOSlvqxJBHCUzQmPV1yFBDpJvlHUutYk5Hlh0I/rqycfp1IUCDlLPB0Z3aj/Oll8DevFyv/3E0oj2JFOJ4v8mNmqdDKUrFGVBCs2EwXCAuqb7XwBAmElc6u9L8Q2tWKc1qxm7Vy/XIRRxEO4AhOwIEzqMM1NKAFGO7gAZ7g2bg3Ho0X43XeWjAWM/vwTcbbJx6Qmgg=</latexit>

Q24 3 Q =



{Qi, 1  i  6} =

8
>><

>>:

0

BB@

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1

CCA ,

0

BB@

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

1

CCA ,

0

BB@

0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

1

CCA ,

0

BB@

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

1

CCA ,

0

BB@

0 0 1 1
0 0 0 0
1 0 0 0
1 0 0 0

1

CCA ,

0

BB@

0 0 0 0
0 0 1 1
0 1 0 0
0 1 0 0

1

CCA

9
>>=

>>;
<latexit sha1_base64="JyFYKTUfIvYcsldAUHql7wurmE0=">AAAE7HicrVTPb9MwFPaawEb41cGRi0VFNaQpimECLkgTXDhuEt0m1VXlOK+tNccJtoNURfkbuHAAIa78Qdz4b3DSCq1kKwz2JOe9fM/vvS+f5cS5FMZG0Y+Njudfu765dSO4eev2nbvd7XtHJis0hwHPZKZPYmZACgUDK6yEk1wDS2MJx/Hp6zp//B60EZl6a+c5jFI2VWIiOLMOG m97HVoejsUuoRKwqB/PaPWy74KJpWXjdgIaw1SokmnN5lXJnVUBJriPo1+L0uDM2yUQCipZdg6oFtOZfby7bmxdSFZaridCVhDyP2PbQ8iVfG3jQ0r79F3BkoZFeHku5yPkYlH+VQLSUnXdWbSQq1G+TaR9FuQPYxeOVuNuj4RRY/jioIeWdjDufqdJxosUlOWSGTMkUW5HrrsVXILrXxjIGT9lUxi6ULEUzKhsLmuFHzkkwZNMu6UsbtCzFSVLjZmnsduZMjszv+dq8LzcsLCTF6NSqLywoPhi0KSQ2Ga4vvk4ERq4lXMXMK6F44r5jGnGrfs/BH8nwtGTkDwNo8O93v6rpRxb6AF6iHYQQc/RPnqDDtAAcU94H7xP3mdf+R/9L/7XxdbOxrLmPlox/9tPT4NTAA==</latexit>

The spectrahedron:


Positivity bounds:

Q(x) = xiQi
<latexit sha1_base64="AwmpBKjydNsjP9kdYUcy8tE/Els=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBDiJeyqoBch6MVjAuYBm2WZncwmQ2ZnlplZSVjyGV48KOLVr/Hm3zh5HFQULGgoqrrp7opSzrRx3Q9naXlldW29sFHc3Nre2S3t7be0zBShTSK5VJ0Ia8qZoE3DDKedVFGcRJy2o+HN1G/fU6WZFHdmnNIgwX3BYkawsZLfqIxOrkYha4QsLJW9qjsD+puUYYF6WHrv9iTJEioM4Vhr33NTE+RYGUY4nRS7maYpJkPcp76lAidUB/ns5Ak6tkoPxVLZEgbN1K8TOU60HieR7UywGeif3lT8zfMzE18GORNpZqgg80VxxpGRaPo/6jFFieFjSzBRzN6KyAArTIxNqfi/EFqnVe+s6jbOy7XrRRwFOIQjqIAHF1CDW6hDEwhIeIAneHaM8+i8OK/z1iVnMXMA3+C8fQJOwpCd</latexit>
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<latexit sha1_base64="Te+F7PrAMOhD8Ujwd1nkURx+00g=">AAACIHicjVDJSgNBEO1xjXGLevTSGIR4CZMQiZdA0IvHBMwCmWTo6dQkTXoWumskYcinePFXvHhQRG/6NU6Wg4qCDwoe71VRVc8JpdBomu/Gyura+sZmaiu9vbO7t585OGzqIFIcGjyQgWo7TIMUPjRQoIR2qIB5joSWM7qa+a1bUFoE/g1OQuh6bOALV3CGiWRnypbHcOi4tN6Li73StGJJcNGK5zJnktZz47PK2BZ1W1gDMC0lBkO0pnYmW8ibc9C/SZYsUbMzb1Y/4JEHPnLJtO4UzBC7MVMouIRp2oo0hIyP2AA6CfWZB7obzx+c0tNE6VM3UEn5SOfq14mYeVpPPCfpnN2tf3oz8TevE6F70Y2FH0YIPl8sciNJMaCztGhfKOAoJwlhXInkVsqHTDGOSabp/4XQLOYL53mzXspWL5dxpMgxOSE5UiBlUiXXpEYahJM78kCeyLNxbzwaL8bronXFWM4ckW8wPj4BKxmi/Q==</latexit>

Q24 = {Q(x) = xiQi � 0}
<latexit sha1_base64="GK8xNkKnW57SwqAIGchObKcZi04="></latexit>

Q ·M � 0, for all Q 2 ext

⇣
Q24

⌘

General 2-scalar case:
<latexit sha1_base64="vVy6uvKkisGMk107Y7mMzzC4OeA="></latexit>

L � 1

⇤4
CijklOijkl, Oijkl = @µ�i@

µ�j@⌫�k@
⌫�l

6 Ops: C1111, C2222, C1212, C1122, C1112, C1222.

<latexit sha1_base64="zl7hRIk/79zlBXOuzsP8mgzGgac="></latexit>

Mscalar =

2

664

4C1111 C 0
1122 C1112 C1112

C 0
1122 4C2222 C1222 C1222

C1112 C1222 C1212 C 0
1122

C1112 C1222 C 0
1122 C1212

3

775 ,

<latexit sha1_base64="4PYYgDsdfYqStuds+mYSBdU77WU=">AAACFXicjVDLSgMxFM3UV62vUZdugkUUlDIZFF0Wu3FZwT6gMwyZNNOGZh4mmUIZ5ifc+CtuXCjiVnDn35hpu1BR8MCFk3Pu5eYeP+FMKsv6MEoLi0vLK+XVytr6xuaWub3TlnEqCG2RmMei62NJOYtoSzHFaTcRFIc+px1/1Cj8zpgKyeLoRk0S6oZ4ELGAEay05JknjUMvQ8i2c4fepmwMG/PnsRMITDKUZ3ZeaDayc8+sopo1BfybVMEcTc98d/oxSUMaKcKxlD1kJcrNsFCMcJpXnFTSBJMRHtCephEOqXSz6VU5PNBKHwax0BUpOFW/TmQ4lHIS+rozxGoof3qF+JvXS1Vw4WYsSlJFIzJbFKQcqhgWEcE+E5QoPtEEE8H0XyEZYp2G0kFW/hdC266hs5p1fVqtX87jKIM9sA+OAALnoA6uQBO0AAF34AE8gWfj3ng0XozXWWvJmM/sgm8w3j4B6pKczQ==</latexit>

C 0
1122 ⌘ C1122 +

1

2
C1212 For illustration, impose a Z2

<latexit sha1_base64="3cISDnfb7YN5gE/Ioo2TNOsPfl8=">AAACDnicbZC7TsMwFIYdriXcAowsFlUrhqpKKhCMFSyMRaIXqQmV4zitVeci20Gq0vYFWHgVFgYQYmVm421w0iIB5UiWP/3/OTr278aMCmman9rS8srq2nphQ9/c2t7ZNfb2WyJKOCZNHLGId1wkCKMhaUoqGenEnKDAZaTtDi8zv31HuKBReCNHMXEC1A+pTzGSSuoZpTKy+8SsTHF+2bZeRhlC97ZWmXoZjd1xzyiaVTMvaH3DglIE82r0jA/bi3ASkFBihoToWmYsnRRxSTEjE91OBIkRHqI+6SoMUUCEk+bfmcCSUjzoR1ydUMJc/TmRokCIUeCqzgDJgfjrZeJ/XjeR/rmT0jBOJAnxbJGfMCgjmGUDPcoJlmykAGFO1VshHiCOsFQJ6ioEayGEBWjVqtZp1bw+KdYv5nEUwCE4AsfAAmegDq5AAzQBBvfgETyDF+1Be9JetbdZ65I2nzkAv0p7/wLt7Zoo</latexit>

a � 0, c � 0,

ac � b2, d � |b|

0

BB@

a b e e
b c f f
e f d b
e f b d

1

CCA

<latexit sha1_base64="hY0HwD5PEZD2n/+4bnD5gezWmHE="></latexit>

ij=11

22
12
21

kl=11 22 12 21

<latexit sha1_base64="X54BG6djDufn1wI9yZ6a13nasr0=">AAACCHicjZDLSsNAFIZP6q3WW9SlC4NFcFWSUtGNUHTjsgV7gTYtk+mkHTqZhJmJUEKWbnwVNy4UcesjuPNtnKRdqCj4w8Dh+8/hnPm9iFGpbPvDKCwtr6yuFddLG5tb2zvm7l5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt70KvM7t0RIGvIbNYuIG6Axpz7FSGk0NA/7AVITz0+a6SCpDmppn9McYcQ0uxiaZadi57L+LsqwUGNovvdHIY4DwhVmSMqeY0fKTZBQFDOSlvqxJBHCUzQmPV1yFBDpJvlHUutYk5Hlh0I/rqycfp1IUCDlLPB0Z3aj/Oll8DevFyv/3E0oj2JFOJ4v8mNmqdDKUrFGVBCs2EwXCAuqb7XwBAmElc6u9L8Q2tWKc1qxm7Vy/XIRRxEO4AhOwIEzqMM1NKAFGO7gAZ7g2bg3Ho0X43XeWjAWM/vwTcbbJx6Qmgg=</latexit>

Q24 3 Q =
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Amplitude space Dual space (spectrahedron)

ERs = posi. boundsERs = UV particles

Z2-odd scalar

Z2-odd vector

Z2-even scalar

3D “cross section” of 4D cones

<latexit sha1_base64="tum0e6twJ2lGrzw2SPNMpRrNlcc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZdFNy5bsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7vN/e6cSsUica8XMfVCPBEsYARrI41sexBiPfWDtJUN0+qwlo3ssltxlkB/kzKs0RzZ74NxRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJDE9o31CBQ6q8dJk8QxdGGaMgkmaERkv160WKQ6UWoW8285zqp5eLv3n9RAfXXspEnGgqyOpRkHCkI5TXgMZMUqL5whBMJDNZEZliiYk2ZZX+V0KnWnHrFadVKzdu1nUU4QzO4RJcuIIG3EET2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09q6JOD</latexit>

Q24
<latexit sha1_base64="coE45PkJyye+6lG6TyGTE+Y+cKc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZfFblxWsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP2vmfndOpWKRuNeLmHohnggWMIK1kUa2PQixnvpB2syGaXVYy0Z22a04S6C/SRnWaI3s98E4IklIhSYcK9V3nVh7KZaaEU6z0iBRNMZkhie0b6jAIVVeukyeoQujjFEQSTNCo6X69SLFoVKL0DebeU7108vF37x+ooNrL2UiTjQVZPUoSDjSEcprQGMmKdF8YQgmkpmsiEyxxESbskr/K6FTrbj1inNXKzdu1nUU4QzO4RJcuIIG3EIL2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09VTpN1</latexit>

C24
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Amplitude space Dual space (spectrahedron)

ERs = posi. boundsERs = UV particles

Z2-odd scalar

Z2-odd vector

Z2-even scalar

3D “cross section” of 4D cones

<latexit sha1_base64="tum0e6twJ2lGrzw2SPNMpRrNlcc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZdFNy5bsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7vN/e6cSsUica8XMfVCPBEsYARrI41sexBiPfWDtJUN0+qwlo3ssltxlkB/kzKs0RzZ74NxRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJDE9o31CBQ6q8dJk8QxdGGaMgkmaERkv160WKQ6UWoW8285zqp5eLv3n9RAfXXspEnGgqyOpRkHCkI5TXgMZMUqL5whBMJDNZEZliiYk2ZZX+V0KnWnHrFadVKzdu1nUU4QzO4RJcuIIG3EET2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09q6JOD</latexit>

Q24
<latexit sha1_base64="coE45PkJyye+6lG6TyGTE+Y+cKc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZfFblxWsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP2vmfndOpWKRuNeLmHohnggWMIK1kUa2PQixnvpB2syGaXVYy0Z22a04S6C/SRnWaI3s98E4IklIhSYcK9V3nVh7KZaaEU6z0iBRNMZkhie0b6jAIVVeukyeoQujjFEQSTNCo6X69SLFoVKL0DebeU7108vF37x+ooNrL2UiTjQVZPUoSDjSEcprQGMmKdF8YQgmkpmsiEyxxESbskr/K6FTrbj1inNXKzdu1nUU4QzO4RJcuIIG3EIL2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09VTpN1</latexit>

C24
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Amplitude space Dual space (spectrahedron)

ERs = posi. boundsERs = UV particles

Z2-odd scalar

Z2-odd vector

Z2-even scalar

3D “cross section” of 4D cones

<latexit sha1_base64="tum0e6twJ2lGrzw2SPNMpRrNlcc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZdFNy5bsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7vN/e6cSsUica8XMfVCPBEsYARrI41sexBiPfWDtJUN0+qwlo3ssltxlkB/kzKs0RzZ74NxRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJDE9o31CBQ6q8dJk8QxdGGaMgkmaERkv160WKQ6UWoW8285zqp5eLv3n9RAfXXspEnGgqyOpRkHCkI5TXgMZMUqL5whBMJDNZEZliiYk2ZZX+V0KnWnHrFadVKzdu1nUU4QzO4RJcuIIG3EET2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09q6JOD</latexit>

Q24
<latexit sha1_base64="coE45PkJyye+6lG6TyGTE+Y+cKc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZfFblxWsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP2vmfndOpWKRuNeLmHohnggWMIK1kUa2PQixnvpB2syGaXVYy0Z22a04S6C/SRnWaI3s98E4IklIhSYcK9V3nVh7KZaaEU6z0iBRNMZkhie0b6jAIVVeukyeoQujjFEQSTNCo6X69SLFoVKL0DebeU7108vF37x+ooNrL2UiTjQVZPUoSDjSEcprQGMmKdF8YQgmkpmsiEyxxESbskr/K6FTrbj1inNXKzdu1nUU4QzO4RJcuIIG3EIL2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09VTpN1</latexit>

C24



 21

Amplitude space Dual space (spectrahedron)

ERs = posi. boundsERs = UV particles

Z2-odd scalar

Z2-odd vector

Z2-even scalar

3D “cross section” of 4D cones

<latexit sha1_base64="tum0e6twJ2lGrzw2SPNMpRrNlcc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZdFNy5bsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7vN/e6cSsUica8XMfVCPBEsYARrI41sexBiPfWDtJUN0+qwlo3ssltxlkB/kzKs0RzZ74NxRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJDE9o31CBQ6q8dJk8QxdGGaMgkmaERkv160WKQ6UWoW8285zqp5eLv3n9RAfXXspEnGgqyOpRkHCkI5TXgMZMUqL5whBMJDNZEZliiYk2ZZX+V0KnWnHrFadVKzdu1nUU4QzO4RJcuIIG3EET2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09q6JOD</latexit>

Q24
<latexit sha1_base64="coE45PkJyye+6lG6TyGTE+Y+cKc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZfFblxWsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP2vmfndOpWKRuNeLmHohnggWMIK1kUa2PQixnvpB2syGaXVYy0Z22a04S6C/SRnWaI3s98E4IklIhSYcK9V3nVh7KZaaEU6z0iBRNMZkhie0b6jAIVVeukyeoQujjFEQSTNCo6X69SLFoVKL0DebeU7108vF37x+ooNrL2UiTjQVZPUoSDjSEcprQGMmKdF8YQgmkpmsiEyxxESbskr/K6FTrbj1inNXKzdu1nUU4QzO4RJcuIIG3EIL2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09VTpN1</latexit>

C24
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Amplitude space Dual space (spectrahedron)

ERs = posi. boundsERs = UV particles

Z2-odd scalar

Z2-odd vector

Z2-even scalar

<latexit sha1_base64="Nz3ZHa08EiPf1uic4qEFOomkurE="></latexit>

C1111 � 0, C2222 � 0, C1212 � 0

4
p
C1111C2222 � ±(2C1122 + C1212)� C1212

Bounds

3D “cross section” of 4D cones

<latexit sha1_base64="tum0e6twJ2lGrzw2SPNMpRrNlcc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZdFNy5bsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7vN/e6cSsUica8XMfVCPBEsYARrI41sexBiPfWDtJUN0+qwlo3ssltxlkB/kzKs0RzZ74NxRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJDE9o31CBQ6q8dJk8QxdGGaMgkmaERkv160WKQ6UWoW8285zqp5eLv3n9RAfXXspEnGgqyOpRkHCkI5TXgMZMUqL5whBMJDNZEZliiYk2ZZX+V0KnWnHrFadVKzdu1nUU4QzO4RJcuIIG3EET2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09q6JOD</latexit>

Q24
<latexit sha1_base64="coE45PkJyye+6lG6TyGTE+Y+cKc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZfFblxWsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP2vmfndOpWKRuNeLmHohnggWMIK1kUa2PQixnvpB2syGaXVYy0Z22a04S6C/SRnWaI3s98E4IklIhSYcK9V3nVh7KZaaEU6z0iBRNMZkhie0b6jAIVVeukyeoQujjFEQSTNCo6X69SLFoVKL0DebeU7108vF37x+ooNrL2UiTjQVZPUoSDjSEcprQGMmKdF8YQgmkpmsiEyxxESbskr/K6FTrbj1inNXKzdu1nUU4QzO4RJcuIIG3EIL2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09VTpN1</latexit>

C24
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General 2-scalar case:
<latexit sha1_base64="vVy6uvKkisGMk107Y7mMzzC4OeA="></latexit>

L � 1

⇤4
CijklOijkl, Oijkl = @µ�i@

µ�j@⌫�k@
⌫�l

6 Ops: C1111, C2222, C1212, C1122, C1112, C1222.

<latexit sha1_base64="zl7hRIk/79zlBXOuzsP8mgzGgac="></latexit>

Mscalar =

2

664

4C1111 C 0
1122 C1112 C1112

C 0
1122 4C2222 C1222 C1222

C1112 C1222 C1212 C 0
1122

C1112 C1222 C 0
1122 C1212

3

775 ,

<latexit sha1_base64="4PYYgDsdfYqStuds+mYSBdU77WU=">AAACFXicjVDLSgMxFM3UV62vUZdugkUUlDIZFF0Wu3FZwT6gMwyZNNOGZh4mmUIZ5ifc+CtuXCjiVnDn35hpu1BR8MCFk3Pu5eYeP+FMKsv6MEoLi0vLK+XVytr6xuaWub3TlnEqCG2RmMei62NJOYtoSzHFaTcRFIc+px1/1Cj8zpgKyeLoRk0S6oZ4ELGAEay05JknjUMvQ8i2c4fepmwMG/PnsRMITDKUZ3ZeaDayc8+sopo1BfybVMEcTc98d/oxSUMaKcKxlD1kJcrNsFCMcJpXnFTSBJMRHtCephEOqXSz6VU5PNBKHwax0BUpOFW/TmQ4lHIS+rozxGoof3qF+JvXS1Vw4WYsSlJFIzJbFKQcqhgWEcE+E5QoPtEEE8H0XyEZYp2G0kFW/hdC266hs5p1fVqtX87jKIM9sA+OAALnoA6uQBO0AAF34AE8gWfj3ng0XozXWWvJmM/sgm8w3j4B6pKczQ==</latexit>

C 0
1122 ⌘ C1122 +

1

2
C1212

<latexit sha1_base64="3RUY3kx8/pMv6gPRp3De/s7Fd/c="></latexit>2

664

a2 ab ac ac
ab b2 bc bc
ac bc 2c2 � ab ab
ac bc ab 2c2 � ab

3

775

ij=11

22
12
21

kl=11 22 12 21

<latexit sha1_base64="CoFxAoMtJNcmcL1YNIrNJoPxf/4=">AAAB8HicjVDLSgNBEOyNrxhfUY9eBoPgKWyCosegF48RzEOSNcxOepMhM7PLzKwQlnyFFw+KePVzvPk3Th4HFQULGoqqbrq7wkRwY33/w8stLa+sruXXCxubW9s7xd29polTzbDBYhHrdkgNCq6wYbkV2E40UhkKbIWjy6nfukdteKxu7DjBQNKB4hFn1Drplt1VuwMkNOwVS5WyPwP5m5RggXqv+N7txyyVqCwT1JhOxU9skFFtORM4KXRTgwllIzrAjqOKSjRBNjt4Qo6c0idRrF0pS2bq14mMSmPGMnSdktqh+elNxd+8Tmqj8yDjKkktKjZfFKWC2JhMvyd9rpFZMXaEMs3drYQNqabMuowK/wuhWS1XTsv+9UmpdrGIIw8HcAjHUIEzqMEV1KEBDCQ8wBM8e9p79F6813lrzlvM7MM3eG+f8rmP2Q==</latexit>

c2 � ab

ERs of        ->
<latexit sha1_base64="tum0e6twJ2lGrzw2SPNMpRrNlcc=">AAAB+XicjVDLSsNAFL2pr1pfUZduBovgqiSlRZdFNy5bsA9o0zKZTtqhk0mYmRRKyJ+4caGIW//EnX/jpO1CRcEDFw7n3Ms9HD/mTGnH+bAKG5tb2zvF3dLe/sHhkX180lFRIgltk4hHsudjRTkTtK2Z5rQXS4pDn9OuP7vN/e6cSsUica8XMfVCPBEsYARrI41sexBiPfWDtJUN0+qwlo3ssltxlkB/kzKs0RzZ74NxRJKQCk04VqrvOrH2Uiw1I5xmpUGiaIzJDE9o31CBQ6q8dJk8QxdGGaMgkmaERkv160WKQ6UWoW8285zqp5eLv3n9RAfXXspEnGgqyOpRkHCkI5TXgMZMUqL5whBMJDNZEZliiYk2ZZX+V0KnWnHrFadVKzdu1nUU4QzO4RJcuIIG3EET2kBgDg/wBM9Waj1aL9brarVgrW9O4Rust09q6JOD</latexit>

Q24

To check these are ERs, use the B matrix.

Can prove these are complete set of ERs.

0

BB@

a b e e
b c f f
e f d b
e f b d

1

CCA

<latexit sha1_base64="hY0HwD5PEZD2n/+4bnD5gezWmHE="></latexit>

ij=11

22
12
21

kl=11 22 12 21

<latexit sha1_base64="X54BG6djDufn1wI9yZ6a13nasr0=">AAACCHicjZDLSsNAFIZP6q3WW9SlC4NFcFWSUtGNUHTjsgV7gTYtk+mkHTqZhJmJUEKWbnwVNy4UcesjuPNtnKRdqCj4w8Dh+8/hnPm9iFGpbPvDKCwtr6yuFddLG5tb2zvm7l5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt70KvM7t0RIGvIbNYuIG6Axpz7FSGk0NA/7AVITz0+a6SCpDmppn9McYcQ0uxiaZadi57L+LsqwUGNovvdHIY4DwhVmSMqeY0fKTZBQFDOSlvqxJBHCUzQmPV1yFBDpJvlHUutYk5Hlh0I/rqycfp1IUCDlLPB0Z3aj/Oll8DevFyv/3E0oj2JFOJ4v8mNmqdDKUrFGVBCs2EwXCAuqb7XwBAmElc6u9L8Q2tWKc1qxm7Vy/XIRRxEO4AhOwIEzqMM1NKAFGO7gAZ7g2bg3Ho0X43XeWjAWM/vwTcbbJx6Qmgg=</latexit>

Q24 3 Q =

Without Z2 constraint:
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Linear bounds for each (a, b, c) real, c2 >= ab:
<latexit sha1_base64="2k501oARe0f0BStCKvLTjgEaVIA="></latexit> ⇥
a c b

⇤
·D ·

⇥
a c b

⇤T � 0 8c2 � ab

where D =

2

4
2C1111 C1112 C1122

C1112 2C1212 C1222

C1122 C1222 2C2222

3

5 .

To remove a,b,c dependence:
<latexit sha1_base64="E0vAojvo4mcCgjNuStDUrXzTA3I="></latexit>

f(r, s, w) ⌘
⇥
w2 rw+sw

2 rs
⇤
·D ·

⇥
w2 rw+sw

2 rs
⇤T

� 0 8r, s, w 2 R,

i.e. a quartic form in (r,s,w) is PSD


Can be determined by completing squares (for at most 3 
variables, Hilbert 1888)
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<latexit sha1_base64="v83FH6RU9bBM9JA2ifRWAx9GSTE="></latexit>

C1111 � 0 and 4C1111C1212 � C2
1112 � 0

and

n

C1112C1122C1222 � C1111C
2
1222 � C2

1112C2222 + C1212

�

�C2
1122 + 4C1111C2222

�

� 0

or

h

� ⌘ 3 (4C1111C2222 � C1112C1222) + (C1122 + C1212)
2 � 0

and

3C2
1112

4C1111
� 2 (C1122 + C1212) 

p
�  C1212 � 2C1122

and 2�

3/2 � 27

�

C1111C
2
1222 + C2

1112C2222

�

� 9 (C1122 + C1212) (8C1111C2222 + C1112C1222)

+ 2 (C1122 + C1212)
3
io

Positivity bounds for general 2-scalar EFTs:

What if n>2? Either


1. Randomly search for ERs. (MC sampling of ERs); or


2. For a given amplitude M, numerically minimize Q.M on the spectrahedron.


This is a semidefinite programming (SDP).



Recall each point x is contained in a unique facet, F(x), determined by 
Null(B)
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The “MC” approach



Start with a random point x

Recall each point x is contained in a unique facet, F(x), determined by 
Null(B)
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The “MC” approach



Start with a random point x

Find the (k-)face F(x)

Recall each point x is contained in a unique facet, F(x), determined by 
Null(B)

 25

The “MC” approach



Start with a random point x

Find the (k-)face F(x)

Take a random straight-line in F(x) that 
crosses x. Find its intersection with the 
boundary of the cone (this is a SDP).

Recall each point x is contained in a unique facet, F(x), determined by 
Null(B)
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The “MC” approach
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The “MC” approach



Start with a random point x

Find the (k-)face F(x)

Take a random straight-line in F(x) that 
crosses x. Find its intersection with the 
boundary of the cone (this is a SDP).

Take x to be the intersection point and 
iterate, until F(x) is dimension 1

An ER is found.

Recall each point x is contained in a unique facet, F(x), determined by 
Null(B)
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The “MC” approach



Works for large 
problems!


4-Gluon OPs ->
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<latexit sha1_base64="qYCHsK0+bjoltvy3m3U/QekBCY8="></latexit>

[0, 0, 0, 1, 0, 0, 0]

[0, 0, 1, 1, 1, 0, 0]

[2, 0, 1, 0, 0, 0, 0]

[0, 2, 0, 1, 0, 0, 0]

[0, 0, 3, 0, 2, 0, 0]

[0, 0, 0, 3, 0, 2, 0]

[1, 1, 2, 2, 0, 0, 0]

[6, 0, 3, 0, 2, 0, 0]

[4, 2, 2, 1, 2, 0, 0]

[0, 0, 4, 0, 0, 0,�9]

[6, 0, 6, 0, 5, 0, 0]

[0, 0, 3, 6, 5, 4, 0]

[0, 0, 6, 3, 7, 2, 0]

[8, 6, 1, 6, 0, 2, 0]

[0, 6, 3, 12, 5, 0, 0]

[8, 6, 1, 12, 0, 0, 0]

[0, 6, 6, 9, 10, 4, 0]

[0, 12, 0, 14, 0, 0,�9]

[0, 0, 8, 8, 0, 8,�27]

[12, 0, 14, 0, 0, 0,�27]

[6, 8, 12, 1, 0, 0,�27]

[8, 16, 4, 8, 0, 8,�27]

[0, 24, 0, 12, 0, 8,�27]

[8, 22, 1, 14, 0, 10,�27]

[24, 0, 12, 21, 15, 14, 0]

[24, 32, 24, 4, 8, 0,�27]

[48, 36, 21, 27, 25, 0, 0]

[32, 40, 4, 80, 0, 0,�27]

[0, 48, 0, 48, 0, 40,�81]

[24, 0, 36, 24, 16, 40,�81]

[0, 0, 48, 24, 32, 40,�81]

[0, 0, 24, 48, 16, 56,�81]

[88, 32, 56, 4, 40, 0,�27]

[96, 42, 27, 84, 25, 0, 0]

[96, 66, 42, 39, 50, 4, 0]

[120, 42, 39, 42, 40, 14, 0]

[0, 0, 96, 24, 64, 40,�81]

[40, 32, 80, 4, 0, 0,�189]

[0, 0, 24, 120, 40, 104,�81]

[0, 0, 120, 24, 104, 40,�81]

[96, 0, 144, 24, 64, 40,�81]

[48, 0, 96, 24, 0, 40,�243]

[0, 192, 168, 96, 112, 120,�405]

[168, 480, 168, 156, 56, 160,�729]

[264, 384, 156, 168, 16, 200,�729]

[288, 384, 216, 168, 0, 200,�891]

[480, 384, 480, 168, 160, 200,�729]

[336, 768, 672, 216, 0, 200,�2187]

<latexit sha1_base64="OPuCWiEexuZ9CAOJXfvgu0nuqoM=">AAACAHicjVBNS8NAEN3Ur1q/oh48eFksgqeSiKLHYi8eK9gPaELZbCbt0s0m7G6KJfTiX/HiQRGv/gxv/hu3aQ8qCj4YeLw3w8y8IOVMacf5sEpLyyura+X1ysbm1vaOvbvXVkkmKbRowhPZDYgCzgS0NNMcuqkEEgccOsGoMfM7Y5CKJeJWT1LwYzIQLGKUaCP17QNvDBTfeTRMNC54wxuAU+nbVbfmFMB/kypaoNm3370woVkMQlNOlOq5Tqr9nEjNKIdpxcsUpISOyAB6hgoSg/Lz4oEpPjZKiKNEmhIaF+rXiZzESk3iwHTGRA/VT28m/ub1Mh1d+jkTaaZB0PmiKONYJ3iWBg6ZBKr5xBBCJTO3YjokklBtMvtnCO3Tmntec27OqvWrRRxldIiO0Aly0QWqo2vURC1E0RQ9oCf0bN1bj9aL9TpvLVmLmX30DdbbJ+oslU8=</latexit>

~x · ~C � 0 x given by

7D polyhedral cone with 48 facets!

Plus a (D6)2 term from double insertion



The semi-definite programming (SDP) approach:
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<latexit sha1_base64="4axwSj2TIjpOsp6r02vm8i96grU="></latexit>

min Q ·M
subject to Q 2 spectrahedron

If a solution exists, then M is allowed by positivity.


Solvable within polynomial complexity.


In contrast to elastic positivity, which is NP-hard.

Given amplitude       , how to check if it’s allowed by positivity?

The SDP approach

<latexit sha1_base64="mcPi1azalbsJFEFIiP6Zk+nO/Eo="></latexit>

Qn4

⌘ Cn4⇤
\ �!

S n4

Cn4

=
n

M 2 �!
S n4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="MoOlCyxUpuXkiwrX4tKH+kPyi0c=">AAAB+3icjVBNS8NAFHypX7V+xXr0slgETyURRY9FL16ECqYttLFstpt27WYTdjdiCfkrXjwo4tU/4s1/46btQUXBgQfDzHu8YYKEM6Ud58MqLSwuLa+UVytr6xubW/Z2taXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GJ8XfvuOSsVica0nCfUjPBQsZARrI/Xtai/CekQwzy7zm4zdjnnet2tu3ZkC/U1qMEezb7/3BjFJIyo04Viprusk2s+w1Ixwmld6qaIJJmM8pF1DBY6o8rNp9hztG2WAwliaERpN1a8XGY6UmkSB2SySqp9eIf7mdVMdnvoZE0mqqSCzR2HKkY5RUQQaMEmJ5hNDMJHMZEVkhCUm2tRV+V8JrcO6e1x3ro5qjbN5HWXYhT04ABdOoAEX0AQPCNzDAzzBs5Vbj9aL9TpbLVnzmx34BuvtE7e7lOE=</latexit>

Mijkl
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SMEFT VVVV (aQGC) operators (W+B, n=12 modes): reproduced bounds by 
[2009,04490, K. Yamashita, CZ and S.-Y. Zhou] which were obtained by 
taking O(1000) discrete ERs in the amplitude space.

SM flavor sector (n=3 fields) [2004.02885, Remmen & Rodd]


Flavor violating NP sets lower bounds on flavor conserving ones.

<latexit sha1_base64="H/hYPDQ6bUWTJxeCadMGuqMrcoQ=">AAAB8HicjVDJSgNBEK1xjXGLevTSGARPYeKCHoNePEYwi2SG0NOpSZp09wzdPUIY8hVePCji1c/x5t/YWQ4qCj4oeLxXRVW9KBXcWN//8BYWl5ZXVgtrxfWNza3t0s5u0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLh1cRv3aM2PFG3dpRiKGlf8Zgzap10F8gssAk5wW6pXK34U5C/SRnmqHdL70EvYZlEZZmgxnSqfmrDnGrLmcBxMcgMppQNaR87jioq0YT59OAxOXRKj8SJdqUsmapfJ3IqjRnJyHVKagfmpzcRf/M6mY0vwpyrNLOo2GxRnAnifpx8T3pcI7Ni5AhlmrtbCRtQTZl1GRX/F0LzuFI9q/g3p+Xa5TyOAuzDARxBFc6hBtdQhwYwkPAAT/Dsae/Re/FeZ60L3nxmD77Be/sESAuQEA==</latexit>

µ ! 3e

<latexit sha1_base64="IfAfl9TXmodrF1sogY4sp5Q7MeI=">AAAB+XicjVDLSgNBEOyNrxhfqx69DAZBEMNGFD0GvXiMYB6QbMLspDcZMju7zMwGwpI/8eJBEa/+iTf/xsnjoKJgQUNR1U13V5AIro3nfTi5peWV1bX8emFjc2t7x93dq+s4VQxrLBaxagZUo+ASa4Ybgc1EIY0CgY1geDP1GyNUmsfy3owT9CPalzzkjBordV0XOyfYOW2bmMxZ1y2WS94M5G9ShAWqXfe93YtZGqE0TFCtW2UvMX5GleFM4KTQTjUmlA1pH1uWShqh9rPZ5RNyZJUeCWNlSxoyU79OZDTSehwFtjOiZqB/elPxN6+VmvDKz7hMUoOSzReFqSD2z2kMpMcVMiPGllCmuL2VsAFVlBkbVuF/IdTPSuWLknd3XqxcL+LIwwEcwjGU4RIqcAtVqAGDETzAEzw7mfPovDiv89acs5jZh29w3j4BvRmSbQ==</latexit>

e+
e�

!
e+

e�
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Elastic

Exact

● Center

Example: improvements in SMEFT
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dRGT massive gravity (n=5): improves slightly the minimum value of d5.


Z2 bi-field spin-2 EFT (n=10): improving the elastic (superposed) positivity.

Example: improvements in spin-2 EFT



Summary
Positive structures arise at the dim-8 level in EFT coefficient space, 
as a consequence of axiomatic QFT principles.


Realistic problems often involve multi-field EFTs, in which a convex 
geometric perspective helps to understand these structures.


We convert the problem of finding bounds to a geometric problem: 
finding the ERs of a spectrahedron.


For small n, can be solved analytically.


For large n, can be solved as a semi-definite programming 
problem.


Improved some previous results.
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Backups
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OT,0 = Tr[Ŵµ⌫Ŵ
µ⌫ ]Tr[Ŵ↵�Ŵ

↵� ] OT,1 = Tr[Ŵ↵⌫Ŵ
µ� ]Tr[Ŵµ�Ŵ

↵⌫ ]
OT,2 = Tr[Ŵ↵µŴ

µ� ]Tr[Ŵ�⌫Ŵ
⌫↵] OT,10 = Tr[Ŵµ⌫W̃

µ⌫ ]Tr[Ŵ↵�W̃
↵� ]

OT,5 = Tr[Ŵµ⌫Ŵ
µ⌫ ]B̂↵�B̂

↵� OT,6 = Tr[Ŵ↵⌫Ŵ
µ� ]B̂µ�B̂

↵⌫

OT,7 = Tr[Ŵ↵µŴ
µ� ]B̂�⌫B̂

⌫↵ OT,11 = Tr[Ŵµ⌫W̃
µ⌫ ]B̂↵�B̃

↵�

OT,8 = B̂µ⌫B̂
µ⌫B̂↵�B̂

↵� OT,9 = B̂↵µB̂
µ�B̂�⌫B̂

⌫↵
<latexit sha1_base64="wJD8wLbgTd1hACqjMtO9jLbO4u8="></latexit>

FT,2 � 0

4FT,1 + FT,2 � 0

FT,2 + 8FT,10 � 0

8FT,0 + 4FT,1 + 3FT,2 � 0

12FT,0 + 4FT,1 + 5FT,2 + 4FT,10 � 0

4FT,0 + 4FT,1 + 3FT,2 + 12FT,10 � 0

4FT,6 + FT,7 � 0

FT,7 � 0

2FT,8 + FT,9 � 0

FT,9 � 0
<latexit sha1_base64="duSwqYLlFxq+0ahqA07QI3KU7jU="></latexit>

FT,9 (FT,2 + 4FT,10) � F 2
T,11

16 (2 (FT,0 + FT,1) + FT,2) (2FT,8 + FT,9) � (4FT,5 + FT,7)
2

32 (2FT,8 + FT,9) (3FT,0 + FT,1 + 2FT,2 + 4FT,10) � 3 (4FT,5 + FT,7)
2

2

p
2

q
FT,9 (FT,2 + 8FT,10) � max (4FT,6 + FT,7 � 4FT,11, FT,7 + 4FT,11)

4

q
(8FT,0 + 4FT,1 + 3FT,2) (2FT,8 + FT,9)

� max (�8FT,5 � FT,7, 8FT,5 + 4FT,6 + 3FT,7)

4

q
FT,9 (12FT,0 + 4FT,1 + 5FT,2 + 4FT,10)

� max (4FT,6 + FT,7 � 4FT,11, FT,7 + 4FT,11)

4

p
6

q
(2FT,8 + FT,9) (12FT,0 + 4FT,1 + 5FT,2 + 4FT,10)

� max [�3 (8FT,5 + FT,7) , 3 (8FT,5 + 4FT,6 + 3FT,7)]

p
6

q
(4FT,8 + 3FT,9) (6FT,0 + 2FT,1 + 3FT,2 + 6FT,10)

� max [�3 (2FT,5 + FT,11) , 3 (2FT,5 + FT,7 + FT,11)]

2

q
(12FT,8 + 7FT,9) (12FT,0 + 4FT,1 + 5FT,2 + 4FT,10)

� max (�12FT,5 � FT,7 � 2FT,11,�12FT,5 + 4FT,6 � FT,7 � 2FT,11,

�12FT,5 � FT,7 + 2FT,11, 12FT,5 + 4FT,6 + 5FT,7 + 2FT,11)
<latexit sha1_base64="diRjceie/F7ffHV3vhsWpHfqqgw="></latexit>

Linear: Quadratic:

0.68%

Anomalous quartic-gauge boson couplings [K. Yamashita, CZ, S.-Y. Zhou 2009.04490]

Infinite number of ERs!
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To formulate this approach, symmetries of the system help  
(will also discuss cases without symmetries)


Make use of symmetries of the problem (SM symmetries, helicities)


Dispersion relation:  
 

Becomes:  
 

        is the projective operator of an irrep r, obtained by CG coefficients.  
 

The generators are simply (subset of) P i(j|k|l)
r

<latexit sha1_base64="5/3mL/cp5yGr31FOEH5qToUXRXY=">AAAB+XicjVDLSsNAFL2pr7a+oi7dDBahbkpiBV0W3bisYB/QxjCZTtqxk0mYmRRK2j9x40IRt/6JO//G6WOhouCBC4dz7uUeTpBwprTjfFi5ldW19Y18obi5tb2za+/tN1WcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVDK9mfmtEpWKxuNXjhHoR7gsWMoK1kXzbLtR9eZex8v1kOOEn06Jvl9yKMwf6m5Rgibpvv3d7MUkjKjThWKmO6yTay7DUjHA6LXZTRRNMhrhPO4YKHFHlZfPkU3RslB4KY2lGaDRXv15kOFJqHAVmM8J6oH56M/E3r5Pq8MLLmEhSTQVZPApTjnSMZjWgHpOUaD42BBPJTFZEBlhiok1Z/yyheVpxqxXn5qxUu1zWkYdDOIIyuHAONbiGOjSAwAge4Amercx6tF6s18VqzlreHMA3WG+fUkaSzQ==</latexit>

P ijkl
r

<latexit sha1_base64="uPKa/x0kq89w5r24W6jb8RdDlGY=">AAAB8XicjVDLSgNBEOyNrxhfUY9eBoPgKeyqoMegF48RzAOTNcxOepMxs7PLzKwQlv0LLx4U8erfePNvnDwOKgoWNBRV3XR3BYng2rjuh1NYWFxaXimultbWNza3yts7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMLiZ+6x6V5rG8NuME/YgOJA85o8ZKN/Weus343UjkvXLFq7pTkL9JBeao98rv3X7M0gilYYJq3fHcxPgZVYYzgXmpm2pMKBvRAXYslTRC7WfTi3NyYJU+CWNlSxoyVb9OZDTSehwFtjOiZqh/ehPxN6+TmvDMz7hMUoOSzRaFqSAmJpP3SZ8rZEaMLaFMcXsrYUOqKDM2pNL/QmgeVb3jqnt1Uqmdz+Mowh7swyF4cAo1uIQ6NICBhAd4gmdHO4/Oi/M6ay0485ld+Abn7RPVxpEE</latexit>

Dynamics

Symmetry
M ijkl =

X

X2r

0
Z 1

(✏⇤)2
dµ

| < X|M |r > |2

⇡
�
µ� 1

2M
2
�3 P i(j|k|l)

r

<latexit sha1_base64="nf2O9NemfkZLxyfouRsNjbS/TWY="></latexit>

i(j|k|l): j,l symmetrized

<latexit sha1_base64="1ygvjV8y91QsRiXJfyzD1K0ZQzQ="></latexit>

P ijkl
r =

X

↵

Cr,↵
i,j

⇣
Cr,↵

k,l

⌘⇤

M ijkl =
X

X

0
Z 1

(✏⇤)2

dµmX
ijmX

kl

⇡(µ� 1
2M

2)3
+ (j $ l)

<latexit sha1_base64="hGZwMNPnMKTsh+3ceoA/Ss6E5PE="></latexit>



At least for simple cases, the ext(G) can be found by 
inspection.


E.g. simplest case:  
n=2, with some Z2 symmetry, e=f=0,  T ->

0

BB@

a b 0 0
b c 0 0
0 0 d b
0 0 b d

1

CCA

<latexit sha1_base64="8p9l3AcGdQgykLY5KBAmmwb+EWg="></latexit>

A 3D cross section  
of the 4D cone (a,b,c,d)

M ijkl =

0

BB@

C1 C2 0 0
C2 C3 0 0
0 0 C4 C2

0 0 C2 C4

1

CCA

<latexit sha1_base64="lCVjbtAKTxDlQ6BJgRT3C7XB/CM="></latexit>

To get bounds, write the amplitude as

C1, C3, C4 � 0 and
p

C1C3 � ±2C2 � C4
<latexit sha1_base64="UWfYL794nthORFFsNob3+74wRUo=">AAACInicjVDLSgMxFM3UV62vUZdugkVwoWWmLai7YjcuK9gHdIYhk0nb0CQzJhmxDP0WN/6KGxeKuhL8GNPHQkXBAxcO55zLTU6YMKq047xbuYXFpeWV/GphbX1jc8ve3mmpOJWYNHHMYtkJkSKMCtLUVDPSSSRBPGSkHQ7rE799Q6SisbjSo4T4HPUF7VGMtJEC+6weuEf1oGKm6vWJ40GPh/FthkQ0NlxdS52ZiEmMje0lHJbrQfnYpAO76JacKeDfpAjmaAT2qxfFOOVEaMyQUl3XSbSfIakpZmRc8FJFEoSHqE+6hgrEifKz6RfH8MAoEezF0ozQcKp+3cgQV2rEQ5PkSA/UT28i/uZ1U9079TMqklQTgWeHeimDOoaTvmBEJcGajQxBWFLzVogHSCKsTauF/5XQKpfcSsm5rBZr5/M68mAP7IND4IITUAMXoAGaAIM78ACewLN1bz1aL9bbLJqz5ju74Busj08x5aGd</latexit>

There are two kinds of ERs


ER1: a=b=c=0, d=1


ER2: ac=b2, d=|b|, a,c>0
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<latexit sha1_base64="lCVjbtAKTxDlQ6BJgRT3C7XB/CM="></latexit>

To get bounds, write the amplitude as

C1, C3, C4 � 0 and
p

C1C3 � ±2C2 � C4
<latexit sha1_base64="UWfYL794nthORFFsNob3+74wRUo=">AAACInicjVDLSgMxFM3UV62vUZdugkVwoWWmLai7YjcuK9gHdIYhk0nb0CQzJhmxDP0WN/6KGxeKuhL8GNPHQkXBAxcO55zLTU6YMKq047xbuYXFpeWV/GphbX1jc8ve3mmpOJWYNHHMYtkJkSKMCtLUVDPSSSRBPGSkHQ7rE799Q6SisbjSo4T4HPUF7VGMtJEC+6weuEf1oGKm6vWJ40GPh/FthkQ0NlxdS52ZiEmMje0lHJbrQfnYpAO76JacKeDfpAjmaAT2qxfFOOVEaMyQUl3XSbSfIakpZmRc8FJFEoSHqE+6hgrEifKz6RfH8MAoEezF0ozQcKp+3cgQV2rEQ5PkSA/UT28i/uZ1U9079TMqklQTgWeHeimDOoaTvmBEJcGajQxBWFLzVogHSCKsTauF/5XQKpfcSsm5rBZr5/M68mAP7IND4IITUAMXoAGaAIM78ACewLN1bz1aL9bbLJqz5ju74Busj08x5aGd</latexit>

There are two kinds of ERs


ER1: a=b=c=0, d=1


ER2: ac=b2, d=|b|, a,c>0
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Pheno applications…


May change the interpretation of measurements.

fM,6 Redundant

https://twiki.cern.ch/twiki/bin/view/CMSPublic/
PhysicsResultsSMPaTGC#aQGC_Results

Excluded



Test QFT principles: Non-local UV completions violating polynomial 
boundedness, violation of Lorentz invariance, or even SMEFT expansion not 
valid…


A similar study for future ee colliders: measure the “scale of violation”

<latexit sha1_base64="naNe5XlXC3YmoMjTzzyZq2TjNDE="></latexit>
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[2009.02212 B. Fuks, Y. Liu, CZ, S.-Y. Zhou]



Infer UV model from EFT measurements
Inverse problem: Given the measured values of the operator coefficients around the 
electroweak scale, to what extend can we possibly determine the nature of the new physics 
beyond the SM? [Gu, Wang, 2008.07551]  
see also [S. Dawson et al. 2007.01296] [N. Arkani-Hamed et al. hep-ph/0512190]

The EFT space
(Dim-8)

Positivity bounds

Many BSM models

More UV DoFs

Less UV DoFs

Less UV DoFs

SM + 
particle 1

SM + 
particle 2

SM + 
particle 4SM + 

particle 3

SM + 2 
particles  
(3&4)

No UV

No UV No UV

[CZ and S.-Y. Zhou 2005.03047]
[2009.02212 B. Fuks, Y. Liu, CZ, S.-Y. Zhou]



Testing and confirming the SM: Null result of measurements at dim-6 does 
not exclude all BSM, but does at dim-8 by using positivity bounds

Dim-6: no positivity, different states may 
cancel each other’s effects.


E.g., scalar and vector generate 4-
fermion operators with opposite signs.


No UV particle can be absolutely 
excluded.

SM

Zero D6

Zero D8

Dim-8: with positivity, different states are 
not allowed to cancel.


All states can be exclude to some 
absolute scale. (by using posi. bound)


Unlike dim-6 cannot lift this limit by 
adding more and more BSM states.


A robust confirmation of the SM.

[Gu, Wang, 2008.07551]  

[2009.02212 B. Fuks, Y. Liu, CZ, S.-Y. Zhou]



Need for complete bounds:


For most of these applications, its very useful to identify the EXACT 
positivity bounds.


To test violation of QFT principles, conservative bounds will 
degrade the sensitivity to the amount of violation.


To infer UV models/states, need to locate exactly the “vertices”, 
or “edges”, or more strictly the Extremal Rays in the positivity 
cone.


To exclude all BSM models, at least need positivity bounds in all 
directions. (So that the positivity cone cannot contain a straight 
line).


