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• study to incorporate accelerator hadron measurements 
into atmospheric neutrino simulation (Honda flux)



atmospheric neutrino (atm. ν)
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p, He

π, K
μ e

νe

νμ

from SK web page

primary cosmic-ray particles (p,He) hit to 
air atoms  
→ develop hadronic shower  
→ cascade : π -> νμ, μ-> νμ,νe

from SK web page

• Eν : O(10) MeV — O(10) TeV 
• flight length L : 10 — O(104) km

atm. ν’s

→ wide L/E

from HK design report
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198 III.1 NEUTRINO OSCILLATION
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FIG. 127. Oscillated ⌫e flux relative to the non-oscillated flux as a function of neutrino energy for the

upward-going neutrinos with zenith angle cos ⇥⌫ = �0.8. ⌫̄e is not included in the plots. Thin solid

lines, dashed lines, and dotted lines correspond to the solar term, the interference term, and the ✓13

resonance term, respectively (see Eq. 19). Thick solid lines are total fluxes. Parameters are set as

(sin2 ✓21, sin
2 ✓13, sin

2 ✓23, �, �m2
21, �m2

32) unless otherwise noted. The ✓23 octant e↵ect can be seen by

comparing (a) (sin2 ✓23 = 0.4) and (b) (sin2 ✓23 = 0.6). � value is changed to 220� in (c) to be compared

with 40� in (b). The mass hierarchy is inverted only in (d) so ✓13 resonance (MSW) e↵ect disappears in this

plot. For the inverted hierarchy the MSW e↵ect should appear in the ⌫̄e flux, which is not shown in the

plot.

parametric resonance driven by ✓̃13, whose amplitude increases with sin2✓23 ( c.f. panels a. and b.).

Further, this resonance becomes suppressed in the neutrino channel when the hierarchy is switched

from normal to inverted (compare panels a. and d.). Though some change in the resonance can be

seen via the interference term as �CP is varied, the dominant e↵ect appears below 1 GeV (panels

a. and c.). For these reasons the atmospheric neutrino oscillation analysis has been designed to

maximize each of these potential e↵ects.

Hyper-Kamiokande’s reconstruction performance is expected to meet or exceed that of its pre-

decessor, Super-Kamiokande. Nominally the size and configuration of the two detectors are similar

enough that event selections and systematic errors are not expected to di↵er largely. Accordingly,

relative to the systematic error budget present in existing Super-K analyses, no systematic error
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Further, this resonance becomes suppressed in the neutrino channel when the hierarchy is switched

from normal to inverted (compare panels a. and d.). Though some change in the resonance can be

seen via the interference term as �CP is varied, the dominant e↵ect appears below 1 GeV (panels

a. and c.). For these reasons the atmospheric neutrino oscillation analysis has been designed to

maximize each of these potential e↵ects.

Hyper-Kamiokande’s reconstruction performance is expected to meet or exceed that of its pre-

decessor, Super-Kamiokande. Nominally the size and configuration of the two detectors are similar

enough that event selections and systematic errors are not expected to di↵er largely. Accordingly,

relative to the systematic error budget present in existing Super-K analyses, no systematic error

• atm. ν flux possibly 
depends on δCP  in E<1 GeV 
region

• for oscillation study,  
we have to know  
“non-oscillated” flux 
→ simulation!



Honda flux code (ATMNC)
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ATMNC: ATMospheric Muon Neutrino Calculation code
developed by M. Honda (U of Tokyo, ICRR)

[PRD 83, 123001(2011) and references in it]

• 3D simulation 
• air density model NRLMSISE-00
• geomagnetic model IGRF
• precise primary particle flux based on AMS02 data 

• has been used in SK atm. ν analysis
→ for analysis in HK, we want to improve its accuracy

→ provides νμ, νμ, νe, νe flux  at a given detector position
• full MC simulation for air shower



uncertainty of atm. ν flux
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uncertainty of the interaction cross section works with opposing effects for atmospheric

muons and neutrinos, the error of the interaction cross section introduces an error in the

calibration of interaction model with the atmospheric muon flux data. On the other hand,

as we use the observed atmospheric density profile, the calibration is not affected by the

error of the atmospheric model. We use ∆φν only in Fig. 9 of Paper I as the δair. All

these uncertainties, δπ(δµ), δφK , δφσ, δφair, and δtot, are summarized in Fig. 11. Note, the

estimations are conservative, and the maximum uncertainty is shown for all kind of neutrinos

and zenith angles.
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FIG. 11: The uncertainty of each error source for atmospheric neutrino flux and their sum with

Eq. 8. Note, Eq. 9 loses its validity in the shaded region. The total error for ! 1 GeV is estimated

differently from Eq. 8, as stated in the text. Note the statistical and systematic error are not shown

in the figure.

We note, Eq. 9 is valid only for " 1 GeV. We have to estimate δπ without using the

atmospheric muon flux data at ground level. In Fig. 12, we show the study of the muon flux

at balloon altitudes at Fort Sumner [27]. The modified DPMJET-III reproduces the muon

flux within ± 10% at ∼ 1 GeV/c, and pµ/pν ratio for the same momentum of parent π’s

remains ∼3 even at the lower momenta, due to the small energy loss of muons at balloon

altitudes. However, the distance of the production and observation places are longer than the

muons observed at ground level. The muon decay in this distance make Eq. 9 less accurate

for ! 1 GeV. We conservatively estimate 20% errors for pion productions responsible to the

atmospheric neutrino at ∼0.3 GeV.

Note, the uncertainty studied above is for all the kind of neutrinos, and for all zenith

angles. Limiting the kind of neutrino and the zenith angle, we may get a smaller estimation

17

uncertainty of ATMNC flux
(except primary flux err ~5%)

[M. Honda et. al, PRD75, 043006(2007)]

hadron production
hadronic cross-section

}

• Hadronic Model 
• JAM        (E<31GeV) 
• dpmJet3 (otherwise )

• hadronic interactions in air shower
→ dominant!

p π ν
μhad. int.

• low Eν  (<1GeV): E deposit of μ • high Eν (>10 GeV): K contribution
limitation of tuning 

• tuned by using atm. μ data by Honda-san
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activity of Nagoya ISEE CR group

6

studying to incorporate   
hadron production data measured 
in beam experiments into ATMNC

HARP, BNL E910, NA61/SHINE, EMPHATIC …

• several beam measurements are conducted/planned  
(mainly for long-baseline ν experiment)

→ reflect these measurement results into ATMNC 

Maybe the measurement data is insufficient but…
• can reduce uncertainty by combining the muon study 
• can reveal which phase space is important for atm. ν 

production, and feed back to the beam experiment
• common treatment of sys. error between T2K-SK 

K. Sato (me) H. Menjo Y. Itow
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• correct difference of 

→ 
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for each hadron interaction in ATMNC simulation 

apply the weight

p
h (p,n,π,K) h π,K

μ

ν

X

X

X
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: hadron interaction with atmospheric atoms
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method to incorporate beam data into ATMNC

between data and ATMNC
What we want to do: 
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加速器実験の測定結果の反映

 4

HARP, BNL, NA61/SHINE, EMPHATIC …

• 加速器実験でハドロン相互作用の精密測定が実行/計画されている 
(主に長基線ニュートリノ振動実験を見据えて)

☞これら結果をATMNCに直接反映できないか？

NA61/SHINE ATMNC

ex) NA61/SHINEとの比較 
•  p + C → π+ + X  • pbeam = 31GeV  

出射π＋の(p,θ)分布
NA61 ÷ ATMNC

この違いを補正したい！

加速器実験の測定結果の反映

 4

HARP, BNL, NA61/SHINE, EMPHATIC …

• 加速器実験でハドロン相互作用の精密測定が実行/計画されている 
(主に長基線ニュートリノ振動実験を見据えて)

☞これら結果をATMNCに直接反映できないか？

NA61/SHINE ATMNC

ex) NA61/SHINEとの比較 
•  p + C → π+ + X  • pbeam = 31GeV  

出射π＋の(p,θ)分布
NA61 ÷ ATMNC

この違いを補正したい！
e.g.) p (31GeV) + Air → π＋+ X

primary

: hadron interaction with atmospheric atoms
detector
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differential cross-seciton of outgoing π+

method to incorporate beam data into ATMNC
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p,n + Air → X…
α + Air → X…
others + Air → X…

breakdown of hadron production

p,n + Air → 
→ π+,-  + X
→ K+,-,0 + X
→ p + X
→ n + X
→ p,n + X- -

incident particle outgoing particle from p+Air
fraction to # of all hadron productions involved in atm. ν production

80% are “p + Air →  X”
• “p + Air →  π± + X” is dominant 
• in < 1 GeV, p,n contribute. 
• in > 5 GeV, K contributes

neutrino momentum pν [GeV/c] neutrino momentum pν [GeV/c]

To explore sub-GeV ν, we need beam data of  
p + A → π± + X  and p + A → p + X

Beam particle, outgoing particle
What kind of hadron interaction is involved in ν production?
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momentum of protons involved in ν production 
• for sub-GeV ν,  peaked at 10 GeV/c 
→ We need low energy beam data!

p,n + Air → 
→ π± + X
→ K + X
→ p,n + X

p,n + Air → 
→ π± + X
→ K + X
→ p,n + X

beam momentum
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pbeam 
[GeV/c] 3 5 6.4 8 12 12.3 17.5 31

p+Be HARP 
π±

HARP 
π±

E910 
π±

HARP 
π±

HARP 
π±

E910 
π±

E910 
π±

p+C HARP 
π±

HARP 
π±

HARP 
π±

HARP 
π±

NA61 
π±,K±,p

p+Al HARP 
π±

HARP 
π±

HARP 
π±

HARP 
π±

HARP : 3,5,8,12 GeV, p+ (Be,C,Al,Cu) → π+- + X
(Forward) Phys.Rev.C80, 035208 (2009)
(Large Angle) Eur. Phys. J. C 53, 177–204 (2008)  
(Large Angle) Eur. Phys. J. C 54, 37–60 (2008) 

BNL E910 : 6.4, 12.3, 17.5 GeV, p+ (Be,Cu,Au) → π+- + X
(Forward) Phys. Rev. C 77, 015209 (2008)
(Large Angle)  Phys. Rev. C 65, 024904 (2002) 

NA61/SHINE : 31 GeV, p + C → π, K, p + X
 Eur. Phys. J. C 76, 84  (2016)
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HARP 3GeV
p + C → π + X HARP 5GeV

large 
angle

forwardforward

large 
angle

M.G. Catanesi et al.: π+ production cross-section in the collision of 8.9 GeV/c protons on beryllium 3

TPC and RPCs in
solenoidal magnet

z
y

x

Drift Chambers
TOFW

ECAL

CHE
Dipole magnet

FTP and RPCs
T9 beam

NDC1

NDC2

NDC5

NDC3

NDC4

Fig. 1. Schematic layout of the HARP spectrometer. The convention for the coordinate system is shown in the lower-right corner. The three
most downstream (unlabeled) drift chamber modules are only partly equipped with electronics and not used for tracking.

publication. In Section 3 we describe the calculation of the
cross-section and define its components. The following three
sections expand on aspects of the analysis where significant
changes have been made since the previous publication. Sec-
tion 4 describes event and track selection and reconstruction ef-
ficiencies. Section 5 discusses the determination of the momen-
tum resolution and scale in the forward spectrometer. Section
6 summarizes the particle identification techniques. Physics re-
sults are presented in Section 7. Section 8 discusses the rele-
vance of these results to neutrino experiments. Finally, a sum-
mary is presented in Section 9.

2 Summary of analysis changes since the
HARP p-Al publication

The analyses of the 12.9 GeV/c p-Al data and the 8.9 GeV/c
p-Be data are largely the same. To avoid repetition of informa-
tion, the reader is referred to that earlier publication for many
details not directly discussed in the present paper. The sec-
tions concerning the experimental apparatus, the description
of the tracking algorithm for the forward spectrometer and the
method of calculating the track reconstruction efficiency are
all directly valid here. The method of particle identification has
not changed; it is only the PID detector hit selections and there-
fore their response functions which have been significantly im-
proved. The most important improvements introduced in this
analysis compared with the one presented in [10] are:

– An improvement in the χ2 minimization performed as part
of the tracking algorithm has eliminated the anomalous dip
in tracking efficiency above 4 GeV/c shown in [10]. The
tracking efficiency is now≥ 97% everywhere above 2 GeV/c.
(See Sec. 4.3).

– Studies of HARP data other than that described here have
enabled a validation of our Monte Carlo simulation of low-
energy hadronic interactions in carbon. Specifically, we have

compared low energy p+C and π+C cross-sections to dis-
tributions from the Binary cascade [13] and Bertini intra-
nuclear cascade [14] hadronic interaction models used to
simulate the secondary interactions of p, n and π±. The
material in the HARP forward spectrometer where tertiary
tracks might be produced is predominantly carbon. Conse-
quently, the systematic error on the subtraction of tertiary
tracks has been reduced from 100% in [10] to 50%. (See
Sec. 4.4).

– Analysis techniques were developed for comparing the mo-
mentum reconstructions in data and Monte Carlo allowing
data to be used to fine-tune the drift chamber simulation pa-
rameters. These efforts have reduced the momentum scale
uncertainty from 5% in [10] to 2% in the present analy-
sis and provided a better understanding of the momentum
smearing caused by the HARP spectrometer, including our
knowledge of the non-Gaussian contributions to the resolu-
tion function. (See Sec. 5).

– New selection cuts for PID hits in TOFW and in CHE have
resulted in much reduced backgrounds and negligible effi-
ciency losses. Consequently, the uncertainty on the cross-
section arising from particle identification was reduced by
a factor of seven to 0.5%making PID now a negligible con-
tribution to the systematic error in pion yield measurements
at forward angles. (See Sec. 6).

– Improved knowledge of the proton beam targeting efficiency
and of fully correlated contributions to track reconstruc-
tion and particle identification efficiencies have reduced the
overall normalization uncertainty on the pion cross-section
measurement from 4% to 2%.

– Significant increases in Monte Carlo production have re-
duced uncertainties fromMonte Carlo statistics and allowed
studies to reduce certain systematics to be made.

The statistical precision of the data, however, is noticeably
worse. The 8.9 GeV/c beryllium and empty-target data sets
are both smaller than the corresponding 12.9 GeV/c sets, with

HARP detector

for forward 
Acc : 0 ~ 0.25 rad

large-angle 
Acc: 0.35 ~ 2.5 rad

E910 12.3 GeV

large 
angle

forward

HARP coverage in p-θ plane: 
• forward:        p > 0.5 GeV/c, θ < 0.25 rad 

• binning is rough 
• large-angle:  p < 0.8 GeV/c, θ > 0.35 rad
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π’s phase space of p+A→π±+X in air shower
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*Both HARP and BNL data are π only → We need proton production data!



coverage
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p + Air → 
→ π + X
→ K + X
→ p + X

co
ve

ra
ge

 o
f p

ha
se

 s
pa

ce

neutrino momentum pν [GeV/c]

How much the phase space is covered by beam data

(# of all p+A→π+X)
(# of p+A→π+X covered by data)

coverage of p+A→π+X

=

for incident protons w/ high energy  

• 31 GeV/c < pproton < 1 TeV/c :  
use NA61 31-GeV data with assuming 
perfect XF scaling 

• pproton > 1 TeV :   
ignored ( coverage is calculated as 0)

• For p+A→π+X,  
90% coverage for >1GeV ν 
⇄ ~50% for 0.3 GeV ν

small coverage in low E!

for νμ production



parameterization?
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want to cover this region by parameterization!
• several candidates of parameterization

Sanford & Wang (1967),   Badhwar (1977),
Mokhov (1998),  Mariani (2011),  BMPT(2001)

ref:  
• S.R. Blattnig et al., PRD, 62, 094030 (2000) 
• M. Bonesini et al., Eur. Phys. J. C 20 (2001) 
• C. Mariani et al., PRD, 84, 114021 (2011)
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FIG. 26: The fractional error on the NA61/SHINE
measurements in each of the p� ✓ bins. The gap at ⇡+

momentum of 1.0-1.2 GeV/c is a region with no
NA61/SHINE data points.

Here pi and pj are the central value for the momentum in
each bin. The functional form with a range of 6 GeV/c
was chosen since it gives a reasonable model for the cor-
relations and propagates the errors conservatively.

The NA61/SHINE data are also used to re-weight pion
production from the interactions of nucleons in the horn
conductor aluminum after A-dependent scaling has been
applied. For the scaled data points, additional errors of
5% (correlated between p�✓ bins) and 5% (uncorrelated
between p�✓ bins) are applied to account for the scaling
uncertainty described in Section VA2.

The error associated with scaling the NA61/SHINE
pion multiplicity to lower incident nucleon momenta is
studied by carrying out an alternative method of re-
weighting tertiary events. Proton on Be data from the
BNL-E910 experiment at beam momenta of 12.3 GeV/c
and 17.5 GeV/c provide an alternative source for re-
weighting interactions at lower incident momenta. The
data are scaled from Be to C using the method out-
lined in Section IVC2. Since the BNL-E910 data are
more coarsely binned in p � ✓ than the NA61/SHINE,
data at each momentum are separately fit with the em-
pirical parametrization developed by Bonesini et al. [43]
(BMPT) for 400 and 450 GeV/c proton on Be di↵erential

production data. The BMPT parametrization uses the
radial scaling variable xR and the transverse momentum
of the produced particle pT . The xR variable, is defined
as:

xR =
Ecm

Ecm
max

, (20)

where Ecm is the energy of the produced particle in the
center of mass frame, and Ecm

max is the maximum energy
that the particle can have. Taylor et al. [48] found that
the invariant cross section when parametrized in xR and
pT does not depend on the total center of mass energyp
s (so called radial scaling) for

p
s & 10 GeV, while

Feynman scaling with xF (Eq. 5) only holds at higherp
s. The parametrization for the production of positively

charged pions and kaons in proton collisions on nuclei is:

E
d3�

dp3
=A(1� xR)

↵(1 +BxR)x
��
R ⇥

[1 +
a

x�
R

pT +
a2

2x�
R

p2T ]e
�a/x�

RpT . (21)

The ratio of positive to negative hadron production was
also found to be well described by simple parametriza-
tions:

r(⇡) = r0(1 + xR)
r1 , (22)

r(K) = r0(1� xR)
r1 . (23)

The BMPT parametrization is found to work well for
the BNL-E910 data and provides a smooth interpolation
of the data points. Separate fits are done for the 12.3
GeV/c and 17.5 GeV/c data to allow breaking of the xR

scaling in the BMPT parameters. Tuning weights are
calculated by taking the ratio of the BMPT fit to data
over the FLUKA prediction, and plotted in the xR � pT
space, as shown in Fig. 27. If a simulated interaction
has an incident particle momentum between the BNL-
E910 data sets, a linear interpolation of the weights of
the two data sets in the incident particle momentum is
applied. Similarly a linear interpolation is applied for
interactions with incident particle momenta between the
17.5 GeV/c BNL-E910 and NA61/SHINE data. The al-
ternative method described here varies from the default
method in that it allows for a breaking of the x scaling
and it uses data at lower incident particle momenta to
guide the breaking of the x scaling. The uncertainty on
the flux is estimated by applying the two methods of re-
weighting tertiary events and taking the di↵erence in the
predicted flux.
The NA61/SHINE data cover most of the phase space

for secondary pions that contribute to the T2K neutrino
flux. To study the e↵ect of pion multiplicities in the un-
covered region, the NA61/SHINE data are fitted with
the BMPT parametrization, which is used to extrapo-
late the data into the uncovered region. To improve the

BMPT (2001) (M. Bonesini et al., Eur. Phys. J. C 20 (2001) )

: radial scaling 
assume that xR is 
independent from Ebeam  
[F. E. Taylor et al., 

PRD 14, 1217 (1976)]

xR ⌘ ECM

max{ECM}
<latexit sha1_base64="c+cRt/5ECvfZLMjhHFxWeV/6KxY=">AAACEnicbVC7SgNBFL0bXzG+opY2g0HQJuxGQbEKBMFGiGIekA3L7GQ2GTL7cGY2JCz7DTb+io2FIrZWdv6Nk0ehiQcunDnnXube40acSWWa30ZmaXlldS27ntvY3Nreye/u1WUYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nD7VfGfmNAhWRhcK9GEW37uBswjxGstOTkT4ZOcpfa9CFmA2R7ApPkykkqN2ma2D4e2rOXnaZOvmAWzQnQIrFmpFDOwgRVJ/9ld0IS+zRQhGMpW5YZqXaChWKE0zRnx5JGmPRxl7Y0DbBPZTuZnJSiI610kBcKXYFCE/X3RIJ9KUe+qzt9rHpy3huL/3mtWHkX7YQFUaxoQKYfeTFHKkTjfFCHCUoUH2mCiWB6V0R6WOeidIo5HYI1f/IiqZeK1mmxdHtWKF9O04AsHMAhHIMF51CGa6hCDQg8wjO8wpvxZLwY78bHtDVjzGb24Q+Mzx/k8Z7i</latexit>

* see backup for definitions of  
other parameterizations



fitting  (forward and large-angle  data)
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beam [GeV] 3 5 8 12
chi2 / NDF 125 / 80 151 / 97 338 / 129 304 / 135

N1/N0 2.05 1.7 1.6 1.6

chi2 / NDF of BMPT fit

• we need 1.6~2 normalization factors 
absolute value is inconsistent between forward and large-angle data

Yi ± �Yi
<latexit sha1_base64="46GHb7aqh7MW1vloF47UUHZogUI=">AAAB/3icbVBNS8NAEJ34WetXVPDiZbEInkpSBcVTwYvHCvZDmhA2m227dLMJuxuhxB78K148KOLVv+HNf+M27UFbHww83pthZl6Ycqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji8nvjtByoVS8SdHqXUj3FfsB4jWBspsA/vg5yNkZfGyIso1xgVQmBXnKpTAC0Sd0Yq9RIUaAT2lxclJIup0IRjpbquk2o/x1Izwum47GWKppgMcZ92DRU4psrPi/vH6MQoEeol0pTQqFB/T+Q4VmoUh6Yzxnqg5r2J+J/XzXTv0s+ZSDNNBZku6mUc6QRNwkARk5RoPjIEE8nMrYgMsMREm8jKJgR3/uVF0qpV3bNq7fa8Ur+apgElOIJjOAUXLqAON9CAJhB4hGd4hTfryXqx3q2PaeuSNZs5gD+wPn8A0gKV/A==</latexit>

: d�

dpd⌦
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measured Nj
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: normalization factor 
fixed to 1 for forward data 
free for large-angle data  f̄i
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: parameterization 

test a simultaneous fit of forward and large-angle data  
• use HARP p+C data • for each beam momentum

�2 ⌘
beamX

j

X

i

✓
Yi �Nj f̄i

�Yi

◆2

<latexit sha1_base64="LfyR+KS1x3S3wLsbHtd4hxqbnVc="></latexit>



e.g.) BMPT fit result @ HARP-8GeV p+C→π++X
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measured data
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beam P[GeV] 3,5 5, 6.4 ,8 8,12, 12.3 12,12.3,17.5 17.5, 31

BMPT 114.268 / 91 490.398 / 265 820.649 / 422 658.817 / 327 972.313 / 480

HARP p+(Be,C,Al)   BNLE910 p+Be   NA61 p+C

chi2/NDF of p+A → π+ + X

chi2/NDF of  p+A → π- + X
beam P[GeV] 3,5 5, 6.4 ,8 8,12, 12.3 12,12.3,17.5 17.5, 31

BMPT 40.8346 / 82 296.486 / 248 580.453 / 403 528.442 / 317 1470. / 513

p+A → K+ + X p+A → K- + X p+A → p + X
beam P[GeV] 31

BMPT 81.5 / 88
beam P[GeV] 31

BMPT 122 / 80
beam P[GeV] 31

BMPT 193 / 177

fitting (forward data only)
• use data whose beam momenta are close to each other
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dσ
dpdΩ

 ATMNCHARP 3-5 GeV fit result
weight table 

(ratio: data-fit / ATMNC)

@ 3GeV

covered region  
by HARP 3 GeV/c forward data

e.g.) p=3GeV

÷ =

weight tables
• make weight tables for 27 momenta of incident particles 

• every 0.5 GeV/c for 3 ≦ pin ≦ 10 GeV/c 
• + pin = 11, 12, 14, 16 17.5, 20, 25, 31.6, 50, 100, 300 GeV/c



modification from original
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w/o weight
w/ weight

ratio (red / black - 1)

calculate flux by using only regions which covered by weight 
tables 

the flux change is -10%–15% = similar to Honda flux uncertainty

preliminary
preliminary



impact of beam data error
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weight + 1σ
weight +- 0σ
weight - 1σ

νμ flux

−1σ

modify the weight by 1σ beam data

14% at sub-GeV region 
→ similar to current ATMNC uncertainty

ra
tio

 to
 re

d

preliminary

preliminary



Summary
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To reduce uncertainty of Honda flux simulation in <1 GeV region… 
•  we need … 

• p + A → π+,- + X & p + A → p + X  
• proton beam momentum : ~10 GeV/c   

• phase space coverage of HARP and BNL-E910 data  
• only π data are available -> we want low E proton production data   
• coverage of phase space : ~ 50% of π production for 0.3 GeV/c 

neutrino 

• Parameterization to extrapolate the data 
• test several parameterizations  

• failed to fit the forward and large angle data simultaneously 
→ precise measurements with low-E beam will help to find proper 
parameterization 

• test weighting method (preliminary, using forward data only) 
• 1σ beam data error fluctuates ν flux by ~14%



backup
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HARP’s data
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HARP 3GeV

d�

dpd⌦
[mb]
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Table 6: Sanford-Wang parameters and errors obtained by fitting the p–C dataset.

p–C

Param π− π+

c1 144.46 ± 65.593 214.92 ± 93.307

c2 0.60749 ± 0.34902 0.95748 ± 0.44512

c3 16.947 ± 10.876 3.0906 ± 1.2601

c4=c5 3.2512 ± 1.3657 1.6876 ± 1.5230

c6 5.9304 ± 1.2561 5.5728 ± 0.71771

c7 0.17152 ± 0.074772 0.15597 ± 0.06683

c8 27.241 ± 12.232 30.873 ± 13.388

χ2/NDF 95.6/63 147.7/63

3.1 Sanford-Wang parametrization

Sanford and Wang [37] have developed an empirical parametrization for describing the production cross-sections

of mesons in proton-nucleus interactions. This parametrization has the functional form:

d2σπ

dpdΩ
(p, θ) = c1p

c2

(

1−
p

pbeam

)

exp

[

−c3
pc4

pc5beam
− c6θ (p− c7pbeam cosc8 θ)

]

, (9)

where

• d2σπ

dpdΩ
(p, θ) is the cross-section in mb/(GeV/c sr) for secondary pions as a function of momentum p (in

GeV/c) and angle θ (in radians) of the secondary particles;

• pbeam is the beam momentum in GeV/c;

• c1, ..., c8 are free parameters obtained from fits to meson production data.

The parameter c1 is an overall normalization factor, the four parameters c2, c3, c4, c5 can be interpreted as

describing the momentum distribution of the secondary pions in the forward direction, and the three parameters

c6, c7, c8 as describing the angular distribution for fixed secondary and beam momenta, p and pbeam.

This empirical formula has been fitted to the measured π+ and π− production spectra in p–C, π+–C and π−–C

reactions at 12 GeV/c reported here. As initial values for these fits the parameters of the Sanford-Wang fit of

the p–Al HARP analysis at 12.9 GeV/c are taken from [9]. The original Sanford-Wang parametrization has

been proposed to describe incoming proton data. We apply the same parametrization also to the π+–C and

π−–C datasets.

In the χ2 minimization procedure the full error matrix is used. For these fits the Sanford-Wang parametrization

has been integrated over momentum and angular bin widths of the data. However, the results are nearly

identical to the fit results without integration over individual bins. Concerning the parameters estimation, the

best-fit values of the Sanford-Wang parameter set discussed above are reported in Tables 6 and 8, together with

their errors. Since for some fits the c3 parameter tends to zero, we decided to fix this parameter and to set it

to zero. For these fits the c4 and c5 parameters are irrelevant (see Eq. 9). The correlation coefficients among

the Sanford-Wang parameters are shown in Tables 7 and 9. The fit parameter errors are estimated by requiring

∆χ2 ≡ χ2 − χ2
min = 8.18 (5.89), corresponding to the 68.27% confidence level region for seven (five) variable

parameters. Some parameters are strongly correlated resulting in large errors of the extracted parameters.

Sanford & Wang (1967)

 Badhwar (1977)
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ABSTRACT

Inclusive kaon, proton, and antiproton production from high-energy proton–proton collisions is studied. Various
available parameterizations of Lorentz-invariant, differential cross sections, as a function of transverse momentum
and rapidity, are compared with experimental data. This paper shows that the Badhwar parameterization provides
the best fit for charged kaon production. For proton production, the Alper parameterization is best and for antiproton
production the Carey parameterization works best. The formulae for these cross sections are suitable for use in
high-energy cosmic ray transport codes.
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1. INTRODUCTION

Parameterizations of hadron production in high-energy
proton–proton collisions find a variety of uses in astrophysics
(Kaufman Bernado 2005; Domingo-Santamaria & Torres 2005;
Kelner et al. 2006; Kamae et al. 2006; Moskalenko 2004;
Prodanovic et al. 2007), nuclear physics (Blume 2007;
d’Enterria 2005), simulations of particle physics experiments
(Fasso et al. 2003; Allison et al. 2006), and space radiation ap-
plications (Wilson et al. 1991). Many π0 mesons, which decay
into two photons, arise from the decay of the produced hadrons.
These photons can be detected with space-based γ -ray tele-
scopes, and the hadron production cross sections enable one to
calculate the spectrum of photons. Cross-section parameteriza-
tions have been used to calculate the γ -ray emission from the
accretion disk around a black hole (Mahadevan et al. 1997),
the diffuse γ -ray background, and the γ -ray spectrum from
microquasars (Kaufman Bernado 2005). Recent works (Erlykin
2007; Giller 2008) emphasize the importance of accurate hadron
production models for simulating extensive air showers. Such
calculations generally involve Monte Carlo transport models,
which use cross-section parameterizations as input. Accurate
simulations of the air shower help to determine the primary
cosmic ray spectrum, which helps in deducing the sources of
high-energy cosmic rays (Erlykin 2007; Giller 2008). Space ra-
diation protection is also another area where hadron production
cross sections may find increasing importance (Wilson et al.
1991), especially for astronaut protection on the Martian sur-
face, where particles reaching the ground have been transported
through the Martian atmosphere. Accurate estimates of the sur-
face radiation environment, require use of hadron production
cross sections in radiation transport codes (Wilson et al. 1995).

Pion production parameterizations in high-energy proton–
proton collisions have recently been studied (Blattnig et al. 2000;
Norbury & Townsend 2007). These are presented in arithmetic
form, which makes them convenient to use in transport codes.
Huang et al. (2007) have recently emphasized the need for
inclusion of all hadron production mechanisms in proton–proton
collisions. Their application involves determining individual
source contributions to the diffuse γ -ray background. Including
the full set of hadrons, also enables more accurate calculations

in the applications referred to previously. This is especially true
well above the pion threshold, which is the case for most cosmic
ray interactions and nuclear and particle physics experiment
simulations.

In the present work, the pion parameterizations studied
previously (Blattnig et al. 2000; Norbury & Townsend 2007)
are extended to include the production of kaons, protons, and
antiprotons. The formulae developed by Badhwar et al. (1977),
Alper et al. (1975), Ellis & Stroynowski (1977), and Carey et al.
(1974) will be compared to experimental data (Alper et al. 1975),
at the energies listed in Table 1. These parameterizations, and the
particles for which cross sections are available, are summarized
in Table 2. The notation for the particles is as follows. Positive
and negative charged kaons will be denoted as K+ and K−,
respectively. Protons and antiprotons will be denoted as p+ and
p−.

2. PARAMETERIZATIONS

The various available parameterizations for kaon, proton, and
antiproton production in high-energy proton–proton collisions
will now be reviewed. Some of the formulae have been listed
previously (Blattnig et al. 2000; Norbury & Townsend 2007),
but they will be repeated here for completeness. The paper
by Norbury & Townsend (2007) also contains an extensive
treatment of the kinematic variables introduced below.

2.1. Badhwar Parameterization

This parameterization (Badhwar et al. 1977) gives the
Lorentz-invariant differential cross section for K± production
as

E
d3σ

d3p
(K±) = A(1 − x̃)C exp(−BpT ), (1)

where E is the energy, σ is the cross section, p is the momentum,
and pT is the transverse momentum. A,B,C are constants listed
in Table 3. The x̃ variable is

x̃ ≡
[
x2

F +
4
s

(
p2

T + m2)
]1/2

, (2)

120

to the beam direction, then the longitudinal and transverse
components of momentum are

 pz ! p cos!; (2)

 pT ! p sin!: (3)

Feynman used a scaled variable instead of pz itself [22–
25]. The Feynman scaling variable is [24,26– 31]

 xF !
pz

pzmax
; (4)

where pz is the longitudinal momentum of the produced
meson in the CM frame, and pzmax is the maximum
momentum of the produced meson given by [27,28,31]

 pzmax "
!!!!!!!!!!!!!!!!!!!!!!!!!!
"#s;mc;mX$

4s

s
(5)

with

 "#s;mi;mj$ ! #s % m2
i % m2

j $2 % 4m2
i m

2
j : (6)

Note that

 pzmax " pmax: (7)

Nagamiya and Gyulassy [28] point out that if c is a boson
with zero baryon number, then

 mX " mA & mB (8)

in agreement with the pzmax formulas of Nagamiya and
Gyulassy [28] and Cassing [31]. The Feynman scaling
variable approaches the limiting value [29]

 xF !
2pz!!!
s
p as s! 1: (9)

Also it is obviously bounded in the following manner [24]:

 % 1< xF < 1: (10)

Sets of variables that are often used are either #p; !$ or
#pz; pT$. Writing

 pz " xF

!!!!!!!!!!!!!!!!!!!!!!!!!!
"#s;mc;mX$

4s

s
(11)

shows that another useful and common variable set is
#xF; pT$, which is used by the NA49 Collaboration [1,2]
in presenting their data. These variables are also used
throughout the present work. Rapidity is defined as

 y " 1

2
log

"
E & pz
E % pz

#
(12)

so that

 E " mT coshy; (13)

 pz " mT sinhy; (14)

where the transverse mass is defined through

 m2
T " m2 & p2

T " E2 % p2
z (15)

with m as the mass of the produced particle c. This gives
yet another useful variable set #y; pT$. In the work below it
will be necessary to write the rapidity in terms of the
Feynman scaling variable as

 y " 1

2
log

" !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
x2
F & m2

T=p
2
zmax

q
& xF!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

x2
F & m2

T=p
2
zmax

q
% xF

#
: (16)

For massless particles, E " p, so that y becomes

 # " 1

2
log

1 & cos!
1 % cos!

" % log
"
tan
!
2

#
: (17)

This is called the pseudorapidity and is a good approxima-
tion to the rapidity for particles moving near the speed of
light. Because the pseudorapdity depends only on angle it
can be used as an angular variable. Wong [27] provides
useful formulas involving # and also gives expressions
relating y to # for slower-than-light particles.

B. Parameterizations

Blattnig et al. [9] did a study of the various parameter-
izations available for inclusive pion production in proton-
proton collisions. They concluded that the Badhwar pa-
rameterization [10] worked the best for charged pion pro-
duction. However other parameterizations [9,32– 35] will
be reviewed again to see which works best for the new
experimental data. The NA49 data set [1,2] uses the vari-
ables #xF; pT$, whereas some of the parameterizations
below are written in terms of other variables sets. These
will need to be converted to #xF; pT$.

1. Badhwar parameterization

This parameterization [10] gives the Lorentz-invariant
differential cross section as

 E
d3$
d3p
" A
#1 & 4m2

p=s$r
#1 % ~x$qexp

$ % BpT
1 & 4m2

p=s

%
; (18)

where mp is the proton mass,
!!!
s
p

is the total energy in the
center of momentum (CM) frame, and pT is the transverse
momentum of the produced meson in the CM frame. The
other terms are given by

 ~x "
$
x2
F &

4

s
#p2

T & m2
%$
%

1=2
; (19)

where it is assumed that the variables appearing in xF are in
the CM frame. Badhwar writes x'k ! xF. Also

 q" C1 & C2pT & C3p2
T!!!!!!!!!!!!!!!!!!!!!!!

1 & 4m2
p=s

q : (20)

The constants are listed in Table I. The Badhwar variables
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duction. However other parameterizations [9,32– 35] will
be reviewed again to see which works best for the new
experimental data. The NA49 data set [1,2] uses the vari-
ables #xF; pT$, whereas some of the parameterizations
below are written in terms of other variables sets. These
will need to be converted to #xF; pT$.
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Mokhov (1998)

are !xF; pT", which are the variables used in the NA49 data
set [1,2], so that no variable conversion is necessary.

2. Alper parameterization

The Alper [32] parameterization used in Ref. [9] was

 E
d3!
d3p
# A exp!$BpT % Cp2

T" exp!$Dy2"; (21)

where A, B, C, and D are constants that depend on the
value of

!!!
s
p

. A more general formula is [32]

 E
d3!
d3p
# A1 exp!$BpT" exp!$Dy2"

% A2
!1$ pT=pbeam"m
!p2

T %M2"n : (22)

The constants are listed in Table II. The Alper variables are
!y; pT". To change to the variables !xF; pT", we convert the
rapidity in Eq. (22) to xF using (16).

3. Ellis parameterization

The Ellis [33] parameterization is

 E
d3!
d3p
# A!p2

T %M2"$N=2!1$ xT"F; (23)

where A is an overall normalization fitted to be A # 13 in
reference [9] and xT & pT=pmax ' 2pT=

!!!
s
p

. The same
value of A is used in the present work. The other constants
are listed in Table III. The Ellis parameterization is inde-
pendent of the emission angle ", and so does not carry any
dependence on pz, xF, y etc.

4. Mokhov parameterization

The Mokhov [34] parameterization is

 E
d3!
d3p
# A

"
1$ p

pmax

#
B

exp
"
$ p
C

!!!
s
p
#
V1!pT"V2!pT";

where

 

V1!pT" # !1$D" exp!$Ep2
T" %D exp!$Fp2

T"
for pT ( 0:933 GeV

# 0:2625

!p2
T % 0:87"4 for pT > 0:933 GeV

and
 

V2!pT" # 0:7363 exp!0:875pT" for pT ( 0:35 GeV

# 1 for pT > 0:35 GeV:

The constants are listed in Table IV. Using p #
!!!!!!!!!!!!!!!!!!
p2
z % p2

T

q
,

gives the Mokhov variables !pz; pT"which are transformed
to !xF; pT" using (11).

5. Carey parameterization

The Carey [35] parameterization, which only applies to
#$, is

 E
d3!
d3p
!#$" # N!p2

T % 0:86"$4:5!1$ xR"4; (24)

where N is an overall normalization fitted to be N # 13 in
reference [9] and xR & p=pmax ' 2p=

!!!
s
p

. The same value
of N is used in the present work. The Carey variables are

!pz; pT". To change to the variables !xF; pT", we use xR #!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
x2
F % p2

T=p
2
max

q
.

III. COMPARISON TO DATA

The above parameterizations are compared to the new
experimental data in Figs. 1– 13.

A. Comparison to pp data

Positive pion production in pp reactions is shown in
Figs. 1– 4. In agreement with the conclusions of the NA49
Collaboration [1], none of these arithmetic parameteriza-
tions is able to account for all the fine structure seen in the
data. The Badhwar, Alper and Ellis parameterizations are
unable to reproduce the shape of the differential cross
section at low pT . The Alper and Ellis parameterizations

TABLE II. Constants for the Alper parameterization.

Particle A1 B D A2 M m n

#% 210 7.58 0.20 10.7 1.03 10.9 4.0
#$ 205 7.44 0.21 12.8 1.08 13.1 4.0

TABLE III. Constants for the Ellis parameterization.

Particle N M2 F

#% 7.70 0.74 11.0
#$ 7.78 0.79 11.9

TABLE IV. Constants for the Mokhov parameterization.

Particle A B C D E F

#% 60.1 1.9 0.18 0.3 12 2.7
#$ 51.2 2.6 0.17 0.3 12 2.7

TABLE I. Constants for the Badhwar parameterization. Units
for A, C2 and C3 are mb=GeV2, GeV$1, and GeV$2 respectively,
and other constants are dimensionless.

Particle A B r C1 C2 C3

#% 153 5.55 1 5.3667 $3:5 0.8334
#$ 127 5.3 3 7.0334 $4:5 1.667
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TABLE II. Constants for the Alper parameterization.

Particle A1 B D A2 M m n

#% 210 7.58 0.20 10.7 1.03 10.9 4.0
#$ 205 7.44 0.21 12.8 1.08 13.1 4.0

TABLE III. Constants for the Ellis parameterization.

Particle N M2 F

#% 7.70 0.74 11.0
#$ 7.78 0.79 11.9

TABLE IV. Constants for the Mokhov parameterization.

Particle A B C D E F

#% 60.1 1.9 0.18 0.3 12 2.7
#$ 51.2 2.6 0.17 0.3 12 2.7

TABLE I. Constants for the Badhwar parameterization. Units
for A, C2 and C3 are mb=GeV2, GeV$1, and GeV$2 respectively,
and other constants are dimensionless.

Particle A B r C1 C2 C3

#% 153 5.55 1 5.3667 $3:5 0.8334
#$ 127 5.3 3 7.0334 $4:5 1.667
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are !xF; pT", which are the variables used in the NA49 data
set [1,2], so that no variable conversion is necessary.

2. Alper parameterization

The Alper [32] parameterization used in Ref. [9] was

 E
d3!
d3p
# A exp!$BpT % Cp2

T" exp!$Dy2"; (21)

where A, B, C, and D are constants that depend on the
value of

!!!
s
p

. A more general formula is [32]

 E
d3!
d3p
# A1 exp!$BpT" exp!$Dy2"

% A2
!1$ pT=pbeam"m
!p2

T %M2"n : (22)

The constants are listed in Table II. The Alper variables are
!y; pT". To change to the variables !xF; pT", we convert the
rapidity in Eq. (22) to xF using (16).

3. Ellis parameterization

The Ellis [33] parameterization is

 E
d3!
d3p
# A!p2

T %M2"$N=2!1$ xT"F; (23)

where A is an overall normalization fitted to be A # 13 in
reference [9] and xT & pT=pmax ' 2pT=

!!!
s
p

. The same
value of A is used in the present work. The other constants
are listed in Table III. The Ellis parameterization is inde-
pendent of the emission angle ", and so does not carry any
dependence on pz, xF, y etc.

4. Mokhov parameterization

The Mokhov [34] parameterization is

 E
d3!
d3p
# A

"
1$ p

pmax

#
B

exp
"
$ p
C

!!!
s
p
#
V1!pT"V2!pT";

where

 

V1!pT" # !1$D" exp!$Ep2
T" %D exp!$Fp2

T"
for pT ( 0:933 GeV

# 0:2625

!p2
T % 0:87"4 for pT > 0:933 GeV

and
 

V2!pT" # 0:7363 exp!0:875pT" for pT ( 0:35 GeV

# 1 for pT > 0:35 GeV:

The constants are listed in Table IV. Using p #
!!!!!!!!!!!!!!!!!!
p2
z % p2

T

q
,

gives the Mokhov variables !pz; pT"which are transformed
to !xF; pT" using (11).

5. Carey parameterization

The Carey [35] parameterization, which only applies to
#$, is

 E
d3!
d3p
!#$" # N!p2

T % 0:86"$4:5!1$ xR"4; (24)

where N is an overall normalization fitted to be N # 13 in
reference [9] and xR & p=pmax ' 2p=

!!!
s
p

. The same value
of N is used in the present work. The Carey variables are

!pz; pT". To change to the variables !xF; pT", we use xR #!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
x2
F % p2

T=p
2
max

q
.

III. COMPARISON TO DATA

The above parameterizations are compared to the new
experimental data in Figs. 1– 13.

A. Comparison to pp data

Positive pion production in pp reactions is shown in
Figs. 1– 4. In agreement with the conclusions of the NA49
Collaboration [1], none of these arithmetic parameteriza-
tions is able to account for all the fine structure seen in the
data. The Badhwar, Alper and Ellis parameterizations are
unable to reproduce the shape of the differential cross
section at low pT . The Alper and Ellis parameterizations

TABLE II. Constants for the Alper parameterization.

Particle A1 B D A2 M m n

#% 210 7.58 0.20 10.7 1.03 10.9 4.0
#$ 205 7.44 0.21 12.8 1.08 13.1 4.0

TABLE III. Constants for the Ellis parameterization.

Particle N M2 F

#% 7.70 0.74 11.0
#$ 7.78 0.79 11.9

TABLE IV. Constants for the Mokhov parameterization.

Particle A B C D E F

#% 60.1 1.9 0.18 0.3 12 2.7
#$ 51.2 2.6 0.17 0.3 12 2.7

TABLE I. Constants for the Badhwar parameterization. Units
for A, C2 and C3 are mb=GeV2, GeV$1, and GeV$2 respectively,
and other constants are dimensionless.

Particle A B r C1 C2 C3

#% 153 5.55 1 5.3667 $3:5 0.8334
#$ 127 5.3 3 7.0334 $4:5 1.667
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Mariani (2011), (Mariani et al, Phys. Rev. D 84, 114021)

2

for studying neutrino cross sections. Therefore, it is im-
portant for the BNB line experiments to have a good
first-principles prediction of K+ production.
A first-principles prediction for K+ production is ob-

tained from fitting data from secondary production ex-
periments with primary beam momentum ranging from
8.89 to 24 GeV/c. Nine data sets are considered, but
only seven are used in the fit as it will be explained in
Section III. Because these data are taken at a range of
beam energies, the data must be fit to a parameteriza-
tion including changes with beam momentum in order
to scale the result to the 8.89 GeV/c of the BNB line
momentum.

A. Feynman Scaling Formalism

Over the past several decades, many experiments have
made measurements of particle production by protons of
various energies on many different nuclear targets. These
data have been used to study the phenomenology of par-
ticle production and have led to several scaling laws and
quark counting rules. For inclusive particle production,
Feynman put forward a theoretical model [1] where the
invariant cross section is only a function of xF and pT .
The invariant cross section is related to the commonly
used differential cross section by:

d2σ

dpdΩ
=

p2

E
E
d3σ

dp3
. (2)

Defining

E
d3σ

dp3
= AF (xF , pT ), (3)

this leads to:

d2σ

dpdΩ
=

p2

E
A F (xF , pT ). (4)

A is a factor and F is the F-S function that depends on
xF and pT . The quantity pCM max

!
, which appears in the

denominator of the definition of xF , depends upon the
particle being produced and is derived from the exclusive
channels given in Table I.
Feynman scaling has been demonstrated for secondary

meson production at primary beam energies above ∼15
to 20 GeV [2, 3, 9]; this paper demonstrates the validity of
F-S at lower primary beam energies for K+ production.
One might expect F-S to be a better parameterization of
K+ production than the “Modified Sanford-Wang” for-
malism for two reasons. First, the F-S parameterization
properly accounts for the kinematic effects of the large
kaon mass where even at xF = 0, the outgoing kaon
can have a significant laboratory momentum. Second,
the functional form of the parameterization typically has

Produced Exclusive MX
√
sthresh Ebeam

thresh

Hadron Reaction (GeV/c2) (GeV) GeV
π+ pnπ+ 1.878 2.018 1.233
π− ppπ+π− 2.016 2.156 1.54
π0 ppπ0 1.876 2.011 1.218
K+ Λ0pK+ 2.053 2.547 2.52
K− ppK+K− 2.37 2.864 3.434
K0 pΣ+K0 2.13 2.628 2.743

TABLE I. Threshold production channels for proton + pro-
ton production of various mesons. The exclusive reaction is
the final state with the minimum mass, MX .

√
sthresh and

EBEAM
thresh are the threshold center of mass (CM) and laboratory

energy.

peak production at xF = 0. This is in contrast to the
“Modified Sanford-Wang” formalism, where the produc-
tion rate continues to grow as xF becomes more negative.

B. Feynman Scaling Parameterization for the
Particle Production Cross Section

The Feynman model can be used to describe the ex-
pected xF and pT dependence using theoretically inspired
functions for these dependences. For the xF depen-
dence, a parameterization proportional to exp(−a |xF |b)
or (1− |xF |)c has the properties consistent with a flat
rapidity plateau around xF = 0. The expectation of
a limited pT range is provided by including exponential
moderating factors for powers of pT .

Using this guidance, a F-S parameterization has been
developed to describe kaon production. In order to allow
some coupling between the xF and pT distribution an
additional exponential factor has been added that uses
the product, |pT × xF |. The ci’s are the seven coefficients
of the F-S function. The kinematic threshold constraint

for K+ production is imposed by setting
d2σ

dpdΩ
equal to

zero for |xF | > 1.

Including these factors, the final parameterization has
the form:

d2σ

dpdΩ
=

p2K
EK

(

EK
d3σ

dp3K

)

=

(

p2K
EK

)

c1 ×

× exp
[

c3 |xF |c4 − c7 |pT × xF |c6 − c2pT − c5p
2
T

]

(5)

C. The “Modified Sanford-Wang”
Parameterization

Many neutrino experiments have used the “Modified
Sanford-Wang” parameterization[4, 5] (S-W):
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FIG. 26: The fractional error on the NA61/SHINE
measurements in each of the p� ✓ bins. The gap at ⇡+

momentum of 1.0-1.2 GeV/c is a region with no
NA61/SHINE data points.

Here pi and pj are the central value for the momentum in
each bin. The functional form with a range of 6 GeV/c
was chosen since it gives a reasonable model for the cor-
relations and propagates the errors conservatively.

The NA61/SHINE data are also used to re-weight pion
production from the interactions of nucleons in the horn
conductor aluminum after A-dependent scaling has been
applied. For the scaled data points, additional errors of
5% (correlated between p�✓ bins) and 5% (uncorrelated
between p�✓ bins) are applied to account for the scaling
uncertainty described in Section VA2.

The error associated with scaling the NA61/SHINE
pion multiplicity to lower incident nucleon momenta is
studied by carrying out an alternative method of re-
weighting tertiary events. Proton on Be data from the
BNL-E910 experiment at beam momenta of 12.3 GeV/c
and 17.5 GeV/c provide an alternative source for re-
weighting interactions at lower incident momenta. The
data are scaled from Be to C using the method out-
lined in Section IVC2. Since the BNL-E910 data are
more coarsely binned in p � ✓ than the NA61/SHINE,
data at each momentum are separately fit with the em-
pirical parametrization developed by Bonesini et al. [43]
(BMPT) for 400 and 450 GeV/c proton on Be di↵erential

production data. The BMPT parametrization uses the
radial scaling variable xR and the transverse momentum
of the produced particle pT . The xR variable, is defined
as:

xR =
Ecm

Ecm
max

, (20)

where Ecm is the energy of the produced particle in the
center of mass frame, and Ecm

max is the maximum energy
that the particle can have. Taylor et al. [48] found that
the invariant cross section when parametrized in xR and
pT does not depend on the total center of mass energyp
s (so called radial scaling) for

p
s & 10 GeV, while

Feynman scaling with xF (Eq. 5) only holds at higherp
s. The parametrization for the production of positively

charged pions and kaons in proton collisions on nuclei is:

E
d3�

dp3
=A(1� xR)

↵(1 +BxR)x
��
R ⇥

[1 +
a

x�
R

pT +
a2

2x�
R

p2T ]e
�a/x�

RpT . (21)

The ratio of positive to negative hadron production was
also found to be well described by simple parametriza-
tions:

r(⇡) = r0(1 + xR)
r1 , (22)

r(K) = r0(1� xR)
r1 . (23)

The BMPT parametrization is found to work well for
the BNL-E910 data and provides a smooth interpolation
of the data points. Separate fits are done for the 12.3
GeV/c and 17.5 GeV/c data to allow breaking of the xR

scaling in the BMPT parameters. Tuning weights are
calculated by taking the ratio of the BMPT fit to data
over the FLUKA prediction, and plotted in the xR � pT
space, as shown in Fig. 27. If a simulated interaction
has an incident particle momentum between the BNL-
E910 data sets, a linear interpolation of the weights of
the two data sets in the incident particle momentum is
applied. Similarly a linear interpolation is applied for
interactions with incident particle momenta between the
17.5 GeV/c BNL-E910 and NA61/SHINE data. The al-
ternative method described here varies from the default
method in that it allows for a breaking of the x scaling
and it uses data at lower incident particle momenta to
guide the breaking of the x scaling. The uncertainty on
the flux is estimated by applying the two methods of re-
weighting tertiary events and taking the di↵erence in the
predicted flux.
The NA61/SHINE data cover most of the phase space

for secondary pions that contribute to the T2K neutrino
flux. To study the e↵ect of pion multiplicities in the un-
covered region, the NA61/SHINE data are fitted with
the BMPT parametrization, which is used to extrapo-
late the data into the uncovered region. To improve the

BMPT (2001) (M. Bonesini et al., Eur. Phys. J. C 20 (2001) )

: radial scaling 
assume that xR is 
independent from Ebeam  
[F. E. Taylor et al., 

PRD 14, 1217 (1976)]

xR ⌘ ECM

max{ECM}
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consistency : forward ⇄ large-angle 

31

simultaneous fit of HARP p+C forward and large-angle data 

beam [GeV] 3 5 8 12

chi2 / NDF failed 132 / 98 318 / 129 304 / 135

N1/N0 — 1.7 1.7 1.7

beam [GeV] 3 5 8 12
chi2 / NDF 125 / 80 151 / 97 338 / 129 304 / 135

N1/N0 2.05 1.7 1.6 1.6

chi2 / NDF of BMPT fit

chi2 / NDF of Mariani fit 

beam [GeV] 3 5 8 12

chi2 / NDF 153 / 84. 178 / 101 363 / 133 335 / 139

N1/N0 2.5 1.6 1.7 1.7

chi2 / NDF of Mokhov fit 

• we need 1.6~2 normalization factors 
absolute value is inconsistent between forward and large-angle data



phase space coverage of beam data

32

log (pbeam)

3 GeV

5 GeV

to estimate the phase space coverage of beam data,  
interpolate phase spaces between neighboring beam momentums.

e.g.) coverage for pin = 4 GeV/c
linearly interpolate phase spaces of  
HARP-3GeV and HARP-5GeV data
• for p+A→π+X 

• interpolate 3-5, 5-6.4, 6.4-8, 
8-12, 12-17.5, 17.5-31GeV/c



neutrino flux
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Astrophysical Neutrinos
8B solar neutrino 130 events / day
Supernova neutrino ~50,000 events / burst
Supernova relic neutrino ~18 events / year

highest statistics / directional information

DUNE (40 kton Ar)

JUNO (17 kton LS)

IceCube (2,400 kton H2O)

solar
supernova relic

supernova
earth ~Gpc

~kpc-Mpc

Supernova neutrino
sensitive to only electron neutrinos

~3,000 events / burst

no directional information

Supernova neutrino ~5,000 events / burst

Supernova neutrino ~300,000 events / burst
no energy / directional information

Supernova relic neutrino ~3 events / year
no directional information

Hyper-K (187 kton H2O)

Hyper-K IceCube

from Yano-san’s slide  
@  lowBG simposium 2019 in Sendai, Japan



used beam data
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HARP p+C → π+ + X

pbeam=12 GeV/cpbeam=8 GeV/cpbeam=5 GeV/cpbeam=3 GeV/c

BNL p+Be → π+ + X
pbeam=17.5 GeV/cpbeam=12.3 GeV/cpbeam=6.4 GeV/c
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NA61 p+C → π+ + X NA61 p+C → K+ + X NA61 p+C → p + X



proton E vs neutrino E

37

p + Air → π+- + X



fit result
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fit (each)

39

GeV/c , A 31 on C 450 on Be

p+A→K++X 81.5 / 88

p+A→K-+X 122 / 80

p+A→p+X 193. / 177.

• summary of p+ A → π + X  
• pbeam >= 17.5 GeV 

• SW can’t fit with data 
• pbeam <= 12.3 GeV 

• generally SW  is better than BMPT 
• both SW and BMPT are not good for HARP 8 GeV π+, 

p+C & p+Be data



fit χ2 / NDF (fit for each beam data)
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GeV 3 5 6.4 8 12 12.3 17.5 31 450

p+Be 3.5/3 21.7/18 10.1/23 121/51 112/57 64.8/64 115/67

p+C 0.5/3 34.0/17 113/49 69.0/55 582/407

p+Al 3.0/1 23.5/19 83.2/51 69.6/58

p+A → π+ + X

GeV 3 5 6.4 8 12 12.3 17.5 31 450

p+Be — 23.8/21 10.3/23 110/51 87.3/57 89.2/64 225/67

p+C 1.5/4 22.4/18 99.5/49 58.6/55 2390
/407

p+Al 3.2/1 17.6/22 61.0/52 52.7/58

BMPT

Sandford-Wang

* bold : χ2/NDF > ~2



41

GeV 3 5 6.4 8 12 12.3 17.5 31 450

p+Be 4.1/2 6.7/12 33.5/22 55.6/47 76.0/52 126/57 125/67

p+C 1.29/1 10.2/14 52.1/49 65.5/51 1185
/438

p+Al 0.84/2 6.6/13 58.0/47 75.6/56

p+A → π- + X
BMPT

GeV 3 5 6.4 8 12 12.3 17.5 31 450

p+Be 4.2/4 5.9/14 37.6/24 52.1/49 61.3/54 80.5/59 143/69

p+C 1.7/3 10.7/16 55.4/47 56.1/53 2870
/440

p+Al 0.84/2 6.9/15 50.0/49 77.5/58

Sandford-Wang

fit χ2 / NDF (fit for each beam data)
* bold : χ2/NDF > ~2



simultaneous fit over different beam P

42

GeV HAPR 3,5,8,12 6.4 12.3 17.5
BMPT  284.072 / 141 x x x
BMPT 614.741 / 315

SW  265.575 / 147 x x x
SW 495 / 246 x

p+Be → π+ + X
HARP 3,5,8,12 6.4 12.3 17.5
142.015 / 131 x x x

366.479 / 303
134.605 / 133 x x x

295.8 / 230 x

p+Be → π- + X

�2 =
beamX

j

{Nj ⇥
pointX

i

✓
Xi � f (pbeam;j , pi, ✓i)

�i

◆2

}
<latexit sha1_base64="3SyMjFjR/Wm606ojvpgszTNYTvY="></latexit>

p+C → π+ + X
GeV HAPR 3,5,8,12 NA61 31

BMPT 855.375 / 551

p+C → π- + X
GeV HAPR 3,5,8,12 NA61 31

BMPT 899.087 / 577



fit χ2 / NDF (neighboring beam energy)
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3,5 5, 6.4 ,8 8,12, 12.3 12,12.3,17.5 17.5, 31

BMPT 114.268 / 91 490.398 / 265 820.649 / 422 658.817 / 327 972.313 / 480

SW 116.595 / 100 499.225 / 272 922.322 / 422 — —

HARP p+(Be,C,Al)   BNLE910 p+Be   NA61 p+C
p+A → π+ + X

p+A → π- + X
3,5 5, 6.4 ,8 8,12, 12.3 12,12.3,17.5 17.5, 31

BMPT 40.8346 / 82 296.486 / 248 580.453 / 403 528.442 / 317 1470. / 513

SW 42.5501 / 84 265.481 / 250 524.49 / 405 — —

p+A → K+ + X p+A → K- + X p+A → p + X
31

BMPT 81.5 / 88
31

BMPT 122 / 80
31

BMPT 193 / 177



normalization factor

44

HARP + T2K (C)HARP + BNL (Be)

�2 =
beamX

j

{Nj ⇥
pointX

i

✓
Xi � f (pbeam;j , pi, ✓i)

�i

◆2

}
<latexit sha1_base64="3SyMjFjR/Wm606ojvpgszTNYTvY="></latexit>

BMPTBMPT

SW
• 断面積の絶対値は合わない。 
→ 横断的にfitするのは危険か。



check for A-scaling with HARP data
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HARPデータ
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• pbeam = 3, 5, 8,12 GeVのBe, C, Alのデータを使用
核種が2つ以上あるデータ点を使用

各pbeamごとにfit3 GeV

12 GeV

5 GeV

8 GeV



Fit
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�i ±��i
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: i-th data
: XF PtにおけるBeの断面積 
(nuisance parameters)

* (XF, Pt)の組み合わせごとにσBeがあるa,b,c,d,e: parameters we want

�2 =
XF ,Pt,AX

i

✓
�i � ↵(XF , Pt)�Be(XF , Pt)

��i

◆2
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全データを使ってa~eを求める。
pbeam chi2 / NDF a b c d e

3 7.54 / 12 0.90±0.17 -0.9±0.4 -1.8±0.8 1.0 (fixed) -2 ± 21

5 25.2 / 48 0.62±0.26 -0.2±1.3 0.1±1.5 1.0 (fixed) -1.1±1.8

8 128 / 115 0.69±0.11 -1.0±0.7 2.8±1.2 1.0 (fixed) 0.8±0.4

12 68 / 128 0.82±0.07 -1.0±0.5 -0.6±0.9 1.0 (fixed) 0.4±0.4

ref:T2K (pbeam :19.2, 24) 0.75 -0.52 0.23 1.0 (fixed) 0.21

• chi2 /NDFを見る限りはデータを説明できている 
• a以外のパラメータの精度は、ほぼ無い



difference of target atom

48

need to consider the difference of target atom 
target atom in beam : Be, C, Al  
target atom in air shower : N, O ( mean of A = 14.5) 
• robust thought :  

σ2 = σ1 × (A2/A1)2/3  
• parameterization as a function of xf and pT is proposed
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FIG. 15: The phase space of pions and kaons contributing to the predicted neutrino flux at SK, and the regions
covered by NA61/SHINE measurements.

TABLE XII: Inelastic and production cross-section data used to re-weight hadron absorption probabilities.

Data Beam Target Beam Momentum (GeV/c) Measurement
Abrams et al. [30] K± C, Cu 1 – 3.3 �inel
Allaby et al. [31][32] ⇡�, K� C, Al, ... 20 – 65 �inel
Allardyce et al. [33] ⇡± C, Al, ... 0.71 – 2 �inel
Bellettini et al. [34] p C, Al, ... 19.3, 21.5 �inel
Bobchenko et al. [35] ⇡�, p C, Al, ... 1.75 – 9 �inel
Carroll et al. [36] ⇡±, K±, p C, Al, ... 60 – 280 �prod
Cronin et al. [37] ⇡� C, Al 0.73 – 1.33 �inel
Chen et al. [38] p C, Al, ... 1.53 �inel
Denisov et al. [39] ⇡±, K±, p C, Al, ... 6 – 60 �inel
Longo et al. [40] ⇡+, p C, Al 3 �inel
NA61/SHINE [11] p C 31 �prod
Vlasov et al. [41] ⇡� C, Al 2 – 6.7 �inel

maximum allowed longitudinal momentum of the pro-
duced particle. The weights shown in Fig. 16 are con-
verted to an xF , pT dependence and applied to tertiary
events based on the xF and pT of those events. This re-
weighting method assumes perfect scaling, and the sys-
tematic e↵ect is studied in Sec. VA using data with lower
incident particle momenta.

The NA61/SHINE data are also extrapolated from a
carbon target to aluminum and used to re-weight in-
teractions in the horn material that are modeled in
the GEANT3 (GCALOR) simulation. The A-dependent
scaling is carried out using a parametrization proposed
by Bonesini et al. [43] based on works by Barton et al. [44]
and Skubic et al. [45]:

E
d3�(A1)

dp3
=


A1

A0

�↵(xF ,pT )

E
d3�(A0)

dp3
, (6)

where:

↵(xF , pT ) = (a+ bxF + cx2

F )(d+ ep2T ). (7)

The parameters a through e are determined by fitting
the A-dependence in the data from Eichten et al. [27]
and Allaby et al. [28]. Examples of the fitted A depen-
dence for a few bins are shown in Fig. 17. In this figure,

TABLE XIII: Parameters for material scaling.

a b c d e
Bonesini et al. [43] 0.74 -0.55 0.26 0.98 0.21
Fit to ⇡ data 0.75 -0.52 0.23 1.0 (fixed) 0.21
Fit to K data 0.77 -0.32 0.0 1.0 (fixed) 0.25

the ratio of the K+ production from the Al target to that
obtained from the Be target by [27] is plotted at di↵er-
ent momenta for three angular bins. The accuracy and
precision of the scaling for the individual data points is
discussed in Sec. VA. The fitted parameter values along
with the values reported in [43] are listed in Table XIII.

The NA61/SHINE pion production data are scaled to
aluminum using the parameters in Table XIII, and the
resulting weights applied to the production in GCALOR
are shown in Fig. 18. The weights are calculated for
GCALOR, since the simulation of interactions in the
horn material is done with GEANT3.

The re-weighting of K+ and K� production in the
phase space not covered by NA61/SHINE is carried out
using the Eichten et al. [27] and Allaby et al. [28] kaon
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FIG. 15: The phase space of pions and kaons contributing to the predicted neutrino flux at SK, and the regions
covered by NA61/SHINE measurements.

TABLE XII: Inelastic and production cross-section data used to re-weight hadron absorption probabilities.

Data Beam Target Beam Momentum (GeV/c) Measurement
Abrams et al. [30] K± C, Cu 1 – 3.3 �inel
Allaby et al. [31][32] ⇡�, K� C, Al, ... 20 – 65 �inel
Allardyce et al. [33] ⇡± C, Al, ... 0.71 – 2 �inel
Bellettini et al. [34] p C, Al, ... 19.3, 21.5 �inel
Bobchenko et al. [35] ⇡�, p C, Al, ... 1.75 – 9 �inel
Carroll et al. [36] ⇡±, K±, p C, Al, ... 60 – 280 �prod
Cronin et al. [37] ⇡� C, Al 0.73 – 1.33 �inel
Chen et al. [38] p C, Al, ... 1.53 �inel
Denisov et al. [39] ⇡±, K±, p C, Al, ... 6 – 60 �inel
Longo et al. [40] ⇡+, p C, Al 3 �inel
NA61/SHINE [11] p C 31 �prod
Vlasov et al. [41] ⇡� C, Al 2 – 6.7 �inel

maximum allowed longitudinal momentum of the pro-
duced particle. The weights shown in Fig. 16 are con-
verted to an xF , pT dependence and applied to tertiary
events based on the xF and pT of those events. This re-
weighting method assumes perfect scaling, and the sys-
tematic e↵ect is studied in Sec. VA using data with lower
incident particle momenta.

The NA61/SHINE data are also extrapolated from a
carbon target to aluminum and used to re-weight in-
teractions in the horn material that are modeled in
the GEANT3 (GCALOR) simulation. The A-dependent
scaling is carried out using a parametrization proposed
by Bonesini et al. [43] based on works by Barton et al. [44]
and Skubic et al. [45]:

E
d3�(A1)

dp3
=


A1

A0

�↵(xF ,pT )

E
d3�(A0)

dp3
, (6)

where:

↵(xF , pT ) = (a+ bxF + cx2

F )(d+ ep2T ). (7)

The parameters a through e are determined by fitting
the A-dependence in the data from Eichten et al. [27]
and Allaby et al. [28]. Examples of the fitted A depen-
dence for a few bins are shown in Fig. 17. In this figure,

TABLE XIII: Parameters for material scaling.

a b c d e
Bonesini et al. [43] 0.74 -0.55 0.26 0.98 0.21
Fit to ⇡ data 0.75 -0.52 0.23 1.0 (fixed) 0.21
Fit to K data 0.77 -0.32 0.0 1.0 (fixed) 0.25

the ratio of the K+ production from the Al target to that
obtained from the Be target by [27] is plotted at di↵er-
ent momenta for three angular bins. The accuracy and
precision of the scaling for the individual data points is
discussed in Sec. VA. The fitted parameter values along
with the values reported in [43] are listed in Table XIII.

The NA61/SHINE pion production data are scaled to
aluminum using the parameters in Table XIII, and the
resulting weights applied to the production in GCALOR
are shown in Fig. 18. The weights are calculated for
GCALOR, since the simulation of interactions in the
horn material is done with GEANT3.

The re-weighting of K+ and K� production in the
phase space not covered by NA61/SHINE is carried out
using the Eichten et al. [27] and Allaby et al. [28] kaon

(M. Bonesini et al., Eur. Phys. J. C 20 (2001) )

d�

dpd⌦
(A) =

d�

dpd⌦
(Aair = 14.5)

✓
A

Aair

◆↵(xF ,pT )

<latexit sha1_base64="g0UoBw1hYC8lh9vdTwy1f84r/PM="></latexit>

→

* I checked α parameterization with HARP Be, C, Al data (→ backup) 
* generally, A-scaling effect is smaller than error bars of beam data 



comparison with simple method
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α(XF,Pt) 
A2/3 

check by using HARP Be, C, and Al data

ex) pbeam =  3GeV ex) pbeam =  8GeV

• generally speaking, the difference between A2/3 and α(XF,Pt) is 
small compared to the error bar. 



chi2, difference
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α(XF,Pt) 
A2/3 

pbeam = 3GeV pbeam = 5GeV

pbeam = 8GeV pbeam = 12GeV

pbeam = 5GeV

pbeam = 3GeV

pbeam = 12GeVpbeam = 8GeV

chi2 / NDF for each (XF, Pt)
ΔF / Δfit for each (XF, Pt)

�F ⌘ |�Be;1↵(XF , Pt)� �Be;2(A/ABe)
2/3|

<latexit sha1_base64="B1gjoKC/DFw+h2vap8Qkl6/R2Uw="></latexit>

�fit ⌘ (A/ABe)
2/3 ⇥ fitting error of �Be;2

<latexit sha1_base64="ypV/Jth2qzowZ6Qp9RnVrJbe6i4="></latexit>



chi2の大きいデータ
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5 GeV 8 GeV 8 GeV 8 GeV

8 GeV 8 GeV8 GeV 8 GeV

8 GeV8 GeV8 GeV8 GeV



cont.

52

• XFが大きいと、Alの測定値がA2/3則より明らかに大
きい時がある 
• それらではα(XF,Pt)の方が合いが良い 

• 8 GeV/cのXF > 0.8以上のデータではα(XF ,Pt)は合
わない

8 GeV 8 GeV 12 GeV 12 GeV

12 GeV

(XF, Pt)=(0.85, 0.2)(XF, Pt)=(0.85, 0.2)



fit result (3-5 GeV)
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fit result (5, 6.4, 8 GeV/c)
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fit result (12,12.3,17.5 GeV)
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