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Monte Carlo event generator

Evolution of the shower is latent

We only observe the particles
• Monte Carlo parton shower generators encode our understanding of the 

physics process that produces a jet.

• During simulation, successive splittings of the initial state particle 
generates a set of final state particles (leaves).

• Many showering histories (trees) could give rise to the same set of leaves.                                                           

It would be powerful if we could unify generation (the simulation / 
forward model) and inference (MC tuning, jet tagging, etc.). 
To do this, we need first to reframe jet physics in probabilistic terms.
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Jet Reconstruction
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•  The goal of jet reconstruction is to invert the generative process.

• Task: reconstruct the unobserved showering history (latent tree) z from 
observed particles x.

•  In more general terms we want to find the truth level hierarchical 
clustering given a set of leaves (jet constituents) x.

Hierarchical Clustering
Recursive partitioning of a data set into successively smaller clusters. 

• Finding the truth level hierarchical clustering is not unique, because there 
are many possible showering histories that could give rise to the same 
leaves. But there is a notion of “best” or “most likely” hierarchy.
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p(x, z|✓) =
Y

j

p(xj |zparent(xj), ✓)
Y

i

p(zi|zparent(zi), ✓)
<latexit sha1_base64="8tNSbZ2s0LyOIOR/Ml5Q2YOzgnE="></latexit>

Joint likelihood:

x

Latent 
showering 

history
z

z1
<latexit sha1_base64="ao7YOVG3tXfGNeBI4fV/EOPiPPI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRqihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/W8XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEQCo2m</latexit>

z2
<latexit sha1_base64="ZzKjtcJFGu2OAJipvjC2jutANLY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMRjo2n</latexit>

z3
<latexit sha1_base64="xAuHSnrwS5733kVFCkYzInJBILE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZtYECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AExKNqA==</latexit>

z4
<latexit sha1_base64="fgk3uCKG0EkP20pCtx2mXf4jAxk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xyiOBDZkdemHC7OxmZtYECZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AFJaNqQ==</latexit>

z5
<latexit sha1_base64="GYafLVF45CwpC4fAnxewKnrFwt0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswODUyYnd3MzJrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3H1FpHskHM47RD+lA8j5n1Fjp/ql70S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AFhqNqg==</latexit>

x1
<latexit sha1_base64="MWSDWkw1NdOauHNwPQkLknLX4o4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEM/o2k</latexit>

x2
<latexit sha1_base64="vdTCQWpAcdEoAqjXndSIH2U27gw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMOgo2l</latexit>

x3
<latexit sha1_base64="GcfdmiVXIuQAVIE+3vSRqlRiStc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEAaNpg==</latexit>
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Reframing jet physics in probabilistic terms

• Joint likelihood: 

• Marginal likelihood:

• Posterior distribution on histories:

• Maximum a posteriori (MAP) tree: 

• Maximum likelihood parameter:

p(x, z|✓)
<latexit sha1_base64="sURA47Ot3Piq86yDCFYc7mpl2Qs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpSkCnosevFYwX5AG8pmu2mXbjZhd1Kssf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zM82PBNTjOt5VbWV1b38hvFra2d3b37P2Dho4SRVmdRiJSLZ9oJrhkdeAgWCtWjIS+YE1/eDP1myOmNI/kPYxj5oWkL3nAKQEjdW07Lj2cPeIn3IEBA3KKu3bRKTsz4GXiZqSIMtS69lenF9EkZBKoIFq3XScGLyUKOBVsUugkmsWEDkmftQ2VJGTaS2eXT/CJUXo4iJQpCXim/p5ISaj1OPRNZ0hgoBe9qfif104guPJSLuMEmKTzRUEiMER4GgPuccUoiLEhhCpubsV0QBShYMIqmBDcxZeXSaNSds/LlbuLYvU6iyOPjtAxKiEXXaIqukU1VEcUjdAzekVvVmq9WO/Wx7w1Z2Uzh+gPrM8f1FSSfA==</latexit>

p(x|✓) =
Z

dz p(x, z|✓)
<latexit sha1_base64="QTtuVOK5mrM+fC9I4mLytoxT5BQ=">AAACFXicbVDLSgNBEJyNrxhfqx69DAYhgRB2o6AXIejFYwTzgGwIs5NJMmT2wUyvmKz5CS/+ihcPingVvPk3TpJFNLGgoajqprvLDQVXYFlfRmppeWV1Lb2e2djc2t4xd/dqKogkZVUaiEA2XKKY4D6rAgfBGqFkxHMFq7uDy4lfv2VS8cC/gWHIWh7p+bzLKQEttc1CmLvD99iBPgOC8/gcO9wH3Blhp+BMzMLox863zaxVtKbAi8ROSBYlqLTNT6cT0MhjPlBBlGraVgitmEjgVLBxxokUCwkdkB5rauoTj6lWPP1qjI+00sHdQOrSJ03V3xMx8ZQaeq7u9Aj01bw3Ef/zmhF0z1ox98MImE9ni7qRwBDgSUS4wyWjIIaaECq5vhXTPpGEgg4yo0Ow519eJLVS0T4ulq5PsuWLJI40OkCHKIdsdIrK6ApVUBVR9ICe0At6NR6NZ+PNeJ+1poxkZh/9gfHxDSApnE0=</latexit>

p(z|x, ✓)
<latexit sha1_base64="q2FJ/Maf1OwqI+g06rYDhic00oI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCBSlJFfRY9OKxgv2ANpTNdtMu3WzC7kStbX+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyuzsrq2vpHdzG1t7+zu2fn9uo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA1/cD31G/dMaR7JOxjGzAtJT/KAUwJG6tj5uPiEx/gRn+I29BmQk45dcErODHiZuCkpoBTVjv3V7kY0CZkEKojWLdeJwRsRBZwKNsm1E81iQgekx1qGShIy7Y1mp0/wsVG6OIiUKQl4pv6eGJFQ62Hom86QQF8velPxP6+VQHDpjbiME2CSzhcFicAQ4WkOuMsVoyCGhhCquLkV0z5RhIJJK2dCcBdfXib1csk9K5VvzwuVqzSOLDpER6iIXHSBKugGVVENUfSAntErerPG1ov1bn3MWzNWOnOA/sD6/AEri5Km</latexit>

ArgMax✓ p(x|✓)
<latexit sha1_base64="YtPqGb1aL53nmwYl9Mu+zzKT5dg=">AAACDXicbVDJSgNBEO1xN26jHr00RkFBwkwU9Ohy8SJEMEbIDENPp5I06VnorpGEMT/gxV/x4kERr969+Td2loPbg4LX71XRVS9MpdDoOJ/WxOTU9Mzs3HxhYXFpecVeXbvWSaY4VHkiE3UTMg1SxFBFgRJuUgUsCiXUws7ZwK/dgtIiia+wl4IfsVYsmoIzNFJgb3kIXcxPVOuCdfuBh21A5u15ezTd6d6NnruBXXRKzhD0L3HHpEjGqAT2h9dIeBZBjFwyreuuk6KfM4WCS+gXvExDyniHtaBuaMwi0H4+vKZPt43SoM1EmYqRDtXvEzmLtO5FoemMGLb1b28g/ufVM2we+bmI0wwh5qOPmpmkmNBBNLQhFHCUPUMYV8LsSnmbKcbRBFgwIbi/T/5Lrssld79UvjwoHp+O45gjG2ST7BCXHJJjck4qpEo4uSeP5Jm8WA/Wk/VqvY1aJ6zxzDr5Aev9Cyp1m5g=</latexit>

ArgMaxz p(z|x, ✓)
<latexit sha1_base64="JcZFr8txRlhVoUNFKOcRlpiRrnw=">AAACDXicbVDJSgNBEO1xN25Rj14aoxAhhJko6NHl4kVQMAtkQujpVJImPQvdNZJkzA948Ve8eFDEq3dv/o2dmIMmPih4vFdFVT0vkkKjbX9ZM7Nz8wuLS8upldW19Y305lZJh7HiUOShDFXFYxqkCKCIAiVUIgXM9ySUvc7F0C/fgdIiDG6xF0HNZ61ANAVnaKR6es9F6GJyplpXrDuo992cm6NRtk/vaTdHXWwDsoN6OmPn7RHoNHHGJEPGuK6nP91GyGMfAuSSaV117AhrCVMouIRByo01RIx3WAuqhgbMB11LRt8M6L5RGrQZKlMB0pH6eyJhvtY93zOdPsO2nvSG4n9eNcbmSS0RQRQjBPxnUTOWFEM6jIY2hAKOsmcI40qYWylvM8U4mgBTJgRn8uVpUirkncN84eYoc3o+jmOJ7JBdkiUOOSan5JJckyLh5IE8kRfyaj1az9ab9f7TOmONZ7bJH1gf367hmqY=</latexit>
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Example tasks

• Maximum a posteriori (MAP) tree
- Generative model describes the joint likelihood  

Unification of generation and inference

p(x|✓) =
Z

dz p(x, z|✓)
<latexit sha1_base64="QTtuVOK5mrM+fC9I4mLytoxT5BQ=">AAACFXicbVDLSgNBEJyNrxhfqx69DAYhgRB2o6AXIejFYwTzgGwIs5NJMmT2wUyvmKz5CS/+ihcPingVvPk3TpJFNLGgoajqprvLDQVXYFlfRmppeWV1Lb2e2djc2t4xd/dqKogkZVUaiEA2XKKY4D6rAgfBGqFkxHMFq7uDy4lfv2VS8cC/gWHIWh7p+bzLKQEttc1CmLvD99iBPgOC8/gcO9wH3Blhp+BMzMLox863zaxVtKbAi8ROSBYlqLTNT6cT0MhjPlBBlGraVgitmEjgVLBxxokUCwkdkB5rauoTj6lWPP1qjI+00sHdQOrSJ03V3xMx8ZQaeq7u9Aj01bw3Ef/zmhF0z1ox98MImE9ni7qRwBDgSUS4wyWjIIaaECq5vhXTPpGEgg4yo0Ow519eJLVS0T4ulq5PsuWLJI40OkCHKIdsdIrK6ApVUBVR9ICe0At6NR6NZ+PNeJ+1poxkZh/9gfHxDSApnE0=</latexit>

- Maximum likelihood parameter ArgMax✓ p(x|✓)
<latexit sha1_base64="YtPqGb1aL53nmwYl9Mu+zzKT5dg=">AAACDXicbVDJSgNBEO1xN26jHr00RkFBwkwU9Ohy8SJEMEbIDENPp5I06VnorpGEMT/gxV/x4kERr969+Td2loPbg4LX71XRVS9MpdDoOJ/WxOTU9Mzs3HxhYXFpecVeXbvWSaY4VHkiE3UTMg1SxFBFgRJuUgUsCiXUws7ZwK/dgtIiia+wl4IfsVYsmoIzNFJgb3kIXcxPVOuCdfuBh21A5u15ezTd6d6NnruBXXRKzhD0L3HHpEjGqAT2h9dIeBZBjFwyreuuk6KfM4WCS+gXvExDyniHtaBuaMwi0H4+vKZPt43SoM1EmYqRDtXvEzmLtO5FoemMGLb1b28g/ufVM2we+bmI0wwh5qOPmpmkmNBBNLQhFHCUPUMYV8LsSnmbKcbRBFgwIbi/T/5Lrssld79UvjwoHp+O45gjG2ST7BCXHJJjck4qpEo4uSeP5Jm8WA/Wk/VqvY1aJ6zxzDr5Aev9Cyp1m5g=</latexit>

Matthew Drnevich’s talk!

Lauren Greenspan’s talk!- Likelihood ratio for different types of jets

• Marginal likelihood

p(x|H1)

p(x|H0)
<latexit sha1_base64="qK8koqW2Q1hmK4cFID27dTsOKQQ=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFaDclqYIui266rGAv0IYwmU7aoZNJmJmIJQbc+CpuXCji1pdw59s4abPQ1h8GPv5zDmfO70WMSmVZ30ZhZXVtfaO4Wdra3tndM/cPOjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1JtdZvXtHhKQhv1XTiDgBGnHqU4yUtlzzaOALhJOocg8fmq5dTTPUZFVT1yxbNWsmuAx2DmWQq+WaX4NhiOOAcIUZkrJvW5FyEiQUxYykpUEsSYTwBI1IXyNHAZFOMrshhafaGUI/FPpxBWfu74kEBVJOA093BkiN5WItM/+r9WPlXzoJ5VGsCMfzRX7MoAphFggcUkGwYlMNCAuq/wrxGOlQlI6tpEOwF09ehk69Zp/V6jfn5cZVHkcRHIMTUAE2uAAN0AQt0AYYPIJn8ArejCfjxXg3PuatBSOfOQR/ZHz+AJQ3ltQ=</latexit>

p(x, z|✓) / p(z|x, ✓)
<latexit sha1_base64="rM7YPhN/qP4ORwArnNDaORYQQfQ=">AAACEXicbVDLSgMxFM3UV62vqks3wSKMUMpMFXRZdOOygn1Ap5RMmrahmZmQ3JHW2l9w46+4caGIW3fu/BszbQVtPRA4nHMvN+f4UnANjvNlpZaWV1bX0uuZjc2t7Z3s7l5VR7GirEIjEam6TzQTPGQV4CBYXSpGAl+wmt+/TPzaLVOaR+ENDCVrBqQb8g6nBIzUytrSHuTv8D32oMeAHHtSRRIiLO1EHOR/dNzK5pyCMwFeJO6M5NAM5Vb202tHNA5YCFQQrRuuI6E5Igo4FWyc8WLNJKF90mUNQ0MSMN0cTRKN8ZFR2rgTKfNCwBP198aIBFoPA99MBgR6et5LxP+8Rgyd8+aIhzIGFtLpoU4ssImc1IPbXDEKYmgIoYqbv2LaI4pQMCVmTAnufORFUi0W3JNC8fo0V7qY1ZFGB+gQ2chFZ6iErlAZVRBFD+gJvaBX69F6tt6s9+loyprt7KM/sD6+AcyPm7k=</latexit>

ArgMaxz p(z|x, ✓)
<latexit sha1_base64="HX8J6gRJSd7iLFPNUtObgAdfg54="></latexit>
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• It is hard to access the joint likelihood of a showering process.

• Other complications related to momentum conservation that could be addressed                  
[Bauer & Tackmann ’08].

To prototype we built our own simplified model!

Parton Showers generators

p(x, z|✓) =
Y

j

p(xj |zparent(xj), ✓)
Y

i

p(zi|zparent(zi), ✓)
<latexit sha1_base64="8tNSbZ2s0LyOIOR/Ml5Q2YOzgnE="></latexit>



py:500.0
pz:400.0
Δ:40.00

py:268.0
pz:235.7
Δ:5.54

py:232.0
pz:164.3
Δ:13.81

py:135.3
pz:123.2
Δ:0.98

py:132.7
pz:112.5
Δ:0.37

py:68.3
pz:60.9
Δ:0.68

py:67.0
pz:62.4
Δ:0.14

py:33.5
pz:30.8
Δ:0.14

py:34.7
pz:30.1
Δ:0.00

py:16.7
pz:15.5
Δ:0.00

py:16.8
pz:15.3
Δ:0.08

py:8.5
pz:7.6
Δ:0.00

py:8.3
pz:7.7
Δ:0.00

py:33.5
pz:31.3
Δ:0.00

py:33.5
pz:31.0
Δ:0.00

py:33.4
pz:28.1
Δ:0.00

py:66.7
pz:56.4
Δ:0.07

py:66.0
pz:56.1
Δ:0.08

py:33.3
pz:28.2
Δ:0.00

py:16.4
pz:14.0
Δ:0.00

py:32.9
pz:28.0
Δ:0.07

py:33.1
pz:28.1
Δ:0.00

py:16.5
pz:14.1
Δ:0.00

py:12.3
pz:10.4
Δ:0.00

py:103.2
pz:77.0
Δ:2.31

py:128.8
pz:87.2
Δ:9.20

py:50.8
pz:40.7
Δ:0.75

py:52.4
pz:36.4
Δ:0.09

py:24.8
pz:20.8
Δ:0.16

py:26.0
pz:19.9
Δ:0.20

py:12.6
pz:10.4
Δ:0.00

py:6.6
pz:5.1
Δ:0.00

py:12.9
pz:10.1
Δ:0.11

py:13.0
pz:9.7
Δ:0.00

py:6.4
pz:5.0
Δ:0.07

py:3.2
pz:2.4
Δ:0.00

py:3.1
pz:2.5
Δ:0.00

py:13.0
pz:9.0
Δ:0.00

py:26.2
pz:18.1
Δ:0.09

py:26.2
pz:18.3
Δ:0.05

py:13.2
pz:9.1
Δ:0.06

py:6.5
pz:4.5
Δ:0.00

py:6.7
pz:4.5
Δ:0.00

py:13.0
pz:9.1
Δ:0.00

py:13.1
pz:9.2
Δ:0.00

py:9.2
pz:4.7
Δ:0.00

py:68.2
pz:52.0
Δ:2.80

py:60.6
pz:35.2
Δ:2.33

py:35.5
pz:23.6
Δ:2.25

py:32.7
pz:28.4
Δ:0.26

py:18.5
pz:9.7
Δ:0.09

py:17.0
pz:13.9
Δ:0.09

py:9.2
pz:4.9
Δ:0.04

py:4.6
pz:2.4
Δ:0.00

py:4.6
pz:2.5
Δ:0.00

py:8.5
pz:7.1
Δ:0.00

py:8.5
pz:6.9
Δ:0.00

py:4.0
pz:3.6
Δ:0.00

py:16.1
pz:14.4
Δ:0.15

py:16.5
pz:14.0
Δ:0.25

py:8.0
pz:7.1
Δ:0.08

py:8.2
pz:7.3
Δ:0.10

py:4.0
pz:3.5
Δ:0.00

py:4.2
pz:3.6
Δ:0.00

py:4.0
pz:3.7
Δ:0.00

py:8.2
pz:7.3
Δ:0.00

py:8.3
pz:6.8
Δ:0.00

py:16.0
pz:7.9
Δ:0.00

py:32.2
pz:16.3
Δ:0.28

py:28.4
pz:18.9
Δ:0.69

py:16.2
pz:8.4
Δ:0.05

py:8.1
pz:4.2
Δ:0.00

py:8.2
pz:4.2
Δ:0.04

py:4.1
pz:2.1
Δ:0.00

py:4.0
pz:2.1
Δ:0.00

py:0.9
pz:0.4
Δ:0.00

py:14.0
pz:10.1
Δ:0.75

py:14.4
pz:8.8
Δ:0.42

py:7.4
pz:5.7
Δ:0.37

py:6.6
pz:4.4
Δ:0.21

py:3.5
pz:2.6
Δ:0.34

py:3.9
pz:3.1
Δ:0.00

py:1.7
pz:0.9
Δ:0.08

py:1.8
pz:1.6
Δ:0.08

py:0.8
pz:0.5
Δ:0.00

py:1.0
pz:0.8
Δ:0.00

py:0.8
pz:0.8
Δ:0.00

py:3.4
pz:2.4
Δ:0.00

py:3.2
pz:2.0
Δ:0.00

py:1.8
pz:1.3
Δ:0.00

py:7.0
pz:4.8
Δ:0.09

py:7.4
pz:4.1
Δ:0.20

py:3.5
pz:2.4
Δ:0.05

py:3.4
pz:2.3
Δ:0.00

py:1.7
pz:1.2
Δ:0.00

py:3.9
pz:1.9
Δ:0.00

py:3.6
pz:2.2
Δ:0.11

py:1.7
pz:1.1
Δ:0.00

py:1.9
pz:1.0
Δ:0.00
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• Tractable joint likelihood. 
• Captures essential ingredients of parton shower generators in full physics simulations.
• Implements an analogue to a parton shower (no hadronization effects).
• Python implementation with few software dependencies.

github.com/
SebastianMacaluso/

ToyJetsShower

Kyle Cranmer, SM & 
Duccio Pappadopulo

• Marginalize over showering histories (binary trees). 
• E.g. tuning of simulation parameters (PYTHIA TUNES) to optimize a fit to the data.

Generation

Inference

Motivation

• Build a model to aid in ML research for jet physics.
• Facilitate exact/approximate combinatorial optimization.

Ginkgo: Simplified Generative Model for Jets vCHEP2021 [Cranmer, Drnevich, Macaluso, 
Pappadopulo, arXiv:2105.10512]  

https://github.com/SebastianMacaluso/ToyJetsShower
https://github.com/SebastianMacaluso/ToyJetsShower
https://github.com/SebastianMacaluso/ToyJetsShower
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• Momentum conservation.
• Running of the splitting scale.

Recursive algorithm to generate a binary tree with jet constituents as the leaves.
Showering process: binary splittings + stopping rule.

Features

Model description

• Probabilistic programming

• Differentiable programming

• Dynamic programming

• Variational inference

Facilitates research with:

The model keeps track of the augmented 
data based on a PYRO implementation.

tR ⇠ f(t|�, tP, tL) =
1

1� e��

�

(
p
tP �

p
tL)2

e
� �

(
p

tP�
p

tL)2
t

(2)

and define mL =
p
tL and mR =

p
tR. We apply a veto on sampled values where

tL > tP and tR > (
p
tP �

p
tL)2.

2. Compute a 2-body decay in the parent rest frame, where its momentum is pµp =

pµL + pµR = (
p
s, 0, 0, 0). From requiring 4-momentum conservation, the children

energies are given by

EL =

p
s

2

✓
1 +

tL
s
� tR

s

◆

ER =

p
s

2

✓
1 +

tR
s

� tL
s

◆ (3)

and the magnitude of their 3-momentum by

|~p| =
p
s

2
�̄ =

p
s

2

r
1� 2(tL + tR)

s
+

(tL � tR)2

s2
(4)

Thus, in the parent rest frame, the left and right child momentum is given by

pµL = (EL, ~p) and pµR = (ER,�~p).

3. Apply a Lorentz boost to each of the children, with � = Epp
tP

and �� = |~pp|/
p
tP .

4. If tL (tR) is greater than tcut repeat the process.

The algorithm is outlined in more detail in Algorithm 1. After running the algorithm,

the final binary tree for the jet is obtained.

2.1.1 Heavy resonance vs QCD like jet

To model a jet coming from a heavy resonance X decay, e.g. a W boson jet, we introduce

two values for the decaying constant �X , �. This way we model the first splitting (the

root node splitting) with �X and then use � for the remaining shower process. We also

set troot = m2
X .

To model a QCD like jet, we use a single value for � for the whole process.

2.1.2 Likelihood reconstruction

We reconstruct the parent momentum by adding the children momentum.

pµp = pµL + pµR (5)

4

Figure 1: Tree visualization of a sample jet generated with our model that represents a W

boson jet, as described in section 2.1.1. We show the values of pT =
q
p2x + p2y for each node

and their mass. The horizontal ordering of the leaves corresponds to the order in which the

leaves are accessed when traversing the tree (and is not related to the particle momentum ~p).

2.1 Generative process

In this section, we describe the implementation of the generative process, which depends

on the following input parameters:

• pµ0 : 4-momentum of the jet. This will be the input value for the root node of the

tree.

• t0: initial mass squared.

• tcut: cut-o↵ mass squared to stop the showering process.

• �: decaying rate for the exponential distribution.

Next, we describe the splitting of a node as follows:

1. Draw tL and tR from an exponential distribution as follows,

tL ⇠ f(t|�, tP) =
1

1� e��

�

tP
e
� �

tP
t (1)

3

http://pyro.ai
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• Idea: sequentially cluster jet constituents aiming to 
recover the showering history. 

• Bottom-up (agglomerative) clustering.

• Merge closest pair based on a distance measure. 

• Intuitively, particles with smaller      have a greater 
likelihood to have come from a common parent.

                         specifies the the kt, 
Cambridge/Aachen and anti-kt algorithms.

↵ = {1, 0,�1}
<latexit sha1_base64="XYXU70xTMy3FEfRrA0Nr/UJm4Gs=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4qCWpgm6EohuXFewDmlAm00k7dDIJMxMhhPorblwo4tYPceffOH0stPXAhcM593LvPUHCmdKO822trK6tb2wWtorbO7t7+/bBYUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweh24rcfqVQsFg86S6gf4YFgISNYG6lnlzzMkyFG18jL3YpTOXO9cc8uO1VnCrRM3DkpwxyNnv3l9WOSRlRowrFSXddJtJ9jqRnhdFz0UkUTTEZ4QLuGChxR5efT48foxCh9FMbSlNBoqv6eyHGkVBYFpjPCeqgWvYn4n9dNdXjl50wkqaaCzBaFKUc6RpMkUJ9JSjTPDMFEMnMrIkMsMdEmr6IJwV18eZm0alX3vFq7vyjXb+ZxFOAIjuEUXLiEOtxBA5pAIINneIU368l6sd6tj1nrijWfKcEfWJ8/CeuTEw==</latexit>

�R2
ij = (yi � yj)

2 + (�i � �j)
2

<latexit sha1_base64="76rp+QE3Gdf39DKWtFA2JQd6zw0=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFbHMVEU3QlEXLqvYC7TjkEkzbdpMZkgywjD0Sdz4Km5cKCK40rcxnXahrT8EvvznHJLzuyGjUpnmt5GZm19YXMou51ZW19Y38ptbdRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4g8tRvfFAhKQBv1NxSGwfdTn1KEZKW07+pH1FmELw1klof3hfhuewGDsUHsLY6e/r+wEstsMeTa0URq6TL5glMxWcBWsCBTBR1cl/tjsBjnzCFWZIypZlhspOkFAUMzLMtSNJQoQHqEtaGjnyibSTdL0h3NNOB3qB0IcrmLq/JxLkSxn7ru70kerJ6drI/K/WipR3ZieUh5EiHI8f8iIGVQBHWcEOFQQrFmtAWFD9V4h7SCCsdKI5HYI1vfIs1Msl66hUvjkuVC4mcWTBDtgFRWCBU1AB16AKagCDR/AMXsGb8WS8GO/Gx7g1Y0xmtsEfGV8/kT6fBQ==</latexit>

d(↵)ij = min(p2↵ti , p
2↵
tj )

�R2
ij

R2
<latexit sha1_base64="l2unD9KoMXau4Z6znqtTscE4KOk="></latexit>

Jet Reconstruction: Generalized kt clustering algorithms

kt-like clustering algorithms use a heuristic, with 
no explicit connection to the generative model.

dij
<latexit sha1_base64="b4ec/5AhVYx3OS0zzQU1qTsAB8k=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+gXUo2m23TZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapIrRFJJeqG2BNORO0ZZjhtJsoiuOA004wuZv7nSeqNJPi0UwT6sd4KFjECDZWaoeDjI1ng3LFrboLoHXi5aQCOZqD8lc/lCSNqTCEY617npsYP8PKMMLprNRPNU0wmeAh7VkqcEy1ny2unaELq4QoksqWMGih/p7IcKz1NA5sZ4zNSK96c/E/r5ea6MbPmEhSQwVZLopSjoxE89dRyBQlhk8twUQxeysiI6wwMTagkg3BW315nbRrVe+qWnuoVxq3eRxFOINzuAQPrqEB99CEFhAYwzO8wpsjnRfn3flYthacfOYU/sD5/AHPwI9I</latexit>
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Improving over sequential (agglomerative) clustering

Greedy algorithms are analogue to playing 
chess only thinking one move at a time.

• In the probabilistic language, generalized kt algorithms are greedy.

Straightforward improvements:
- Use the splitting likelihood encoded in the generative model 

instead of heuristics.
- Splitting likelihood gives a natural way to score the combination of 

multiple clusterings, i.e. their product. This allows to explore other 
algorithms, e.g. beam search.

Beam Search: keeps multiple possible 
clusterings in memory before choosing 

the showering history. 

Beam Search kt
<latexit sha1_base64="COVcKZ2PQfiOst2yEG3LdqkjIRU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Ef++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBevI3a</latexit>

Ground truth
G

ro
un

d 
tr

ut
h

G
ro

un
d 

tr
ut

h

kt
<latexit sha1_base64="COVcKZ2PQfiOst2yEG3LdqkjIRU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Ef++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBevI3a</latexit>

Beam Search

https://github.com/
SebastianMacaluso/StandardHC

https://github.com/SebastianMacaluso/VisualizeBinaryTrees

̂z = argmaxz p(z |x, θ)

https://github.com/SebastianMacaluso/StandardHC
https://github.com/SebastianMacaluso/StandardHC
https://github.com/SebastianMacaluso/VisualizeBinaryTrees
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We aim to invert the process probabilistically

Can we find the exact ML showering history or sum over all of them?

• Reconstructing the showering history is like inverting the 
generative model.

• The number of clustering histories is enormous! It grows like 
(2N-3)!! (times           permutations), with N the number of jet 
constituents.

• Traditional jet reconstruction algorithms don’t use the 
probability model directly.

• We use the likelihood of the showering history as the 
optimization objective.

Table 1

# of 
leaves

Approx. # 
of trees

4 15
5 100
7 10 K
9 2 M

11 600 M
150 10300

2(N�1)
<latexit sha1_base64="aNQniL938XoivVWxERmfBlDirJ4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2W3CnosevEkFeyHtGvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOJKs0ieW9GMfUF7ksWMoKNlR4qj2np9tQ7GXcLRbfsToEWiZeRImSodQtfnV5EEkGlIRxr3fbc2PgpVoYRTsf5TqJpjMkQ92nbUokF1X46PXiMjq3SQ2GkbEmDpurviRQLrUcisJ0Cm4Ge9ybif147MeGlnzIZJ4ZKMlsUJhyZCE2+Rz2mKDF8ZAkmitlbERlghYmxGeVtCN78y4ukUSl7Z+XK3XmxepXFkYNDOIISeHABVbiBGtSBgIBneIU3RzkvzrvzMWtdcrKZA/gD5/MHNPSPXQ==</latexit>
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AISTATS 2021 [Greenberg, Macaluso, Monath, 
Cranmer, McCallum, et al ’20, arXiv: 2002.11661]  

• New data structure to efficiently consider every possible hierarchical clustering. 

- Exact MAP showering history
                           
- Marginal likelihood            (sum of the likelihood of all the clustering histories).p(x|✓)

<latexit sha1_base64="xsPXS/QMj8bqiJMU9ft4CzsdTSI=">AAAB8nicbVBNTwIxEO3iF+IX6tFLIzHBC9lFEz0SvXjERMBk2ZBu6UJDt920s0ay8jO8eNAYr/4ab/4bC+xBwZdM8vLeTGbmhYngBlz32ymsrK6tbxQ3S1vbO7t75f2DtlGppqxFlVD6PiSGCS5ZCzgIdp9oRuJQsE44up76nQemDVfyDsYJC2IykDzilICV/KT6+NSFIQNy2itX3Jo7A14mXk4qKEezV/7q9hVNYyaBCmKM77kJBBnRwKlgk1I3NSwhdEQGzLdUkpiZIJudPMEnVunjSGlbEvBM/T2RkdiYcRzazpjA0Cx6U/E/z08hugwyLpMUmKTzRVEqMCg8/R/3uWYUxNgSQjW3t2I6JJpQsCmVbAje4svLpF2veWe1+u15pXGVx1FER+gYVZGHLlAD3aAmaiGKFHpGr+jNAefFeXc+5q0FJ585RH/gfP4AA+2REw==</latexit>

ArgMaxz p(z|x, ✓)
<latexit sha1_base64="JcZFr8txRlhVoUNFKOcRlpiRrnw=">AAACDXicbVDJSgNBEO1xN25Rj14aoxAhhJko6NHl4kVQMAtkQujpVJImPQvdNZJkzA948Ve8eFDEq3dv/o2dmIMmPih4vFdFVT0vkkKjbX9ZM7Nz8wuLS8upldW19Y305lZJh7HiUOShDFXFYxqkCKCIAiVUIgXM9ySUvc7F0C/fgdIiDG6xF0HNZ61ANAVnaKR6es9F6GJyplpXrDuo992cm6NRtk/vaTdHXWwDsoN6OmPn7RHoNHHGJEPGuK6nP91GyGMfAuSSaV117AhrCVMouIRByo01RIx3WAuqhgbMB11LRt8M6L5RGrQZKlMB0pH6eyJhvtY93zOdPsO2nvSG4n9eNcbmSS0RQRQjBPxnUTOWFEM6jIY2hAKOsmcI40qYWylvM8U4mgBTJgRn8uVpUirkncN84eYoc3o+jmOJ7JBdkiUOOSan5JJckyLh5IE8kRfyaj1az9ab9f7TOmONZ7bJH1gf367hmqY=</latexit>

Hierarchical Cluster Trellis

Nicholas MonathCraig Greenberg

1 Introduction

Hierarchical clustering is often used to discover meaningful structures, such as phylogenetic
trees of organisms [2], taxonomies of concepts [3], subtypes of cancer [4], and jets in particle
physics [5]. Among the reasons that hierarchical clustering has been found to be broadly
useful is that it forms a natural data representation of data generated by a Markov tree,
i.e., a tree-shaped model where the state variables are dependent only on their parent or
children.

Figure 1: Schematic representation of
a hierarchical clustering. H denotes the
latent state and X the dataset.

We define a hierarchical clustering as a recursive
splitting of a dataset of N elements, X = {xi}Ni=1 into
subsets until reaching singletons. This can equiva-
lently be viewed as starting with the set of singletons
and repeatedly taking the union of sets until reaching
the entire dataset. We show a schematic represen-
tation in Figure 1, where we identify each xi with a
leaf of the tree and the latent state as H.

Formally,
Definition 1. (Hierarchical Clustering

1
) Given a dataset of elements, X = {xi}Ni=1, a

hierarchical clustering, H, is a set of nested subsets of X, s.t. X 2 H, {{xi}}Ni=1 ⇢ H, and
8Xi, Xj 2 H, either Xi ⇢ Xj , Xj ⇢ Xi, or Xi

T
Xj = ;. Further, 8Xi 2 H, if 9Xj 2 H s.t.

Xj ⇢ Xi, then 9Xk 2 H s.t. Xj
S

Xk = Xi.
Given a subset XL 2 H, then XL is referred to as a cluster in H. When XP , XL, XR 2 H

and XL
S

XR = XP , we refer to XL and XR as children of XP , and XP the parent of XL

and XR; if XL ⇢ XP we refer to XP as an ancestor of XL and XL a descendent of XP .(We
also denote the sibling of XL, as XR = XP \ XL.) For binary trees, the total number of
possible pairs of siblings (XL, XR) for a parent with N elements is given by the Stirling
number of the second kind S(N, 2) = 2N�1 � 1.

In our work, we consider an energy-based probabilistic model for hierarchical clustering.
We provide a general (and flexible) definition of the probabilistic model and then give three
specific examples of the distribution in section 4. Our model is based on measuring the
compatibility of all pairs of sibling nodes in a binary tree structure. Formally,
Definition 2. (Energy-based Hierarchical Clustering) Let X be a dataset, H be a
hierarchical clustering of X, let  : 2X ⇥ 2X ! R+ be a potential function describing the
compatibility of a pair of sibling nodes in H, and let �(X|H) be a potential function for
the H structure. Then, the probability of H for the dataset X, P (H|X), is equal to the
unnormalized potential of H normalized by the partition function, Z(X):

P (H|X) =
�(X|H)
Z(X)

with �(X|H) =
Y

XL,XR2sibs(H)

 (XL, XR) (1)

1We limit our exposition to binary hierarchical clustering. Binary structures encode more tree-consistent
clusterings than k-ary [6]. Natural extensions may exist for k-ary clustering, which are left for future work.

2

where sibs(H) = {(XL, XR)|XL 2 H, XR 2 H, XL \ XR = ;, XL [ XR 2 H}. The partition function
Z(X) is given by:

Z(X) =
X

H2H(X)

�(X|H). (2)

where H(X) represents all binary hierarchical clusterings of the elements X.

We refer to our model as an energy-based model given that  (·, ·) is often defined by
the unnormalized Gibbs distribution, i.e.  (XL, XR) = exp(��E(XL, XR)), where � is the
inverse temperature and E(·, ·) is the energy. This probabilistic model allows us to express
many familiar distributions over tree structures. It also has a connection to the classic
algorithmic hierarchical clustering technique, agglomerative clustering, in that  (·, ·) has
the same signature as a “linkage function” (i.e., single, average, complete linkage). We note
that in this work we do not use informative prior distributions over trees P (H) and instead
assume a uniform prior.

Often, probabilistic approaches, such as coalescent models [7, 8, 9] and diffusion trees
[10, 11], model which tree structures are likely for a given dataset. For instance, in particle
physics generative models of trees are used to model jets [5], and similarly coalescent models
have been used in phylogenetics [12]. Inference in these approaches is done by approximate,
rather than exact, methods that lead to local optima, such as greedy best-first, beam-search,
sequential Monte Carlo [13], and MCMC [10]. Also, these methods do not have efficient
ways to compute an exact normalized distribution over all tree structures.

Exactly performing MAP inference and finding the partition function by enumerating
all hierarchical clusterings over N elements is exceptionally difficult because the number of
hierarchies grows extremely rapidly, namely (2N � 3)!! (see [14, 15] for more details and
proof), where !! is double factorial. To overcome the computational burden, in this paper
we introduce a cluster trellis data structure for hierarchical clustering. The cluster trellis,
inspired by [16], enables us to use dynamic programming algorithms to exactly compute
MAP structures and the partition function, as well as compute marginal distributions,
including the probability of any sub-hierarchy or cluster. We further show how to sample
exactly from the posterior distribution over hierarchical clusterings (i.e., the probability of
sampling a given hierarchy is equal to the probability of that hierarchy). Our algorithms
compute these quantities without having to iterate over each possible hierarchy in the O(3N )
time, which is super-exponentially more efficient than explicitly considering each of the
(2N �3)!! possible hierarchies (see Corollary 2 for more details). Thus, while still exponential,
this is feasible in regimes where enumerating all possible trees would be infeasible, and is
to our knowledge the fastest exact MAP/partition function result(See §A.5 and §A.7 for
proofs), making practical exact inference for datasets on the order of 20 points (⇠ 3 ⇥ 109

operations vs ⇠ 1022 trees) or fewer. For larger datasets, we introduce an approximate
algorithm based on a sparse hierarchical cluster trellis and we outline different strategies for
building this sparse trellis. We demonstrate our methods’ capabilities for exact inference
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Sum of costs per  
pair sibling pair

• Model needs to be defined in terms of the product of pairwise splittings:

https://github.com/
SebastianMacaluso/ClusterTrellis

We connected with Andrew 
McCallum’s group at UMass 

Marginal likelihood

Most meaningful, though we typically focus on the ML history. 
See Matthew Drnevich and Lauren Greenspan’s talks for implementation examples. 



• We represent each set of elements as a node in the trellis.

• There are 2|x| nodes for a full trellis, but the number of trees 
grows super-exponentially faster.

• It allows to run a dynamic programming algorithm to compute 
the marginal likelihood (over all possible clusterings) and the 
exact maximum likelihood hierarchy.                              
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Trellis Structure
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# of trees = (2N °3)!!

Trellis complexity O(3N)
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• Despite efficiency, the full trellis still grows exponentially.

• However, we can control complexity by building a sparse trellis with 
some nodes removed; we consider a fraction of hierarchies from 
the total of (2 N - 3)!!. 

• Most histories likelihood is negligible compared to the maximum 
likelihood history (MAP tree).

• One can also construct a sparse trellis from samples (e.g., ground 
truth from a simulator, greedy, or beam search) or randomly sample 
pairwise splittings.

Sparse Hierarchical Cluster Trellis
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p(z|x, ✓) = p(x|z, ✓) p(z|✓)
p(x|✓)

<latexit sha1_base64="SKHGXwlJQgvMxLj72yjNTxc9y8A="></latexit>

• The trellis encodes a distribution over all possible trees.

• Traversing the trellis top-bottom is similar to running the 
generative model.

• The trellis enables to sample histories weighted by their likelihood 
from the true posterior distribution conditioned on a set of leaves 
(jet constituents) without enumerating all possible clusterings.

Posterior distribution - Sampling procedure

Event Generation for events with large jet multiplicity

During simulations, when implementing the CKKW-L matching algorithm, parton final states need to be reweighted 
with the corresponding Sudakov form factors of each history.

Trellis could be extended to consider 2     3 splittings (currently based on binary trees, 1     2 splittings); could make 
feasible the implementation of CKKW-L to a higher jet multiplicity.
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Hierarchical Clustering as a Markov Decision Process 
Brehmer, Macaluso, Pappadopulo, 

Cranmer [arXiv:2011.08191]
NeurIPS 2020 ML4Physical Sciences 

workshop

• The state space S is given by all possible particle sets at any given 
point during the clustering process.

• The actions A are the choice of two particles to be merged.

• The state transitions P are deterministic and update     to 

• The rewards R are the splitting probabilities.

• The MDP is episodic and terminates when only a single particle is 
left.

zt
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We implement Monte Carlo Tree Search (MCTS) and 
Imitation learning / Behavioral Cloning (BC). 

We explored the use of Reinforcement Learning
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A* search + trellis

• We proposed A* search on the trellis to find the MLE hierarchy.
• Best-first search algorithm that reframes clustering as search.
• Based on a heuristic to determine the most promising path.
• Trellis compactly encodes states in the search space and allows a top-down exploration.
• Compactly represents the search frontier as nested priority queues.
• Approximate version based on a sparse trellis and/or limiting the number of trees explored.

{a} {b} {c} {d} {e}

…

{a,b,c,d,e}

{a,b,c} {a,b,d}

{a,b}

{c,d,e}{a,b,e}

{a,c} {a,d} …

…

{c,d} {c,e} {d,e}…

Min-Heap 
Over Child Pairs

abd ce

abc de

abe cd

ab cde

Store a separate heap 
at each node.

{a} {b} {c} {d} {e}

…

{a,b,c,d,e}

{a,b,c} {a,b,d}

{a,b}

{c,d,e}{a,b,e}

{a,c} {a,d} …

…

{c,d} {c,e} {d,e}…

Partial Hierarchical Clustering State
Leaf nodes with  

un-initialized heaps (  
to be explored next.

)

UAI 2021 [Greenberg, Macaluso, Monath, Cranmer, McCallum, et al ’21]  

Nicholas MonathCraig Greenberg
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Comparison for maximum likelihood showering history

• We find the exact maximum likelihood tree for up to 16 jet constituents.

• Our approx. algorithms greatly improve over greedy and beam search baselines.

Table 1

# of 
leaves

Approx. # 
of trees

4 15
5 100
7 10 K
9 2 M

11 600 M
150 10300

https://github.com/SebastianMacaluso/HCmanager
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Lower is better!

Greedy ~ kt-like

https://github.com/SebastianMacaluso/HCmanager


• Generating sufficient background in signal-like tails is hard, 
e.g. background for boosted jet taggers.

• Monte Carlo parton showers sample jets through random 
number generators.

• Probabilistic programming offers a way to hijack the random 
number generators and sample from this complicated region 
of phase space, e.g. importance sampling.

• Applied to Sherpa 

     NeurIPS 2019 [Baydin, Heinrich, Louppe, Cranmer, et al, arXiv:1807.07706]
     SC 2019 [Baydin, Louppe, Cranmer et al, arXiv:1907.03382]
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[Drnevich, Cranmer, Baydin, Macaluso, vCHEP 2021]  

Importance sampling on Ginkgo jets using PyProb and 
conditioning on the number of constituents.

Probabilistic programming

Allows to efficiently sample the tails of 
backgrounds in signal-rich regions of phase space.



• Ultimately it would be very powerful if we could unify generation (the simulation / forward model) and inference 
(MC tuning, jet tagging, etc.). To do this, we need first to reframe jet physics in probabilistic terms.

• Introduced a simplified generative model to facilitate research into new computational techniques for jet physics.

• New implementations of likelihood-based clustering algorithms: greedy and beam search that provide a principled 
alternative to the generalized     clustering algorithms.

• Hierarchical cluster trellis and A* algorithms to exactly obtain the maximum likelihood showering history 
(approximate versions greatly improve over baselines). Also, applications in cancer genomics and possibly 
phylogenetic trees.

• New implementations of reinforcement learning based algorithms such as MCTS for jet clustering.

• Cluster trellis allows to marginalize and sample from the true posterior distribution of showering histories which 
could ameliorate bottlenecks in physics simulations with large jet multiplicity. 

• Probabilistic programming allows to efficiently sample the tails of backgrounds in signal-rich regions of phase 
space.

kt
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20Thanks for your attention!

Final remarks 
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