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Galaxy clustering: unlike the CMB, 
every data point is nonlinear!

Hubble UDF Planck



Outline

• Two goals of the talk:

• Argue that there is much more (trustable) 
information in galaxy clustering than what 
we are using so far

• Show that we can deal with complexities 
of galaxies rigorously on large scales



How do we compare 
theory with data?

• If galaxy density field was 
Gaussian, 

• i.e. PDF of δ(x) is multivariate Gaussian, with 
diagonal covariance in Fourier space

• Then all the information would 
be contained in the power 
spectrum

• However, final matter density is 
clearly non-Gaussian!

Gil-Marin et al, 2016

h�(k)�⇤(k0)i = (2⇡)3�D(k � k0)P (k)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



How do we compare 
theory with data?

• We can of course still use 
the power spectrum on 
smaller scales

• However, need to add 
more nuisance 
parameters to have a 
reliable prediction

Gil-Marin et al, 2016
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Figure 12: Left panel: illustration of halo auto- (red, top line) and cross-power spectra (green, middle line), and the matter
power spectrum (blue, bottom line) at z = 0. The solid lines show the total LO plus NLO result, while the dashed curves
show the LO (linear) prediction only. The bias parameters used here are b1 = 1.50, b2 = �0.69, and bK2 = �0.14, as in
Tab. 6, while br2� = R2

⇤ with R⇤ = 2.61h�1 Mpc. btd = 23/42(b1 � 1) is taken from the Lagrangian LIMD prediction

(Sec. 2.4). The stochastic amplitudes are taken from the Poisson expectation, P
{0}
" = 1/nh and P

{2}
" = �R2

⇤/nh, with

nh = 1.41 · 10�4(h�1 Mpc)�3. We have set P
{2}
""m = 0 in P nlo

hm (k). Right panel: fractional size of the NLO contributions to
the matter and halo-matter cross-power spectrum at z = 0. The red dashed line shows the result for Phm(k) for the fiducial
bias parameters given above. The di↵erent shaded areas around P nlo

hm show the e↵ect of rescaling the various bias parameters
by a factor in the range [0.5, 2]. Clearly, the contributions from di↵erent bias parameters exhibit similar dependencies on k,
and are in general di�cult to disentangle using only the power spectrum. The perturbative description is expected to fail for
k & 0.25hMpc�1, where P nlo

mm(k) becomes as large as the LO prediction PL(k).

We will return to this in Sec. 4.5.3. It is often assumed that there is no stochastic contribution to the
halo-matter cross-power spectrum. However, this is only true at lowest order. The nonlinear small-scale
modes of the density field are responsible for both the halo stochasticity " and the stochastic contribution
to the matter density field "m, which, as discussed in Appendix B.3, is due to the e↵ective pressure of the
nonlinear matter fluctuations and scales as k2 in the low-k limit. Hence, one has to allow for a correlation

between the two stochastic fields, leading to the term k2P {2}

""m in P nlo
hm , which is comparable to the other

NLO contributions. Note that it could be either positive or negative.
The magnitude and scale dependence of the NLO corrections to the halo and matter power spectra is

shown in Fig. 12. As expected, we see that the corrections become increasingly important towards smaller
scales (higher k). We see a particularly steep suppression of Phh(k), which, for our fiducial parameters, is

dominated by the higher-derivative stochastic contribution k2P {2}

" . The right panel of Fig. 12 shows the
fractional size of the NLO correction to Pmm(k) and Phm(k). Depending on the value of the various bias
and stochastic parameters, the NLO correction could be either positive or negative (shaded regions), and
cancellations between the di↵erent NLO contributions can occur. In any case, as soon as the fractional
size of the NLO correction approaches order unity, we expect that higher-order loop contributions which we
have not included become comparable to P nlo

hm (k) as well, and hence the perturbative expansion ceases to
converge.

The NLO halo-matter power spectrum adds five additional free parameters to the ones present at leading

order (b1, P {0}

" ). These can, in principle, be disentangled due to the di↵erent scale dependence of each term.
However, as illustrated in Fig. 12, these scale dependences are su�ciently similar that it is di�cult to
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• Beyond leading order:           
5 additional parameters

• Many contributions have very 
similar shape

• Free parameters limit 
cosmological information that is 
available in power spectrum by 
itself

Why we should go beyond 
the power spectrum



• At second and higher order, galaxy density 
contains displacement terms which are 
special:

• Equivalence principle ensures that large-
scale displacement is the same for 
galaxies and matter

• Displacement term allows for 
disentangling bias and amplitude of 
fluctuations (As or σ8)

• In the power spectrum, these are mixed in 
with other nonlinear bias contributions and 
impossible to disentangle

Why we should go beyond the 
power spectrum

s / r�
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Inference beyond the 
power spectrum

• One approach: higher-order statistics such as the bispectrum

• Issue: complicated data vector, even more complicated 
covariance…

• Even if the bispectrum is eventually measured, going to the 
four-point function seems futuristic

• Another: nonlinear transformation of the data

• BAO reconstruction, voids, density-split statistics, marked 
correlation functions, Minkowski functionals…

• But can we get all the information from the galaxy density field at 
once?



Inference beyond the 
power spectrum

• One approach: higher-order statistics such as the bispectrum

• Issue: complicated data vector, even more complicated 
covariance…

• Even if the bispectrum is eventually measured, going to the 
four-point function seems futuristic

• Another: nonlinear transformation of the data

• BAO reconstruction, voids, density-split statistics, marked 
correlation functions, Minkowski functionals…

• But can we get all the information from the galaxy density field at 
once?



Inference beyond the 
power spectrum

• Given cosmological parameters θ, we can 
predict 

1. Statistics of initial conditions

2. How a given          evolves into the final 
density field

�in(x)
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Prior

deterministic evolution

Pprior

⇣
~�in, ✓

⌘
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Inference beyond the 
power spectrum

• For the situation we are dealing with in 
cosmology, then, the full posterior of cosmological 
parameters given the data is then given by

P (✓) =

Z
D~�inP

⇣
~�g
���~�fwd[~�in, ✓]

⌘
Pprior

⇣
~�in, ✓

⌘
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=

Z
d{bO}P

⇣
~�g
���~�, ✓i, {bO}

⌘
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conditional probability: all physics of galaxy 
formation enters here



Inference beyond the 
power spectrum

• For the situation we are dealing with in 
cosmology, then, the full posterior of cosmological 
parameters given the data is then given by

Multivariate Gaussian, diagonal 
covariance in Fourier space

P (✓) =

Z
D~�inP

⇣
~�g
���~�fwd[~�in, ✓]

⌘
Pprior

⇣
~�in, ✓

⌘
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Inference beyond the 
power spectrum

• For the situation we are dealing with in 
cosmology, then, the full posterior of cosmological 
parameters given the data is then given by

Very high-dimensional integral…

P (✓) =

Z
D~�inP

⇣
~�g
���~�fwd[~�in, ✓]

⌘
Pprior

⇣
~�in, ✓

⌘

<latexit sha1_base64="wxWs8ZDIyg2Oj02V1lhqkN3YoW0="></latexit>



Inference beyond the 
power spectrum

• How does this work in practice? Markov Chain Monte Carlo:

• Discretize fields on grid

• Draw initial conditions from prior

• Forward-evolve using gravity, compute likelihood

• Compare with data and repeat

• Challenge: even with fairly coarse resolution, have to sample 
many millions of parameters

• Key: Hamiltonian Monte Carlo

P (✓) =

Z
D~�inP

⇣
~�g
���~�fwd[~�in, ✓]

⌘
Pprior

⇣
~�in, ✓

⌘
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Inference beyond the 
power spectrum

• How does this work in practice? Markov Chain Monte Carlo:

• Discretize fields on grid

• Draw initial conditions from prior

• Forward-evolve using gravity, compute likelihood

• Compare with data and repeat

• Challenge: even with coarse resolution, have to sample many 
millions of parameters

• Key: Hamiltonian Monte Carlo
Kitaura & Ensslin, Jasche & Wandelt, Wang, Mo et al, Seljak et al, Jasche & Lavaux (2017), …

• Lots of interest in this approach recently

P (✓) =

Z
D~�inP

⇣
~�g
���~�fwd[~�in, ✓]

⌘
Pprior

⇣
~�in, ✓

⌘
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Flowchart:

P (✓) =

Z
D~�in

Z
d{bO}

P
⇣
~�g
���~�fwd[~�in, ✓], {bO}

⌘
Pprior

⇣
~�in, ✓

⌘
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The likelihood for 
galaxies

• The key physical ingredient needed in this approach is 
the conditional probability (likelihood)                               

• A wrong likelihood leads to biased inference of initial 
conditions and cosmology

• Although correlation coefficient between true and 
reconstructed IC is robust

• Is there a way to obtain a likelihood that rigorously 
marginalizes over small-scale nonlinearities?

• Yes, using the effective field theory of LSS

<latexit sha1_base64="zLUoi2rLBxuO89NwKPm0dmkEjkY="></latexit>
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Nguyen, FS et al; 2011.06587



• Perturbations in our universe 
are small on large scales

• Perturbation theory works 
on quasilinear scales k < kNL

• Goal: describe galaxy 
clustering up to a given scale 
and accuracy using a finite 
number of free bias 
parameters and stochastic 
amplitudes

Theory of galaxy 
clustering
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variance of matter fluctuations 
per logarithmic k interval
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EFT approach
• Idea: trust our theory for 

k < Λ

• Split perturbations into 
large scale (< Λ) and small 
scale (>= Λ):

• Then, we integrate out 
(marginalize over) 
perturbations with k > Λ

�(x, ⌧) ⌘ ⇢m(x, ⌧)

⇢̄,(⌧)
� 1 = �⇤ + �s
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modes that are 
integrated out

�⇤
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• Incorporate effect of large-scale 
perturbations explicitly using 
bias expansion, with free 
coefficients

• Fields O are constructed 
from 

• Small-scale perturbations add 
noise ε

EFT approach

�g(x) =
X

O

bOO(x) + "(x)
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modes that are 
integrated out

�⇤
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Bias
• Which bias terms         we need to include:

• Well understood by now

• Include dependence on full history of 
structure formation

• Includes “local bias” (powers of matter 
density) as well as tidal fields, time and 
space derivatives thereof

• Displacement terms protected by 
equivalence principle have fixed coefficients!

O(x)
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Stochasticity
• ε arises from local (in real space) 

superposition of many small-scale 
perturbations

• Central limit theorem: ε(k) is 
approximately Gaussian distributed (the 
lower k, the more Gaussian it is)

• Local in real space: power spectrum is 
white noise at low k, with corrections 
~k2: 

h"(k)"⇤(k0)i = (2⇡)3�D(k � k0)
h
P" + k2P {2}

" + · · ·
i
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Cabass, FS arXiv:1909.04022



• Given its Gaussianity, can analytically integrate out the noise to 
obtain the desired likelihood of the galaxy density field:

• Equivalent formulation exists in real space

• Easy to go to higher orders in bias expansion

• In fact, can analytically marginalize over bias parameters

• Clear relative ordering of bias and stochastic terms  
Cabass, FS; 1909.04022

EFT likelihood

with

�g(k)� �g,det(k) = "(k)

�g,det(k) =
X

O

bOO(k)
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Fixed phase test for halos
• To test this EFT likelihood, let’s begin with a toy setup:

• Take halos in full N-body simulation as our galaxy 
sample

• Can we recover unbiased cosmology from a halo 
catalog of unknown selection, given initial 
conditions with an arbitrary normalization?

• Cosmology: restrict to σ8 (or equivalently As)

Elsner, FS, et al; 1906.07143
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Figure 2. Results on the estimated value of ‡8, relative to the ground truth, as a function of cuto�
value �. The di�erent panels show the four mass bins considered (with M in units of h≠1M§), and
each panel shows the results for three redshifts: z = 0, 0.5, 1. The results shown are for 3LPT with
an o = 3 bias expansion, and for two simulation realizations. The scatter between the two simulation
realizations is consistent with the statistical errors inferred from the profile likelihood.

The expected convergence to Âin = 1 as � æ 0 is seen for all masses and redshifts.
Note that the inferred ‡8 value never di�ers from the truth by more than ≥ 4% for all our
samples and all cuto� values considered. Excluding the lowest cuto� value, which has the
largest statistical error bars, as well as the highest cuto� value � = 0.25 h Mpc≠1, which is
close to the nonlinear scale at z = 0, the ‡8 inference is in fact accurate to 2% or better for
all samples for this third-order forward model. The rate at which Âin diverges from 1 when
going to larger � clearly depends on halo mass and redshift. We return to this point below
when comparing results at di�erent orders o.
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• Can we recover unbiased σ8 from a halo catalog of unknown 
selection? 

• Note: perfect degeneracy between b1 and σ8 at linear order; 
nonlinear information essential

Maximum-likelihood value of σ8:

as a function of cutoff Λ 
(maximum wavenumber used)

3LPT, third-order bias expansion

FS, et al; arXiv:2004.06707; FS, arXiv:2009.14176

Cosmology from halos

evaluating the likelihood in Fourier space on a grid of size Ng. This is mostly done in order
to cross-check the equivalence with the Fourier-space formulation; one can equivalently set
Ng = N red

g in this term without any impact on the inference, as it is an additive constant.
Eq. (4.1) is straightforward to evaluate, however still explicitly depends on the bias

parameters, which requires one to search for a maximum in a high-dimensional parameter
space. As shown in [34] and [39], it is possible to analytically marginalize over the bias
parameters; this is because the log-likelihood Eq. (4.1) is a quadratic polynomial in the bias
parameters (they enter linearly in ”g,det). In the case that all bias parameters are marginalized
over (in the notation of the above references, µ æ 0), the likelihood becomes

≠2 ln P(”g|‡0; ‡8; ”in) = C ≠
ÿ

O,OÕ
BO(A≠1)OOÕBOÕ + ln det A

+ Nmodes

(N red
g )3

N
red
gÿ

x

ln
A

2fi
N6

g

(N red
g )3

[‡(x)]2
B

+ ln det Cprior , (4.2)

where

C(‡0) =
N

red
gÿ

x

1
[‡(x)]2

!
”g(x)

"2 (4.3a)

BO(‡0; ‡8; ”in) =
N

red
gÿ

x

”g(x)O(x)
[‡(x)]2 +

ÿ

OÕ
(C≠1

prior
)OOÕbprior

OÕ (4.3b)

AOOÕ(‡0; ‡8; ”in) =
N

red
gÿ

x

O(x)OÕ(x)
[‡(x)]2 + (C≠1

prior
)OOÕ , (4.3c)

while bprior

O
and Cprior denote the mean and covariance of a Gaussian prior on the bias

parameters. While the code implementation allows for priors, for this paper we drop the
prior terms, i.e. formally send C≠1

prior
æ 0, corresponding to a uniform prior on the bias

parameters. Note that the O(x), and hence BO and AOOÕ , depend on ‡8 and ”in via the
forward model, as well as on ‡0 via the variance. In this paper, we always show results
marginalized over all bO (while Refs. [34, 38] did not marginalize over b1).

All the grid operations are straightforwardly parallelized (using OpenMP in our imple-
mentation). For the matrix operations (inverse and determinant), we use the LU decompo-
sition with full column pivoting as provided by the Eigen C++ library [47].3 Specifically, we
write ÿ

O,OÕ
BO(A≠1)OOÕBOÕ = B€ · X where X satisfies A · X = B, (4.4)

avoiding the explicit computation of the matrix inverse.
The computation of the ‡8 profile likelihood proceeds by finding the maximum of the

likelihood Eq. (4.2) over all free parameters for a range of of ‡8 values [34]. Specifically, we
determine the maximum log-likelihood for the values

Ain © ‡8

‡fid
8

œ {0.9, 0.95, 0.98, 1.00, 1.02, 1.05, 1.1}, (4.5)

3
The matrix AOOÕ is positive definite and as such lends itself to a Cholesky decomposition. However, we

have found this to be less accurate than the LU decomposition.
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Figure 5. Maximum-likelihood value Âin ≠1 for all halo samples and redshifts (but for one simulation
realization only) at a fixed cuto� value. The x axis shows the combination (b1 ≠ 1)Dnorm, where
Dnorm = D(z)/D(0) is the normalized growth factor at the redshift of the given sample. The di�erent
panels show di�erent cuto� values as indicated. In each panel, we show results for di�erent forward
model/bias expansions. This gives an overview of the overall performance of di�erent expansions at
di�erent cuto� values.

Ain vs. bias: So far, we have discussed Âin as a function of cuto� � for individual halo
samples. Fig. 5 shows an alternative representation, where all halo mass bins and redshifts are
plotted in a single panel, but at fixed cuto�. This gives a good overview of the performance of
a given expansion order at a fixed cuto�. We choose to plot results as the fractional deviation
of the inferred ‡8 value from the truth, i.e. Âin ≠1, as a function of the combination b1Dnorm

where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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• Can we recover unbiased σ8 from a halo catalog of unknown 
selection? 

• Note: perfect degeneracy between b1 and σ8 at linear order; 
nonlinear information essential

Maximum-likelihood value of σ8:

as a function of (b1-1) D(z)        
(Λ fixed)

varying LPT and bias orders

FS, et al; arXiv:2004.06707; FS, arXiv:2009.14176

Cosmology from halos

evaluating the likelihood in Fourier space on a grid of size Ng. This is mostly done in order
to cross-check the equivalence with the Fourier-space formulation; one can equivalently set
Ng = N red

g in this term without any impact on the inference, as it is an additive constant.
Eq. (4.1) is straightforward to evaluate, however still explicitly depends on the bias

parameters, which requires one to search for a maximum in a high-dimensional parameter
space. As shown in [34] and [39], it is possible to analytically marginalize over the bias
parameters; this is because the log-likelihood Eq. (4.1) is a quadratic polynomial in the bias
parameters (they enter linearly in ”g,det). In the case that all bias parameters are marginalized
over (in the notation of the above references, µ æ 0), the likelihood becomes

≠2 ln P(”g|‡0; ‡8; ”in) = C ≠
ÿ

O,OÕ
BO(A≠1)OOÕBOÕ + ln det A

+ Nmodes

(N red
g )3

N
red
gÿ

x

ln
A

2fi
N6

g

(N red
g )3

[‡(x)]2
B

+ ln det Cprior , (4.2)

where

C(‡0) =
N

red
gÿ

x

1
[‡(x)]2

!
”g(x)

"2 (4.3a)

BO(‡0; ‡8; ”in) =
N

red
gÿ

x

”g(x)O(x)
[‡(x)]2 +

ÿ

OÕ
(C≠1

prior
)OOÕbprior

OÕ (4.3b)

AOOÕ(‡0; ‡8; ”in) =
N

red
gÿ

x

O(x)OÕ(x)
[‡(x)]2 + (C≠1

prior
)OOÕ , (4.3c)

while bprior

O
and Cprior denote the mean and covariance of a Gaussian prior on the bias

parameters. While the code implementation allows for priors, for this paper we drop the
prior terms, i.e. formally send C≠1

prior
æ 0, corresponding to a uniform prior on the bias

parameters. Note that the O(x), and hence BO and AOOÕ , depend on ‡8 and ”in via the
forward model, as well as on ‡0 via the variance. In this paper, we always show results
marginalized over all bO (while Refs. [34, 38] did not marginalize over b1).

All the grid operations are straightforwardly parallelized (using OpenMP in our imple-
mentation). For the matrix operations (inverse and determinant), we use the LU decompo-
sition with full column pivoting as provided by the Eigen C++ library [47].3 Specifically, we
write ÿ

O,OÕ
BO(A≠1)OOÕBOÕ = B€ · X where X satisfies A · X = B, (4.4)

avoiding the explicit computation of the matrix inverse.
The computation of the ‡8 profile likelihood proceeds by finding the maximum of the

likelihood Eq. (4.2) over all free parameters for a range of of ‡8 values [34]. Specifically, we
determine the maximum log-likelihood for the values

Ain © ‡8

‡fid
8

œ {0.9, 0.95, 0.98, 1.00, 1.02, 1.05, 1.1}, (4.5)

3
The matrix AOOÕ is positive definite and as such lends itself to a Cholesky decomposition. However, we

have found this to be less accurate than the LU decomposition.
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How much information 
is there actually?

• We get statistical tiny error bars on cosmology if we fix 
the phases: very conservatively Δσ8 <~ 0.8% for (2000 
Mpc/h)3 volume for halos

• About one order of magnitude smaller than expected 
error from power spectrum/bispectrum analysis!

• But in reality, we don’t know the initial conditions 
(phases) of course

• What can we ultimately expect once we also sample 
those?



How much information 
is there actually?

• Work in progress… EFT 
likelihood implemented in 
BORG code (Elsner/Reinicke/
Jasche/Lavaux)

• Test on “mock sample” 
generated from likelihood 
itself; conservative cutoff 

• ~5% constraint on σ8; 
comparable to linear RSD 
constraints, but completely 
independent - based on 
nonlinear information

PRELIMINARY

<latexit sha1_base64="0jg3JWPSbaWw+v5uociS/BgyN5o="></latexit>

⇤ = 0.1hMpc�1; V = 8h�3Gpc3; n̄ ' 2⇥ 10�4h3Mpc�3



htemp
Entries  9862
Mean   0.8271
Std Dev    0.04263

0.7 0.75 0.8 0.85 0.9 0.95
sigma8

0

50

100

150

200

250

300

350

400

450

500 htemp
Entries  9862
Mean   0.8271
Std Dev    0.04263

sigma8

How much information 
is there actually?

PRELIMINARY

<latexit sha1_base64="0jg3JWPSbaWw+v5uociS/BgyN5o="></latexit>

⇤ = 0.1hMpc�1; V = 8h�3Gpc3; n̄ ' 2⇥ 10�4h3Mpc�3

• Work in progress… EFT 
likelihood implemented in 
BORG code (Elsner/Reinicke/
Jasche/Lavaux)

• Test on “mock sample” 
generated from likelihood 
itself; conservative cutoff 

• ~5% constraint on σ8; 
comparable to linear RSD 
constraints, but completely 
independent - based on 
nonlinear information



Summary

• Full Bayesian inference of density field is 
expected to yield substantially improved 
cosmology constraints, at least on σ8 and 
very probably also fNL

• Much simpler in any forward approach to 
go to higher orders (see 5th order results) 
and to incorporate nontrivial observational 
effects



Discussion points

• Where does the additional information 
come from?

• What about covariance? (None)

• What about mask? Systematics?

• RSD? Cabass, arXiv:2007.14988


