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1. Introduction: Our framework

* To explain the KNO scaling violation, double-Negative
Binomial Distribution (double-NBD) and triple-NBD were
proposed by Giovannini et al and Zborovsky.
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P(n, (n)) = Z a; Pxgp, (1, (n:), ki)
- 2§:3a' I'(n+ k) ((n;) k)™
"T(n+1)T(k:) (1+ (ng)/k;)nthe

1=1

 The triple-NBD is probably related to the following
processes in proton + proton collisions:

[ ND (Non-diffractive dissociation)
p+p< SD (Single diffractive dissociation)
. DD (Double diffractive dissociation)
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Second conventional formula for the B-E correlation

* The conventional formula (CF,) has been used in B-E correlations (BEC)
analysis for half a century.

where A is degree of coherence, EFggc is B-E exchange function,
Q = \/—(p1 — p2)? is momentum transfer, R is radius of interaction.

* Based on the correspondence of triple-NBD and three processes in p+p
collision, we derived a second conventional formula (i.e., two-component

interference formula) named CF; :
CFir = [1.0 + M1 EBEc, (B1, Q) + A2EBEC, (R2, Q)]

* The contribution from DD is small, because of coherence property

(i.e.,large k5 (parameter of NBD)).
* Hereafter, we use CFj; X [long-range correlation(LRC)] for analysis of the data.

* Many experimental groups use LRC 5y = ¢(1.0 + Q).

(c is normalization.)

My talk is based on the following papers with preliminary analysis.
TM and MB, IJMP A35 (2020) 2050052, MB and TM , IJMP A34 (2019) 1950203

TM and MB, JPS Conf. Proc. 26 (2019) 031032, MB and TM, EPJ A54 (2018) 105
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2. Analysis of L3 BEC at Z%-pole

T.Csorgo, J.Zimanyi,Nucl.Phys.A517(1990)588

T.Csorgo, W.Kittel, W.J.Metzger, T.Novak, Phys.Lett.B663(2008)214

* L3 collaboration used a t-model formula based on the Levy process for

analysis of BEC.

Fr(efe ) = [14 Acos(R,Q)**" exp(—(RQ)**7)] x LRCs)

with R2%" = tan(a,m/2) R

T T T T T

M L3, z-jﬁt -
i t-model (}2=95) — _|

T T T I T
L3, 3-jet

t-model (y?=113) —— ]

| T T T T ‘ T
L3, all-jet 1
-model (y2=211) ———

2 0[GeV] 3 0 2 Q[GeV] 3 4
Analysis of L3 BEC at Z°-pole by 7-model
event R (fm) A § (Gev—1) x?2 /dof
2-jet  0.7840.04 0.61£0.03 0.44+0.01 0.005+0.001 0.97940.002 95/95
3-jet  0.994+0.04 0.85+0.04 0.41+0.01 0.008+0.001 0.977+0.001 112/95
all-jet  0.864+0.03 0.71£0.02 0.44+0.01 0.008+0.001 0.977£0.001 211/95
4/21
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Analysis of L3 BEC at Z-pole by our CFj;
° CFH X LRC(S) - ‘;I T e ]
14 G+G (1+8Q)1+MET)
b o, S+

Ckn = [10 T )\1EBEC1 (Rla Q) + )\QEBECQ (R2> Q)] EN | CHn =170 |
Egpgpc = exp(—RQ) (Exponential) or exp(—(RQ)?) (Gaussian) ~11 [ i; -
1= %w% lwﬁ@wﬁwﬁﬁwﬁﬁﬁd@gﬁtwmwﬁ

* Two processes from quarks jet to pions: 09 ot

_ T (.) 1.7 — L B L
+ _ u—+u, d+d, ~ L3, 3-jet

€ Te ATt oL g i b+D, (ee) :; L G+G A
= CFy (¥2=326 N

(@)U + U+ Z(Qi%) — Zmany direct 7’s, 214 B e ’

< I

(0@) S+ S+ Z(q@-q}) — Z many resonances 121 7
=12 -

— Z many decayed 7’s RRE aﬁ'«:q .

Thus, we expect that CFj, works for BEC in ee~ 0; R T esatbiis
collisions at Z-pole. o ! 2 01Gevl 3 4

Analysis of L3 BEC at Z-pole by CF;; (G + G) X LRC g

event Rl (fm) Rg (fm) )\1 )\2 ) (GeV_l) C Xz/dOf
2-jet 0.61+0.01  1.54+0.12 0.324+0.01 0.23+0.02 0.015+0.001 0.953+0.002 170/94
3-jet  0.69 £0.01 1.73 +£0.11 0.38+£0.02 0.344+0.03 0.019+£0.001 0.950+0.001 326/94
all-jet  0.67 £0.01 1.64 £0.09 0.35£0.01 0.30£0.02 0.01840.001 0.9514+0.001 633/94

P.Achard et al. [L3 Collab.], Eur. Phys. J. C 71 (2011) 1648, to the L3 paper and W.J. Metzger and T. Novak,

2B%R/gigc:@communication. There is, unfortunately, no data base of L3 data.
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Analysis of the same data by CFj; X LRCs .,

* Toimprove the y*values, we use CFy; X LRC s,

CFrr = [1.0 + A Epec, (R1, Q) + A2EBrc, (R2, Q)]
LRC(5.¢) = (1.0 + 8Q + £Q?)
This one is suggested by OPAL (1991).

1.5 T — T T T T T ] T T T T 1.7 T T T | T T T T L |‘ I 1.6 T (L s s s
3}- L3, 2-jet 4 1.6 L3, 3-jet ] L3, all-jet J
(1+80+ 0P+ A E]) -oeemees _ |} c(1+80+e0") (1 +A,E]) - LS (1+80+60™) (L + A E2) —mmom
14 G +G o 0 Qt)-((l-hl‘Ll,z }_ G +G c(1+AE3) ] L G +G \l]-.-ilf_l‘l 4
% CRu(p=99) —— 1 15[ CFy (22=125) T 14b CEy (=183)
L 13 7 g4 K
< X g Tl
112 = - 113 ¢
& Lo & Rl
= & =12 B \
1.1 [ i
1.1 —-‘. \
L= 1 _l". o, ) "_“o_:“‘_..ﬂ'.u..»-ﬂo-"..'ﬂ".“"--"""o«"”""w.""-"""i"l"""u“' K
0.9 T S R T T R S N E B B 09 1 L L S EEEE SR | X | S S
0 1 2 0[GeV] 3 4 0 1 2 0O[GeV] 3 4 0 1 2 Q[GeV] 3

Analysis of L3 BEC at Z-pole by CFy;(G+G) X LRC s,

event

R; (fm) Ry (fm) A1 A2 5 (GeV™l) g (GeV™?) c x?/dof

2-jet
3-jet

1.384£0.10 0.5440.02 0.2840.02 0.314+0.02 0.059+0.006 —0.010+0.001 0.92040.005 94/93
1.49+0.08 0.60£0.01 0.414+0.02 0.35+0.02 0.0734+0.004 —0.013+£0.001 0.911+£0.003 125/93

all-jet 1.43£0.06 0.56+0.01 0.384+0.02 0.344+0.01 0.086+£0.004 —0.016+£0.001 0.90140.003 183/93
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Comparison of some results by CFj; X LRC 5.y and T-model
CFr x LRC(s5.) = [1.0 + A1 Eggcy (R, Q) + A2 EBEC, (R2, Q)] x LRC(54)
Fr(efe) = [14 Acos(RaQ)?* exp(—(RQ)**")] x LRC(y)

Introduction of Reg = R1A1 + RaAs in CFyp (G+G). Comparison of R’s.

CFnp T-model
event Reg (fm) o =7mR%; (mb) | R (fm) o (mb)
2-jet  1.38 x 0.281 + 0.54 x 0.314 = 0.56 = 0.04 9.8 0.78=+0.04 19.1
3-jet  1.49 x 0.414 + 0.60 x 0.350 = 0.83 = 0.05 21.6 0.99+0.04 30.8
all-jet  1.43 x 0.379 4+ 0.56 x 0.336 = 0.73 = 0.04 16.7 0.86+0.03 23.2

Introduction of A\egg = A1 + A2 in CFp; (G4G). Comparison of \’s.
event CFi1: Aegr T-model: A
2-jet  0.28+0.31 =0.59+0.03 0.61£0.03
3-jet  0.41+0.35=0.76 +£0.03 0.85+0.04
all-jet  0.384+0.34 =0.72+£0.02 0.71£0.02
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Density distributions in Euclidean space by Fourier transformation

Bessel transformation in Euclidean space : & = (x? + y2 + z% + (ct)?)1/?

1
(2m)2¢

pBEC(Sﬂ R) =

]O 27263 Pppe (&, R)dE = 1.0

Fpec(R, Q) p(§)
22 1 52
exp(—R°Q%) | 5 &P (_@)
3 1
xp(—hQ) | g (1+ (£/R)2)5/2

R. Shimoda, MB, N. Suzuki, Prog. Theor. Phys. 89
(1993) 697
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/0 Q° EprcLro-1.0)(Q, R)J1(Q€)dQ

Density distributions by CF;; (G+G)x LRC
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Density distributions of two sources by CF;; (6+G)X LRCs

025 T T T T T T I T T T I T T T T T T 025 I I I 1 I I | I I T | T T T T T T
L3 2—Jet L33 Jet

MXREPERY) MREP(ERY)

02 la><2ﬂ:2&j P2(ERy) 0.2 Azx27r2<§ (& Ry)
R1=1.38(fm), 1,=0.28 R1=1.49(fm), A,=0.41
0.15 R,=0.54(fm), 1,=0.31 0.15 R>=0.60(fm), 1,=0.35

T 11 | T 11 | T 11 | T 11 | T 11
1 11 1 | 111 1 | I | | 11 1 1 | 11 1 1
I I | I 1111 | 1 11 1 | 1 11 1 | 1111

0.1 0.1
S, = 0.41
0.05 5, = 028 0.05
0 [ v 0 ||r{l L1 0 I R N I T T s ST
0 2 4 6 8 10 0 2 4 6 8 10
G (fm) & (fm)

Density distributions of 1st and 2nd sources for L3 BEC. The
degree of coherence (A;and A,) are multiplied.
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Long-range correlations in T-model

* Inthe tmodel, Acos((QRa)Z“T) X LRC(g) has the effect of long-range correlation. This
is oscillating.

Fr(ete™) = [1 4 Acos(R,Q)* " exp(—(RQ)**)] x LRC,)

* Thus, the correlation function cos((QRa)Z“T) exp(—(QR)?%) becomes to be negative.

T T 1 T | 1 T 1 T I 1 T I 1 I 1 T I 1

0.8 [~ L3, 2-jet, T-model Acos((QR,)**)xc(1+8Q) ——
5 Axc(1406Q)
0.6 |rommmermmmmrmmmm e -

0.4

0.2

0

negative
-0.2

-0.4

T T T
I I |

-0.6

0 1 2 Q|GeV] 3 4
0.6 T T T | T T T T | T T T T | T I T T

cos((QR.)**)exp(—(QR)*®) ——

0.4

0.2

T | T I T

negative negatiye

0

_02 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 | 1 1
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Comparison of LRC’s in CFy; X LRC for L3 2-jet BEC

1-04 I 1 I I I 1 I I 1 | I 1 1 I 1 I I 1

‘ LRCy=c(1+6Q) |
i LRCsg=c(1+0Q+€Q7) -~ -
- LRC(ocl):C(l‘l‘OCQeXp(—ﬁQ)) S __

Band width i
092 £ . — -

Q (GeV/c)

The third LRC 4, will be discussed later.
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3

. Analysis of CMS BEC at 0.9 and 7 TeV

CMS collaboration used a t-model formula for analysis of BEC.

QT

4

F, = {1.0 + Acos [(ROQ)2 + tan (

) (RQ)™ | exp(—(RQ)™) } x LRC(s)

T T T T T T T | T 7I T T I T T T T 1 .1 | 1 1 I I I | 1 _I I I | I I 1 1
1.04 [ CMS Vs=0.9 TeV 1o | CMS Vs=7 TeV ]
i Tmodel (¥2=240) —— - T model (}2=289) —— i
1.02 |- 102 |- .
f 1L
= 0 1% | ]
0.98 ~ . 0.98 ~ ]
. ] - I
0.96 - 0.96 [~ B
0.94 i | | 1 | | 1 1 | 1 I | 1 I | 1 1 ] 0‘94 i 1 1 | | | 1 | | 1 1 | | | | 1 1 | ]
0 0.5 1 Q[GeV] 1.5 2 0 0.5 1 Q[GeV] 1.5 2
Analysis of CMS BEC by 7-model formula with A < 1.
Vs (TeV) Ry (fm) R (fm) A c § (GeV~1) o 2 /n.d.f.
0.9 0.22+0.01  2.98£0.06 1.0 0.994+0.001 0.0082£0.0006 0.56+0.01  240/192
7.0 0.22+0.00 3.46+0.05 1.0 0.99240.000 0.008140.0004 0.564+0.00 289/192
These parameter values is obtained by us and are not published in the paper by CMS.
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Analysis of CMS BEC by CF; X LRC s

« CF; X LRCy

CFi = [1.0 + M1 Egrc, (B, Q) + A2EBEc, (B2, Q)]
LRC(S) — C(lo + 5Q)
Fprc = exp(—RQ) (Exponential) or exp(—(RQ)?) (Gaussian)

1.1 T T T 1 T T T T | T 7T T T | T T T T 11 '| T T T T T | T _I T T I T T T
- CMS V5=0.9 TeV - - CMS Vs=7.0 TeV .
I E+G c(1+8Q)(1+MED) 7 i E+G c(1+8Q)(1+ M E]) ----oeeeem 1
B c(1+A,E5) r c(1+ A, E5) ]
- CFj (x2:356) — ] AR CFj (;{2:540) .
1.05 1.05 -
Q L 0 I,
< | < |
% i IE! NE i
1+ 1
0.95 | 1 1 1 1 ‘ 1 1 1 | 1 1 1 1 | 1 1 1 | 0'95 I 1 1 1 l 1 1 1 1 l 1 1 1 1 I 1 1 1 1 |
0 0.5 1 Q[GeV] 1.5 0 0.5 1 QlGeV] 1.5 2
Our results with LRC 4,
NG Rq (fm) A Ry (fm) A2 c § (GeVTYH)  y*/n.d.t.
0.9 3.37+0.19 (E) 0.80£0.04 0.62+0.01 (G) 0.14£0.01 0.965+£0.001 0.029+0.001  356/192
' 2.06£0.07 (G) 0.3840.02 0.65£0.01 (G) 0.17£0.01 0.9654£0.001 0.028£0.001 384/192
70 3.88+£0.18 (E) 0.84+£0.03 0.71£0.01 (G) 0.124£0.01 0.9714+0.001  0.0234£0.000 540/192
' 2.394+0.07 (G) 0.40+0.01 0.764+0.01 (G) 0.16+£0.00 0.971+0.001 0.022+0.000  600/192
These x2" s are larger than T-model.
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Analysis of CMS BEC by CF;; X LRC(4 2
* Toimprove x*'s, we adopt the form: LRC, 2

CFi = [1.0 + A Eec, (R1, Q) + A2ERrc, (R2, Q)]
LRC, 5y =c(1.0+aQ?xp(—£Q))

1.2 .‘I T T T | T T T | T T _I T | T T T T 1.2 : T T T I T T T T I T 7[ T T I T T T T
'L E+G CMS V5=0.9 TeV i E+G CMS Vs=7 TeV
15 CFy (22=209) —— _ 115 1 CFy (¢*=207) —— |
it c(1+aQ’exp(~BO)(1+AEf) - At c(1+aQ2exp(—ﬁQ))(}+ng.F%)_ -----------
c(1+A,FE3) ¢ cllrA2L5)
o 11+ ¢ 1.1+
% <
! [}
T 105 - 105
= =
1 - 1
095 |- | 095 - |
09 L1 ||1||| | | L1 1 L 09 — P I S ST R 1 P I T
0 0.5 1 Q[GeV] 1.5 2 0 0.5 1 Q[GeV] 15 2

Our results with LRC,2). These combinations are E+G.
Vs Ry (fm) Al Rs (fm) A2 c a (GeV™2) B (GeV™!)  x*/n.df.
0.9 3.07+0.16 0.71+£0.03 0.134+0.02 0.10£0.01 1.00040.009 —1.90+0.18 3.29-+0.09 209/191
7.0 3.42+0.14 0.75+0.03 0.15+0.01 0.07+0.00 1.005+0.003 —1.924+0.17 3.63+0.08 207/191

cf. LRC(s2)is too drastic for L3 BEC, in spite of good x? values.

2020/12/9 14/21



Comparison of some results for 7 TeV

F, = {1.0 + Acos [(ROQ)2 + tan (OZW) (RQ)‘IT] exp(—(RQ)O‘T)} x LRCs)
CFHXLRC(& £) CFHXLRC(QQ) F—,— (T—model)
Ry =315 fm, A\, = 0.83 (E) | Ry = 3.42 fm, A\, = 0.747 (E) R =346 fm
R2 = 0.53 fm, )\2 =0.12 (G) RQ =0.15 fm, )\2 = 0.075 (G) R() = 0.22 fm
A1+ A2 = 0.95 A1+ Az = 0.822 A= 1.0 (o, = 0.56)
§ = 0.020 fm, e = —0.0011 fm? | o = —0.075 fm?2, 8 = 0.72 fm
y2/n.d.f. = 208/191 x2/n.d.f. = 207/191 v2/n.d.f. = 289/192

Comparison of LRC’s

LRCp=c(1+6Q) -~~~ |

1.04 —

[ LRC(e)=c(1+aQ%exp(-BQ)) —

S | ]
q - -
0.96 — —
I CMS 7 TeV 1
I CF,(E+G) |
092 —
I | | 1 | | 1 | | | | | | 1 | | | | | | |
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Density distributions of two sources by CF;;XLRC ,, »,

I I | | | I | | | I | | | | | EBEC (R7 Q)

p(§)

| CMS x/E =7 TeV

AXRTE PL(ERY)
Wx2mE poERy) ——

exp(—R*Q?)

exp(—RQ)

1 Z
1672k TP\ TRt

3 1

4m2R* (1 + (£/R)?)5/?

R;=3.42(fm), A;=0.75
R,=0.15(fm), A,=0.07

Sc = 0.07

e

-
()
[E—
-
[E—
n
[\
-

Density distributions of Gaussian and exponential forms for CMS
BEC at 7 TeV. The degree of coherence (1;and 4,) are multiplied.
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Density distribution of (LRC(42y—1) =aQ?exp(— Q)

Using Bessel transformation, we derive the density distribution :

(2m)¢ (82 +€2)°2

o, )= L0 p (—5 )

VPt e

where a=—1.92 GeV~2? =—0.0763 fm?.
P4_1( ) is the associated Legendre function.

22EPEP) (fm-L)

2020/12/9
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Sum of density distributions

0.2 —

0.1

- 2mEp(Ep)
(-

CF,XLRC g, 5, §
LRC(q2)=c(1.0+aQ?exp(—BQ)) -
sum -

CMS Vs=7 TeV _
AIX2W2§3PE(§,R1) -------- |

(LRC 1) X 2”253P(LRC_1)(§, B —— i
(a2) ~©

0

1 2 3 4 5 6 7 8
€ (fm)

 Crossed contribution can be omitted because of
smallness O (a*A)~ (1073).

2020/12/9

18/21



4. Concluding remarks

* From analysis of L3 BEC:
* The determination of LRC seems to be an important work.
* R.'sinthe CF, are almost the same as R’s in the t-model.

* Ag=A;+A, inthe CF are almost the same as the degree of
coherence in the T-model.

* From analysis of CMS BEC:

* The similar results are obtained from analysis of CMS BEC at 0.9
and 7 TeV.

* R, (Exponential) in [CF}; X LRC,,) | = R in T-model.
* R, (Gaussian)in [CF;; X LRC ;) | = R, in T-model.

 LRC's are important. Provided that LRC is an analytic function,
we can probably draw some physical information from LRC.
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2mE (& B) (fm-1)
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Density distributions by CF;XLRC, ,

0.6
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0.2

Density distribution of (LRC, y-1)=aQexp(—fQ):

G ['(5) —1 B
6D e (7 e (W)

I;‘".I | I | I [ | [ I | [ | | I I | I I | I | | I [ I [ | | | [ | | [
K sum

Y T ———
I E CMS Vs=7 TeV

11X27T2§ Pe(&Ry) m

- A ><”Jr E pg(&E,Ry)
- (LRC(al) -1) o 272 é P(LRC- 1)(5 B —— ]
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Thank you for your attention.
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