
Relativistic Hydrodynamics –Then and Now 
presented at

Zimányi School 2020
Winter Workshop on Heavy Ion Physics

December 11th, 2020

W.A. Zajc
Columbia University

Thanks to Jamie Nagle and Ron Belmont for various slides in this presentation, 
and to Krista Smith and Jorge Noronha

This work was supported by the United States Department 
of Energy Grant DOE-FG02-86ER-40281



! This talk is intended for the students at this workshop

! Largely historical review (along with a few PHENIX results)

! I will review developments, not credit
- very likely to (inadvertently) offend

! It’s history but not necessarily accurate history

! Rather, it’s my “narrative”

Introduction (of Caveats)           
2

See talk by Panos Christakoglou for 
an authoritative overview 

of the current status



Present Day: Golden Era of Relativistic Hydrodynamics
3

Bayesian estimation of the specific shear and bulk viscosity of quark–gluon 
plasma, Bernhard, Moreland and Bass, Nature Physics 15, 1113 (2019)

It didn’t used to be this way !



The Simplified Version of My Talk
4

Figure by Björn Schenke



! I will address four (OK, five) epochs:
4Pre-historic

42000-2005: Exploration

42005-2010: Consolidation

42010-2015: Quantification

42015-2020: Validation (and interrogation)

History
5



Pre-History 
Fermi (1950)
“High Energy Nuclear Events”, 
Prog. Theor. Phys. 5, 570 (1950) 

! “Since the 
interactions of the 
pion field are  
strong, we may 
expect that rapidly 
this energy will be 
distributed among 
the various 
degrees of 
freedom present in 
this volume 
according to 
statistical laws.”
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Landau (1955) 
! “The defects of 

Fermi’s theory 
arise mainly 
because the 
expansion of the 
compound 
system is not 
correctly taken 
into account…
(The) expansion 
of the system 
can be 
considered on 
the basis of 
relativistic 
hydrodynamics.”



Long Interregnum . . .
7

! Birth of QCD in early 1970’s
⇒ little or no interest in 

hydrodynamic models 
for elementary particle collisions

! Work by
4Carruthers, Cooper, Feinberg, Frye, Koba

Duong-van Minh, Hagedorn, McLerran, Schonberg, …
maintained despite active anti-interest

In contrast: active development for many workers 
in applications to nucleus+nucleus collisions

“…even mentioning a thermodynamic or hydrodynamic theory of subhadronic
physics looked vulgar and even indecent” E.L. Feinberg (1988)



A Long Time Ago (1985)
! Miklos Gyulassy and Pawel Danielewicz:

4Dissipative Phenomena 
In Quark-Gluon Plasmas
P. Danielewicz, M. Gyulassy 
Phys.Rev. D31, 53,1985. 

noted restrictions on smallest allowed h :

! Most restrictive:
! l > ħ /<p>         Þ h > ~ n / 3
! But recall s = 3.6 n for 

the quanta they were considering

! Þ h/s  > 1 / (3.6 x 3) ~ ħ / (4 p)

~ 0.1 ħ

8

http://www.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D31,53


2000 !
9

STAR



Bulk Motion Is Hydrodynamic

x

y
z

! Is the produced matter strongly coupled? 
4The initial state azimuthal asymmetry
4 produces a  strong signal 

in the final state  
particle emission pattern
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Bulk Motion Is Hydrodynamic
11

f

2v2

! The final state azimuthal asymmetry

dn/df ~ 1 + 2 v2(pT) cos (2 f) + ...

is well-described by ~ ideal hydrodynamics



Landau on Viscosity
12

1) Use of hydro relies on R/l >> 1

2) Negligible viscosity h equivalent to 
large Reynolds number Re º rVR / h >>1

rVR / h ~ V R / vth l

but for a relativistic system 
V ~ vth

so
Re >>1 Þ R /  l >> 1 ; see #1



How Close to Ideal ??
! In 2003-4 a new estimate (bound?) appeared from the AdS/CFT 

correspondence 
in string theory (!): 
4A Viscosity Bound Conjecture,  

P. Kovtun, D.T. Son,  A.O. Starinets, 
hep-th/0405231

in a rigorous calculation with no (apparent)
appeal to the uncertainty principle.

13

η
s
≥
!
4π

~ 0.08!

http://arxiv.org/abs/hep-th/0405231


! From a talk 
at the 
May 15, 2004
RBRC Workshop

“New Discoveries
at RHIC”

From Discovery to Precision(?) - Forlorn Hope in 2004 . . . 
14



2005 – “Perfect Liquid” Discovery
15



RHIC Scientists Serve Up ‘Perfect’ Liquid 
16

… the scientists say that instead of behaving like a gas of free quarks 
and gluons, as was expected, the matter created in RHIC’s heavy ion 

collisions appears to be more like a liquid.
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"Quark Gluon Plasma" Publications Versus Time

Paradigm Shift
! inSPIRE query for all publications with

QGP, SQGP, QUARK-GLUON PLASMA, QCD PLASMA, 
STRONGLY COUPLED PLASMA, 
STRONGLY-COUPLED PLASMA, 
RHIC PLASMA

in their title:
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! Once again, the physics research sponsored by the 
Department of Energy is producing historic results 
4Samuel Bodman, Secretary of Energy

! In fact, the degree of collective interaction, rapid thermalization, 
and extremely low viscosity of the matter being formed at RHIC 
make this the most nearly perfect liquid ever observed…The 
current findings don't rule out the possibility that this new state 
of matter is in fact a form of the quark-gluon plasma, just 
different from what had been theorized.
4Sam Aronson, Associate Laboratory Director for High Energy and 

Nuclear Physics

! The possibility of a connection between string theory and 
RHIC collisions is unexpected and exhilarating.
4Raymond L. Orbach, Director of the DOE Office of Science

From the Press Release
18



2011 - A Nice Surprise
19



First RHIC Experimental Paper Quantifying h/s
20



2006 - The Real Surprise

! Heavy quark
4Energy loss

4Flow
along with

21

See talk by Jamie Nagle



! That estimate remains 
consistent with latest and 
greatest Bayesian extractions

! Examples at this conference

2020 Interjection
22

Pasi Huovinen’s talk



Circa 2006 - The Difficulties with Hydro 
! Seemingly straightforward :

23

∂νT
µν = 0



Circa 2006 - The Difficulties with Hydro 
! Seemingly insurmountable:

4Unknown Initial Conditions
4Eccentricity fluctuations
4Unknown equation of state
4 Instabilities, acausal effects 

in relativistic viscous hydro
4Hadronic rescattering effects
4Bulk viscosity
4Numerical viscosity
4Finite size, core/corona effects

24



2007-2008: Implementing and Testing

! Examples
4P. Romatschke and U. 

Romatschke, Phys. Rev. 
Lett. 99:172301, 2007

4H. Song and U. Heinz, 
Phys. Rev. C78, 024902,  
2008

4M. Luzum and P. 
Romatschke 
hys.Rev.C78:034915,2008.

1 fm/c

3 fm/c

7 fm/c
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http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0706.1522
http://www.slac.stanford.edu/spires/find/hep/www?rawcmd=FIND+EPRINT+0805.1756
http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0804.4015


2008 - Concordance 

Luzum and Romatschke, arXiv:0804.4015 

! BNL, April 2008:
4 Workshop on Viscous Hydrodynamics and  Transport Models in Heavy Ion 

Collisions
4 Workshop Summary

26

http://www.slac.stanford.edu/spires/find/hep/www?eprint=arXiv:0804.4015
http://quark.phy.bnl.gov/~petreczk/viscous_hydro.html
https://wiki.bnl.gov/TECHQM/images/c/c1/Summary.pdf


2010 – First LHC Heavy Ion Run
27

! The matter produced in LHC collisions exhibits the same 
qualitative features discovered at RHIC:

4Strong hydrodynamic flow
4RHIC and LHC data 

well-described 
by relativistic viscous 
hydrodynamics

4“Fine structure” 
(mass ordering) 
in hydrodynamic response
predicted for p, K, p, X, W :
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! Importance of higher harmonics

! dn/df ~ 1 + 2 v2(pT) cos (2 f) + ...

2010: The Noise Is The Signal 
28

B. Alver and G. Roland, Phys. Rev. C81, 054905 (2010)

http://arxiv.org/abs/arXiv:1003.0194


! Importance of higher harmonics

! dn/df ~ 1 + 2 v2(pT) cos (2 f) 
+ 2 v3(pT) cos (3 f) 
+ 2 v4(pT) cos (4 f) + …

Ø Fluctuations critical for determining
allowed range of  h/s .

☛Persistence of “bumps”èsmall h/s !

2010: The Noise Is The Signal 
29

B. Alver and G. Roland, Phys. Rev. C81, 054905 (2010)

http://arxiv.org/abs/arXiv:1003.0194


30

•C. Gale et al., Phys. Rev. Lett. 110, 012302 (2013)
•B. Schenke, P. Tribedy and R. Venugopalan, Phys. Rev. Lett. 108, 252301 (2012)  

2012 - Measuring and Predicting the Fluctuation Spectrum
! Treatment of gauge field

fluctuations at sub-nucleon
scales:



2013: Higher Harmonics Used to Determine h/s
31

! The fundamental matter formed at RHIC and 
the LHC is within a factor of 3 of KSS bound(!)

≈ 1.5 x KSS Bound ≈ 2.5 x KSS Bound
C. Gale, S. Jeon, B. Schenke, P. Tribedy, R. Venugopalan, Phys. Rev. Lett. 110, 012302 (2013) 



2015: - Then-Current State of the Art
32

! Event-by-Event
flow observables

! Event shape
engineering

! Longitudinal
fluctuations

! Event-Plane
correlations

! Multi-particle
observables

p(Φn,Φm) and p(Φn,Φm,ΦL)

From June 9, 2015 Talk by Jiangyong Jia at Workshop on
“Quantifying the Properties of the Perfect Fluid” 

H. Niemia, K.J. Eskola and R. Paatelainen arXiv:1505.02677



2017 – Refining Viscosity Estimates
! Describe 

over a broad range both
spectra   and   vn’s

33

S. McDonald et al., Phys. Rev. C95, 064913 (2017)

⌘

s
= 0.095 ⇠ 1.2

1

4⇡

⇣

s
(T )

https://journals-aps-org.ezproxy.cul.columbia.edu/prc/abstract/10.1103/PhysRevC.95.064913


! Small value of h/s:

⇒Persistence of vn up to n ~ 4-5

⇒Each (1/n)-th part of the initial state flows

⇒Test this by studying small systems

⇒ A-historical: in reality flow in small systems 
was discovered by experimentalists at the LHC

An  A-historical  Motivation
34



2010-2013: Hydrodynamic Ubiquity – An Embarrassment of Riches
35

ALICE, Phys. Lett. B719, 29 (2013)

CMS, JHEP 1009, 091 (2010)

ATLAS, Phys. Lett. B725, 60 (2013)

PHENIX, Phys. Rev. Lett. 111, 21 (2013)

Flow signatures 
observed
in smallest 
flecks of matter!
Collisions of:

4 p+p
4 p+Pb, 
4 d+Au
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Initial Reaction – How Can This Possibly Be Hydrodynamic ?

! Any “reasonable” estimate suggests mean free paths comparable to 
system size:

! Eppure scorre
(And yet it flows)

� ⇠ 2

✓
T0

T

◆3 ⇣�1

�

⌘
with T0 = 200 Mev and �1 = 1 mb



! Does the appearance of “hydro-like” features in 
small “perturbative” systems call into question 
the “standard model” of heavy ion collisions?
4We should keep an open mind….
4While biasing our Bayesian prior on the enormous 

descriptive power of the current formalism
! My guess for small systems

{Confinement+Strong Fields+Color Recombination+             } 
will look a lot like hydro (see Fermi+Landau)

(Vaguely related: “Canonical Typicality”, S. Goldstein et al. Phys. Rev. Lett. 96, 050403, 2006)

4Beware the tyranny of asymptotic freedom!

2015 - Challenges to the Paradigm?
37

∂νT
µν = 0

Slide from WAZ talk 
at Brookhaven Forum 

“Celebrating Ten Years of 
the Perfect Liquid”,

June 2015



•“One fluid to rule them all”

•R.W. and P.R. https://arxiv.org/abs/1701.07145

p+pp+PbPb+Pb

2017 - One Fluid to Rule Them All

p+p

R. Weller and P. Romatschke, One Fluid to Rule Them All, Phys. Lett. B774, 561 (2017)

38



2014 – Geometry Scan
39



2019 – Geometry Scan Results
40



It’s All About Geometry
41



It’s All About Geometry
42



•PHENIX, Nature Phys. 15 (2019) no.3, 214-220

It’s All About the Hydrodynamics (of a near-perfect fluid)
43

We find that initial-state momentum correlation models where color domains are individually resolved are ruled out as the dominant 
mechanism behind the observed collectivity. ... Further, we find that hydrodynamical models which include QGP formation provide a 

simultaneous and quantitative description of the data in all three systems.



! R. Baier, P. Romatschke, D. T. Son, A. O. Starinets, and M. A. Stephanov, 
Relativistic viscous hydrodynamics, conformal invariance, and holography, 
JHEP 04 (2008) 100, arXiv:0712.2451 

! “we find three (out of five) second-order transport coefficients in the strongly coupled N=4 
supersymmetric Yang-Mills theory ... We point out that the Mueller-Israel-Stewart theory, often 
used in numerical simulations, does not contain all allowed second-order terms and, frequently, 
terms required by conformal invariance.”

! S. Bhattacharyya, V. E. Hubeny, S. Minwalla, and M. Rangamani, 
Nonlinear Fluid Dynamics from Gravity, 
JHEP 02 (2008) 045, arXiv:0712.2456 

! “Our work may be regarded as a derivation of the nonlinear equations of boundary fluid 
dynamics from gravity. As a concrete application we find an explicit expression for the expansion 
of this fluid stress tensor including terms up to second order in the derivative expansion.”

Remarkable Date: 14-Dec-07
44

https://arxiv.org/abs/0712.2451
https://arxiv.org/abs/0712.2456


2007-Present: Understanding What’s Going on “Under the hood”
45

! Gauge/gravity duality continues to inform… 



! An emerging understanding 
drawing from 
4Kinetic theory
4Linear response theory
4Gauge/gravity duality

! Hydrodynamics does not require 
thermalization

! Rather, hydro modes should dominate 
non-hydro modes (at late times)

! “Hydrodynamization time” T t ~ 1 
characterizes this condition

! Multiplicities as low as dNch/dy ~ 4 (!)
may suffice for hydro description

Circa 2017
46

Two masterful reviews:
• W. Florkowski, M. P. Heller, and M. Spalinski, New theories of 

relativistic hydrodynamics in theLHC era, 1707.02282
• P. Romatschke and U. Romatschke, Relativistic Fluid Dynamics Out of 

Equilibrium – Ten Years of Progress in Theory and Numerical 
Simulations of Nuclear Collisions , 1712.05815

http://arxiv.org/abs/1707.02282
http://arxiv.org/abs/1712.05815


! 1st-order, causal formulations of relativistic hydrodynamics:
4Nonlinear causality of general first-order relativistic viscous 

hydrodynamics, Bemfica, Disconzi and Noronha, 1907.12695
! ” Our causality, existence, and uniqueness results hold in the full nonlinear regime, without 

symmetry assumptions, in four space-time dimensions, with or without coupling to Einstein's 
equations, and are mathematically rigorously established.”

4Stable and causal relativistic Navier-Stokes equations, Hoult and 
Kovtun, 2004.04102
! “We show that the viscous-fluid equations are stable and causal if one adopts suitable non-

equilibrium definitions of the hydrodynamic variables.”

! Challenges lore that 2nd-order Müller-Israel-Stewart formalism 
required for causal solutions, suggests debate of Landau 
”versus” Eckart frames spurious, etc.

2019-2020: New Developments (I)
47

https://arxiv.org/abs/1907.12695
https://arxiv.org/abs/2004.04102


Tamás Csörgő : 

It’s always important to trouble the student’s mind.

Earlier In This Conference
48



! It appears there are 
trade-offs between 
the (new) 1st order 
causal and stable 
solutions 
and the (now) 
traditional 
2nd order
Muller-Israel-Stewart
theory

Questioning the Questioners
49

Masoud Shokri’s talk



! “Thus no 
mathematically 
precise information 
can be gained about 
viscosity effects by 
studying only the 
hadronic final state of 
the asymptotically 
perfect fluids in 
relativistic heavy ion 
collisions, if the 
velocity field has a 
special, asymptotically 
Hubble form.” (!!)

☞Are there 
degeneracies in 
real-world  Bayesian 
parameter extraction?

Yet Another Question
50

Gábor Kasza’s talk



! Extraordinary progress !
! Essential feature: open source code

2004 à 2020
51

JETSCAPE, Multi-system Bayesian 
constraints on the transport coefficients of 

QCD matter, 2011.01430

Leadership by

Scott Pratt

Steffen Bass

Abhijit Majumder

à

https://arxiv.org/abs/2011.01430


The Question for All of Us
52

How can we understand

The Unreasonable Effectiveness 
of Hydrodynamics

in describing so many features of 
hadronic collisions?

• A fascinating work in progress

• To be answered by the 
students in 202x !



Thank You!

This work was supported by the United States Department 
of Energy Grant DOE-FG02-86ER-40281



Back-Up Material



The Situation Regarding STAR Results on This Topic
55



Current Status
56



PHENIX Results in Pseudorapidity
57



PHENIX Results in Pseudorapidity
58



! Azimuthal anisotropies are due 
to “color domains” from 
saturation of initial state gluon fields:

! (After correcting for error) fails 
to describe the data ….

A Challenge to Hydrodynamic Paradigm
59

We find that initial-state momentum correlation models where color domains are individually resolved are ruled out as the dominant 
mechanism behind the observed collectivity. ... Further, we find that hydrodynamical models which include QGP formation provide a 

simultaneous and quantitative description of the data in all three systems.



We Missed An Opportunity…
60



The Flow Is     Perfect
! The “fine structure” v2(pT) for different mass particles 

in good agreement 
with ideal 
(“perfect fluid”) 
hydrodynamics

! Roughly: 
∂nTµn =0 ® Work-energy theorem 

® ò ÑP d(vol) = DEK @ mT – m0 º DKET

~
61
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The Flow Knows Quarks

baryons

mesons

62

! The “fine structure” v2(pT) for different mass particles 
in good agreement 
with ideal 
(“perfect fluid”) 
hydrodynamics

! Scaling flow parameters by quark content nq resolves 
meson-baryon separation of final state hadrons



Recombination 2020
63

Takao 
Sakaguchi’s

talk



Elliptic Flow and Quark Number Scaling
64

Shoji 
Nagamiya’s

talk



65

Xiaojian Du’s
talk



66

Sandra Padula’s
talk



sPHENIX – The Next Step
67

! Open question:

How do 
asymptotically free 
quarks and gluons
conspire to form 
the world’s most
perfect fluid?

! To answer:

Probe it on the smallest
possible length scales
with jets



! Quark gluon plasma and color glass condensate at RHIC? The Perspective from the 
BRAHMS experiment, 
Nucl.Phys. A757 (2005) 1-27, nucl-ex/0410020

! Formation of dense partonic matter in relativistic nucleus-nucleus collisions at RHIC: 
Experimental evaluation by the PHENIX collaboration, 
Nucl.Phys. A757 (2005) 184-283, nucl-ex/0410003

! The PHOBOS perspective on discoveries at RHIC,
Nucl.Phys. A757 (2005) 28-101, nucl-ex/0410022

! Experimental and theoretical challenges in the search for the quark gluon plasma: The 
STAR Collaboration's critical assessment of the evidence from RHIC collisions, 
Nucl.Phys. A757 (2005) 102-183, nucl-ex/0501009 

The Papers
68

http://arxiv.org/abs/nucl-ex/0410020
http://arxiv.org/abs/nucl-ex/0410003
http://arxiv.org/abs/nucl-ex/0410022
http://arxiv.org/abs/nucl-ex/0501009


Addressing the nature of QGP discovery
69

! From the 
PHENIX 
“White Paper”

! nucl-ex/0410003

! (2777 citations)

Q: What is the most 
relevant 
“experimentally 

observed property”?
A. Viscosity

(suitably normalized)

http://arxiv.org/abs/nucl-ex/0410003


Small Viscosity Compared to What ?

! Various measures lead to

! This is small.

! It implies    damping time  ~ 1 / 0.1 =10 x longer than natural 
thermal time  ~ 1 / (Temperature)

~ ħ / (Temperature)

70
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(Near)-Perfect Fluids

! Ideal aka “Perfect” fluid characterized by 
4 mean-free-path  l  = 0
è viscosity h ~ n <p> l = 0

! Near-perfect fluid characterized by 
4Small l (relative to system size R) 
è “small” viscosity  h ~  n <p> l ~   <p> / s

4“Small”  h implies large  s
4“Large”  s implies  strong coupling !

(Jet quenching also implies strong coupling .)

71

Remember 
that

l = 1/(n s)



Alternative History

! So the “perfect fluid” observed at RHIC with

was immediately recognized  as confirming the 1985 
uncertainty principle estimate of Danielewicz and 
Gyulassy

! Except that’s not what happened…

72
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AdS / CFT in a Picture
73

Graviton with 
5-momentum  k  in bulk 

satisfies k•k = 0 ®
described by 4 numbers

Those 4 numbers 
describe virtual gauge 

quanta on 4-d
boundary

( Adopted from S. Brodsky figure )
flat

AdS

F A hard 
(strongly-
coupled) 

gauge theory 
calculation is 
dual to an 
easy semi-
classical 

gravitational 
calculation.

(AdS = Anti de Sitter space )

(CFT = Conformal Field Theory )



! All ordinary fluids exceed the KSS bound by factors of 10-1000
4 “A Viscosity Bound Conjecture”,  

P.    Kovtun, 
D.T. Son, 
A.O. Starinets,  hep-th/0405231

! RHIC 
(and now  LHC)
sQGP fluids 
are at 
~1-3 
on this 
scale (!)

Is The Bound Respected ?

p
h

4
!

³
s

4p

74

http://arxiv.org/abs/hep-th/0405231


Paradigm Shift
75

+ +

☞The realization that the key property of the quark-gluon plasma      
is  its “perfect liquidity”, 
as quantified by h/s being at or near the quantum bound



And the AdS/CFT Approach Is “Routinely” Deployed 
76

For the simulation, we use numerical 
relativity solutions to AdS/CFT for the 

pre-equilibrium stage, viscous 
hydrodynamics for the plasma 

equilibrium stage and kinetic theory for 
the low density hadronic stage.



! https://imgs.xkcd.com/comics/brookhaven_rhic.png

77

https://imgs.xkcd.com/comics/brookhaven_rhic.png


Perfect Primordial Fluid?
! Naming has been pre-empted by Gamow over 70 years ago:

4R. Alpher, H. Bethe, G. Gamow,  "Origin of Chemical Elements,"
Phys. Rev. 73, 803, (1948) 

•y·lem A form of matter hypothesized 
by proponents of the big bang theory to 
have existed before the formation of the 
chemical elements.

[Middle English, universal matter, from 
Old French, from Medieval Latin , 
accusative of , matter, from Greek]

78

http://dictionary.reference.com/search?q=ylem&r=67


! The “cartoon” I used to illustrate
elliptic flow …

is actually a real picture of cold atoms
expanding as a nearly perfect fluid
with  h/s ~ (4-5)/4p .

! John Thomas and collaborators 

Connections to Other Fields
79

• Observation of a Strongly-Interacting Degenerate Fermi Gas of Atoms, 
K.M. O’Hara et al., Science 298 2179 (2002) 27, arXiv:cond-mat/0212463

http://arxiv.org/abs/cond-mat/0212463


Quark-Gluon Plasma Remains the Winner…
80

4π η
s



For Your Reading Pleasure
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