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Three-flavour oscillation

Neutrinos are massive and they mix !!

Three flavor oscillation probability

Pνανβ = δαβ − 4
∑

j>i

UαiUβiU
∗
αjU

∗
βj sin

2

(

πL

λij

)

2 independent ∆m2, 3 mixing angles, 1 phase

UTMνU = diag(m1,m2,m3)

The Pontecorvo, Maki, Nakagawa, Sakata – PMNS – matrix:

U =





c12c13 s12c13 s13e
−iδ

−c23s12 − s23s13c12e
iδ c23c12 − s23s13s12e

iδ s23c13
s23s12 − c23s13c12e

iδ
−s23c12 − c23s13s12e

iδ c23c13





A measure of CP-violation is given by the basis-independent leptonic Jarlskog(J)
parameter:

J = Im[Ue1Uµ2U
∗
e2U

∗
µ1]
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Popular Lepton Mixing and oscillation data
The current 3σ global fits of the three mixing angles:

θ12 = (31.42 − 36.05)
◦
,

θ23 = (40.3 − 51.5)
◦
,

θ13 = (8.09 − 8.98)
◦
.

θ13 6= 0 but small.
Best fit θ23 6= π/4. Octant not known.

Popular lepton mixings (By construction: θ13 = 0, θ23 = π/4. Differ only in θ12):

U
0
=









cos θ012 sin θ012 0

−
sin θ012√

2

cos θ012√
2

− 1√
2

−
sin θ012√

2

cos θ012√
2

1√
2









,

Tribimaximal (TBM) [θ12 = 35.3◦]; Bimaximal (BM) [θ12 = 45◦]; Golden Ratio (GR) [θ12 = 31.7◦]

Corresponding structure of left-handed Majorana neutrino mass matrix:

M
flavour
νL = U

0
M

mass
νL U

0T
= U

0
diag(m1,m2,m3)U

0T
=

(

a c c
c b d
c d b

)

.

Here, a = m1 cos
2

θ
0
12 + m2 sin

2
θ
0
12

b =
1

2

(

m1 sin
2

θ
0
12 + m2 cos

2
θ
0
12 + m3

)

c =
1

2
√

2
sin 2θ

0
12(m2 − m1)

d =
1

2

(

m1 sin
2

θ
0
12 + m2 cos

2
θ
0
12 − m3

)

⇓

tan 2θ012 = 2
√

2c
b+d−a
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Objective
Note a, b, c and d have to be non-zero for neutrino masses to be non-degenerate and
realistic.

Objective

Construct a scotogenic model using S3 × Z2 with two right-handed neutrinos that at one-loop
level can generate:

1 The structure of the left-handed Majorana neutrino mass matrix with θ13 = 0, θ23 = π/4
when the two right-handed neutrinos are maximally mixed.

2 Non-zero θ13, deviations of θ23 from maximality and small corrections to solar mixing by a
small shift from maximal mixing in the right-handed neutrino sector.

Discrete Flavour symmetry S3

Permutation group of three objects. Has two generators A, B and three irreducible
representations viz. 2 (dimension 2) and 1, 1′ (dimension 1).

Product rule: 1′ × 1′ = 1, 2 × 2 = 1 + 1′ + 2 .

Combining two doublets of S3 viz. Φ ≡

(

φ1
φ2

)

and Ψ ≡

(

ψ1
ψ2

)

, we get:

φ1ψ2 + φ2ψ1 ≡ 1 , φ1ψ2 − φ2ψ1 ≡ 1
′

and

(

φ2ψ2
φ1ψ1

)

≡ 2 .

In case one of the two S3 doublet fields is a hermitian conjugate we get:

φ
†
2ψ2 + φ

†
1ψ1 ≡ 1 , φ

†
2ψ2 − φ

†
1ψ1 ≡ 1

′
and

(

φ†
1ψ2

φ†
2ψ1

)

≡ 2 .
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Fields in the model

Leptons SU(2)L S3 Z2

LeL
≡
(

νe e−
)

L
2 1 1

LζL
≡

(

νµ µ−

ντ τ−

)

L

2 2 1

NαR ≡

(

N1R
N2R

)

1 2 −1

Scalars SU(2)L S3 Z2

Φ ≡

(

φ+
1 φ0

1

φ+
2 φ0

2

)

2 2 1

η ≡

(

η+1 η01
η+2 η02

)

2 2 −1

Here, S3 is acting vertically, SU(2)L is acting horizontally.

Inert SU(2)L doublet scalars ηj ≡ (η+j , η
0
j )

T , (j = 1, 2) and right-handed neutrinos NαR,

(α = 1, 2) are odd under Z2. Thus after spontaneous symmetry breaking (SSB), ηj does
not acquire vev. Lightest among ηj can be a potential dark matter candidate.
After SSB, Φi gets vev vi.
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The Model
At one-loop level neutrino mass can be radiative generated by the following diagram:

Relevant part of the S3 conserving potential at the scalar four-point vertex:

Vrelevant ⊃ λ1

[{

(η
†
2φ2 + η

†
1φ1)

2
}

+ h.c.
]

+ λ2

[{

(η
†
2φ2 − η

†
1φ1)

2
}

+ h.c.
]

+ λ3

[{

(η
†
1φ2)(η

†
2φ1) + (η

†
2φ1)(η

†
1φ2)

}

+ h.c.
]

.

From S3 conservation we get:

The Yukawa vertices conserving S3 × Z2 is given by:

LY ukawa = y1

[

(N2Rη
0
2 +N1Rη

0
1)νe

]

+ y2

[

(N1Rη
0
2)ντ + (N2Rη

0
1)νµ

]

+ h.c.

The direct mass term for the right-handed neutrinos:

Lright−handedneutrinos =
1

2
mR12

[

N
T
1RC

−1
N2R +N

T
2RC

−1
N1R

]

.

Introduce soft S3 breaking terms:

Lsoft =
1

2

[

mR11
N

T
1RC

−1
N1R +mR22

N
T
2RC

−1
N2R

]
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The right-handed neutrino mass

This leads to right-handed neutrino Majorana mass matrix:

MνR =
1

2

(

mR11
mR12

mR12
mR22

)

.

mR11
= mR22

⇒ structure of the left-handed neutrino mass matrix with θ13 = 0 and

θ23 = π/4.
mR11

6= mR22
i.e., small shift from mR11

= mR22
can produce realistic mixings i.e.,

non-zero θ13, deviation of θ23 from maximality and small corrections to the solar mixing.
Let the average mass of the right-handed neutrinos be given by mR and m0 is the common mass
of the ηi fields.

If m2
R >> m2

0, the one-loop diagram gives the following contribution to the left-handed Majorana neutrino
mass matrix:

(M
flavour
νL

)22 = λ
vmvn

8π2

y22
mR22

[ln z − 1] and (M
flavour
νL

)23 = λ
vmvn

8π2

y22mR12

mR11
mR22

[ln z − 1] .

where z ≡
m2

R

m2
0

and yi are the Yukawa couplings. Similarly, one can write the expressions for

(1,1), (1,2) and (1,3) entries.
Neglecting Mα dependence of zα one can absorb everything else in the loop expression other than
the vevs and the quartic couplings in right-handed loop contributing factors rαβ given by:

r11 ≡
1

8π2mR11

[ln z − 1] , r22 ≡
1

8π2mR22

[ln z − 1] and r12 ≡
mR12

8π2mR11
mR22

[ln z − 1] .
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The left-handed neutrino mass matrix

Thus, mR11
= mR22

⇒ r11 = r22 = r and mR11
6= mR22

⇒ r11 6= r22 i.e., r22 = r11 + ǫ.

Let us consider r11 6= r22 and v1 6= v2 first and obtain the most general left-handed Majorana
neutrino mass matrix as:

M
flavour
νL

=

(

χ1 χ4 χ5
χ4 χ2 χ6
χ5 χ6 χ3

)

with, χ1 ≡ y
2
1

[

4r12v1v2(λ3 + λ1 − λ2) + (r11v
2
1 + r22v

2
2)(λ1 + λ2)

]

χ2 ≡ y
2
2

[

r22(λ1 + λ2)v
2
1

]

χ3 ≡ y
2
2

[

r11(λ1 + λ2)v
2
2

]

χ4 ≡ y1y2
[

r12(λ1 + λ2)v
2
1 + 2r22(λ3 + λ1 − λ2)v1v2

]

χ5 ≡ y1y2
[

r12(λ1 + λ2)v
2
2 + 2r11(λ3 + λ1 − λ2)v1v2

]

χ6 ≡ y
2
2 [2r12(λ3 + λ1 − λ2)v1v2] .

For v1 = v2 = v and r11 = r22 = r i.e., mR11
= mR22

we get:

M
flavour
νL

= v
2





y21 [4r12λ123 + 2rλ12] y1y2[r12λ12 + 2rλ123] y1y2[r12λ12 + 2rλ123]
y1y2[r12λ12 + 2rλ123] y22rλ12 y22(2r12λ123)
y1y2[r12λ12 + 2rλ123] y22(2r12λ123) y22rλ12





This corresponds to θ13 = 0 and θ23 = π/4

Here, λ12 = λ1 + λ2 and λ123 = λ3 + λ1 − λ2.
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Results
For v1 = v2 = v and r22 = r11 + ǫ we get: Mflavour

νL
= M0 +M′ where,

M
0

=





y21 [4r12λ123 + 2r11λ12] y1y2[r12λ12 + 2r11λ123] y1y2[r12λ12 + 2r11λ123]

y1y2[r12λ12 + 2r11λ123] y22r11λ12 y22(2r12λ123)

y1y2[r12λ12 + 2r11λ123] y22(2r12λ123) y22r11λ12



 and

M
′
= ǫ





x y 0
y x′ 0
0 0 0



 .

Here, x = y21v
2, x′ = y22v

2 and y = y1y2v
2λ123. Note, M0 and M′ are symmetric owing to the Majorana

nature and we define M0
11 ≡ a′, M0

22 = M0
33 ≡ b′, M0

12 = M0
13 ≡ c′ and M0

23 ≡ d′.

Thus M0 corresponds to θ13 = 0 and θ23 = π/4. M′ gives θ13 6= 0 and θ23 6= π/4 and small corrections
to solar mixing angle.

The third first-order corrected ket:

|ψ3〉 =









ǫ

γ2−ρ2

[

ρ(
√
2y cos 2θ012 − x′ sin 2θ012) − γ

√
2y
]

− 1√
2
[1 + ξǫ]

1√
2
[1 − ξǫ]









.

Thus, sin θ13 =
ǫ

γ2 − ρ2

[

ρ(
√

2y cos 2θ
0
12 − x

′
sin 2θ

0
12) − γ

√
2y
]

,

tanϕ ≡ tan(θ23 − π/4) = ξǫ,

tan θ12 =
sin θ012 + ǫζ cos θ012

cos θ012 − ǫζ sin θ012

.

with, γ ≡ (b
′ − 3d

′ − a
′
) and ρ ≡

√

a
′2 + b

′2 + 8c
′2 + d

′2 − 2a
′
b
′ − 2a

′
d
′
+ 2b

′
d
′
,

ξ ≡ [γx
′
+ ρ(x

′
cos 2θ

0
12 +

√
2y sin 2θ

0
12)]/(γ

2 − ρ
2
),

ζ ≡

[

y√
2
cos 2θ012 + 1

2
(x− x′

2
) sin 2θ012

]

ρ
.
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Conclusions

Neutrino masses and mixings in general.

A short discussion on discrete flavour symmetry: S3 .

Realistic neutrino mixing radiatively at one-loop level using S3 × Z2 symmetry.

Two right-handed neutrinos, maximally mixed to produce the structure of the left-handed
Majorana neutrino mass matrix characterized by θ13 = 0, θ23 = π/4 and any value of θ012
particular to the Tribimaximal (TBM), Bimaximal (BM) and Golden Ratio (GR) or other
mixings.

Small deviation from this maximal mixing between the two right-handed neutrinos could
generate non-zero θ13, shifts of the atmospheric mixing angle θ23 from π/4 and correct the
solar mixing angle θ12 by a small amount.

Two Z2 odd inert scalar SU(2)L doublets were used, the lightest of which can serve as a
dark matter candidate.
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Thank you
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Backup Slides
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Miscellaneous

−2

 0

 2

 4

 6

 8

 10

 12

 14

 44  45  46  47  48  49  50

Normal Ordering

θ 1
3
 i
n

 d
e

g
re

e
s

θ23 in degrees

BM
TBM

GR

 8

 9

 46  46.5  47  47.5

θ 1
3
 i
n

 d
e

g
re

e
s

θ23 in degrees

TBM

 8

 8.2

 8.4

 8.6

 8.8

 9

 9.2

 47.1  47.2  47.3  47.4  47.5

Inverted Ordering

θ 1
3
 i
n

 d
e

g
re

e
s

θ23 in degrees

BM
TBM

GR

Soumita Pramanick (NCBJ, Warsaw) Scotogenic S3 model May 2021 13 / 20



Scalar Potential
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Miscellaneous.. ...
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Seesaw in brief
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Popular lepton mixings
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Neutrino Oscillations
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Oscillation continued ...
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Three flavour Oscillation
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