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 Modelling   equation of state of hadronic phase 

      From S-matrix => Hadron Resonance Gas   

                               =>  LQCD EoS    => Particle Yields in HIC 

 Exact charge conservation and hadron production yields in 

high energy collisions and their scaling: link to ALICE data   

  Baryon number conservation and its impact on   

      higher order  fluctuation observables in experimental    

      acceptance: comparison to STAR & ALICE cumulants data  

 

  
P.  Braun-Munzinger, B. Friman, A. Rustamov, J. Stachel & K.R.  Nucl. Phys.  A 1008  (2021) 

J. Cleymans, Pok Man Lo, N. Sharma & K.R.   Phys.  Rev. C103   (2021) 

A. Andronic, P.  Braun-Munzinger, Pok Man Lo, B. Friman, J. Stachel & K.R    Phys. Lett. B 792   (2019) 

A. Andronic, P.  Braun-Munzinger, J. Stachel & K.R.,  Nature 561, 302   (2018) 



     Non-critical baseline for  net-charge cumulants   

 Due to expected  O(4) scaling of  QCD  free energy 

 

 

 

 Direct delineation of  chiral symmetry restoration 

via higher order cumulants 
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Scattering phase shift  Effective weight function    

Pressure of an  interacting, a+b      a+b,   hadron gas  in  equilibrium 

The leading order interactions,  determined by the two-body   

scattering  phase shift, which is equivalent to the second virial coefficient  
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         Modelling QCD thermodynamic potential in  
                                  hadronic phase  
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 Interactions driven by narrow resonance of mass     RM
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 For non-resonance interactions or for broad resonances            should be 

linked to the phase shifts      
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For finite and small width  of  resonance,  B(M) => Breit-Wigner form  



The S-matrix HRG model formulated in 

GC ensemble  that incudes empirical  

information on pion-nucleon interactions 

 provides a  very good  description  of  

 LHC yields data  
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 A fireball in central  Pb-Pb collisions  

       is matter at  the  QCD phase  boundary 
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     S-matrix HRG and particle yields in Pb-Pb collisions  at the  LHC  
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      Quark-Hadron  duality near the QCD phase boundary  

A. Bazavov et al. HotQCD Coll 

 SM Hadron  Resonace Gas  thermodynamic 

potential  provides  good   approximation  of the 

QCD equation of states in confined phase       
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 Good  description of   net- baryon number 

fluctuations and in  further sectors of hadronic 

quantum number on correlations and fluctuations 
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  Net-baryon  fluctuations in  the  SM-HRG:  GC ensemble  

 Baryon and antibaryon Poisson distributed  

 

 

 Probability of net-baryon number          

     is  the Skellam distribution  

 

  
 Moments of net-baryon number 

 

 

 Cumulants: partial Bell polynomial  
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 Thermodynamic potential in  SM-HRG 

, :B B
z z include interactions in S-matrix   

 Fluctuations of net baryon number   

      in baryonic  sector  

Susceptibilities         =>      cumulants  

=>  
3
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 Cumulants in SM-HRG 

 

 

 Cumulants ratio 
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Particle yields linked to               :     from pp, pA to AA    /chdN d

 Increase of  strangeness production with 

increasing multiplicity until  saturation, 

     as well as,   

     its dependence on strange  quantum   

     number of  hadrons can be    

      linked to “canonical suppression effect” 

      i.e.  

      constraints  imposed on  thermal   

      particle yields  due to exact strangeness  

      conservation. This requires canonical   

      ensemble formulation of conservation laws 
 

J. Cleymans, E. Suhonen & K.R.  Z.Phys.C 51 (1991) 137Z.Phys.C 76 

(1997) 269 

S. Hamieh, A. Tounsi & K.R. Phys. Lett. B486 (2000),        
Eur.Phys.J. C24 (2002) ,  

J. Cleymans, H. Oeschler & K.R.   Phys. Rev. C59 (1999) 1663 

 
 

      

Smooth evolution of  particle yields as 

function of charged particle multiplicity, 

and strangeness suppression 



    Strangeness canonical suppression with yields of charged particles   

 Strangeness conservation must be exact 

  

 

 

 

 

 

 This  implies  strangeness suppression effect 

 

 

 where volume parameters 

       - full phase-space volume where S   is exactly conserved 

        - effective fireball volume in the  acceptance   

 

1

10

(2 ( ))

(2 ( ))

th

h

s C s

t

C s

I

I

V n T

V n T





C

As

GC

AN V n  

0( ) / ( ) 1SI x I x 

( ) /A C chV dN d

The suppression factor                          ,   

decreases with decreasing  x,  and increasing 

strange   s-quantum number of hadron.  
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    Net-baryon fluctuations in canonical ensemble 
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In C-ensemble due to exact charge conservation there is no fluctuations of conserved 

charges  in full phase space, however they are there  in a subsystem (V. Koch).  

 In  experiments a subsystem is defined by the acceptance that corresponds to cuts in 

momentum space. In STAR and ALICE net-proton fluctuation analysis the acceptance 

window corresponds to:    

 Canonical partition function with exact conservation of net-baryon number,  

 



    -fluctuations in acceptance window and exact    -conservation   
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 Acceptance window in momentum space:  Splitting                          and                     , then  

 

 

 

 

 Applying  binomial theorem to                      and                      introduce 

      thus also   
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up to normalization  

( )A AP B

probability to find    

in the acceptance   

 The phase-space fractions       and          are link to the fraction of (anti)baryons in the 

acceptance  
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       Cumulants in the acceptance window 

 With the probability distribution for   net-(proton)baryon number 

            analytic expressions for cumulants        is obtained for any 

 Furthermore, Python software package is provided for generating 

         as analytic formula and numerical values  

 Example of an  explicit form:   

 

 

 

 To quantify        for net-proton fluctuations one needs to specify: 
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                          or alternatively can be calculated from SM-HRG model  

                                           

 

 

 Applying  binomial theorem to                      and                      introduce 

      thus also   
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Empirical inputs: 

Note,  very different rapidity distribution of protons and antiprotons, thus                                 p p
 

Use data from NA49 and BRAHMS 
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                          Acceptance 
                                    probability:  
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The acceptance probability 

 for protons and antiprotons  

 

 

 

 

Extracted from data at different 

 energies 

 

The STAR acceptance window 

 for  protons and antiprotons:  
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At the LHC  

  

 

 

 

Data best described by global baryon 

conservation in full  rapidity range  

 

Restricting net-baryon conservation  

to narrower rapidity window results 

in strong suppression of         not 

consistent with data   
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           Comparison with STAR data  

 Broken lines calculated 

from   Skellam 

distribution,  and are 

consistent  with S-matrix 

HRG results calculated  

     along the chemical 

     freezeout line   

      extracted from HIC 

     HIC data  

 Open circle include 

     volume fluctuations   
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Ratios of cumulants: STAR data versus model   

 Broken lines calculated 

from   

    Skellam distribution 

 
 Open  circle include MC 

      volume  fluctuations   
     P. Braun-Munzinger, A. Rustamov and J.     

      Stachel,  Nucl. Phys. A960, 114 (2017). 

      V. Skokov, B. Friman and K. Redlich, 

        Phys. Rev. C88, 034911 (2013) 

 Cumulants up to n<4 

      order follow the SATR data 

 Kurtosis data  exhibit    

      interesting deviations,   

      however not necessarily  of   

      statistical significant  
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      Higher order cumulants  

 The effects of baryon number 

     conservation for higher order 

      cumulants   are sizeable, however 

                stays positive  whereas  

       LQCD shows negative ratio       

  

 Expected negative values for the 

8th order  cumulant at RHIC up to  

LHC already due to exact baryon 

number conservation  
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       Dependence on  
       rapidity gap:  

 At lower energies, strong 

dependence on  

      and  essential   

      differences from Skellam  

       distribution where  

                                  and  

 

 

 At  higher  energies  for  

                   these differences   

     are smaller  for n<4  as well   

     as  for n> 4 at LHC 
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CONCLUSIONS:  

 QCD thermodynamic potential is encoded in nuclear collision data 

  

 S-matrix (Hadron  Resonance Gas)  thermodynamic potential  

provides good approximation  of the QCD equation of states in 

confined phase and also a noncritical  baseline for  fluctuation 

observables      

 

 The exact conservation of net strange  number is essential to 

quantify the  particle yields and their observed scaling with charged 

particle multiplicities  

 

 To establish a noncritical baseline   for  net proton (baryon) number 

fluctuations in the acceptance,    the canonical formulation of the  

conservation law must  be accounted for  in a full phase space     

 

    

 


