
QCD phase structure

Fu, JMP, Rennecke, PRD 101, (2020) 054032fRG:
Fischer, PPNP 105 (2019) 1, Gao, JMP, arXiv:2010.137005DSE:

(135 , 450 )MeV . (TCEP , µBCEP
) . (100 , 650)MeV

<latexit sha1_base64="lGzCFSRwJtPEsy3Lr+J2buKr2Ss="></latexit>

Estimate for CEP

Functional QCD 

Gao, JMP, arXiv:2010.137005

Suggests: no criticality for  
<latexit sha1_base64="3HZXB640RGJMe9MRdo0ZjGOm9/0="></latexit>µB

Tc
. 4

https://arxiv.org/pdf/1909.02991
https://arxiv.org/pdf/1810.12938
https://arxiv.org/pdf/2010.13705


SIZE OF THE CRITICAL REGION
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• mean-field PQM: critical region  (tangential to transition line (A))≲ 10 MeV

r = ̂t2 + ̂μ2

[Schaefer, Wagner (2012)]

• including quantum fluctuations: critical region shrinks to  in  and  direction< 1 MeV T μB

[Schaefer, Wambach (2006)]

[Chen, Wen, Fu (2021)]

by courtesy of Fabian Rennecke



VALIDITY OF THE TAYLOR EXPANSION
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• estimate of location of 2nd order phase 
transition based on Taylor expansion about 

 for different expansion orders μ = 0 n

[Karsch, Schaefer, Wagner, Wambach (2011)]

• Taylor expansion about  vs direct 
computation

μB = 0

[Fu, Luo, Pawlowski, Rennecke, Wen (2021)]

very high orders necessary for good estimates

Taylor expansion fails to capture 
qualitative features at finite μB

by courtesy of Fabian Rennecke

https://arxiv.org/pdf/2101.06035


Scaling analysis from functional QCD
Braun, Fu, Pawlowski, Rennecke, Rosenblüh, Yin, PRD 102 (2020) 056010

•Very good agreement with lattice QCD results from the hotQCD 
collaboration around physical pion masses and above


•Susceptibilities do not show indications for scaling for                          
<latexit sha1_base64="1bxR/wv+KqS0rs6BngSJVFeGL/g=">AAACB3icbVC7SgNBFJ31GeMrainIYBAsJOyqqGXQxkaIYB6QDWF2cpMMmdldZu6KYUln46/YWChi6y/Y+TdOHoUmHhg4nHMud+4JYikMuu63Mze/sLi0nFnJrq6tb2zmtrYrJko0hzKPZKRrATMgRQhlFCihFmtgKpBQDXpXQ796D9qIKLzDfgwNxTqhaAvO0ErN3J5qpn4sBtTvoE0peuL6Rz7CA6Y3UBk0c3m34I5AZ4k3IXkyQamZ+/JbEU8UhMglM6buuTE2UqZRcAmDrJ8YiBnvsQ7ULQ2ZAtNIR3cM6IFVWrQdaftCpCP190TKlDF9FdikYtg1095Q/M+rJ9i+aKQijBOEkI8XtRNJMaLDUmhLaOAo+5YwroX9K+VdphlHW13WluBNnzxLKscF76zg3Z7mi5eTOjJkl+yTQ+KRc1Ik16REyoSTR/JMXsmb8+S8OO/Oxzg650xmdsgfOJ8/gQWZFA==</latexit>

m⇡ & 30MeV

by courtesy of Jens Braun

https://arxiv.org/pdf/2003.13112


Size of the scaling region: quark-meson model
 Braun, Klein, Piasecki, EPJ C 71 (2011) 1576

<latexit sha1_base64="sGvIaWk6o/muRC0UTA7GJzehEpA=">AAACBHicbVDJSgNBEO2JW4xb1GMujUHwIGFG4nIMevEiRMgGmRB6OpWkSc9Cd40kDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5kRQabfvbSq2srq1vpDczW9s7u3vZ/YOaDmPFocpDGaqGxzRIEUAVBUpoRAqY70moe4ObiV9/AKVFGFRwFEHLZ71AdAVnaKR2Nldpc+qyKFLhkDrFc/fURRhicge1cTubtwv2FHSZOHOSJ3OU29kvtxPy2IcAuWRaNx07wlbCFAouYZxxYw0R4wPWg6ahAfNBt5LpE2N6bJQO7YbKVIB0qv6eSJiv9cj3TKfPsK8XvYn4n9eMsXvVSkQQxQgBny3qxpJiSCeJ0I5QwFGODGFcCXMr5X2mGEeTW8aE4Cy+vExqZwXnouDcF/Ol63kcaZIjR+SEOOSSlMgtKZMq4eSRPJNX8mY9WS/Wu/Uxa01Z85lD8gfW5w9izJdO</latexit>

Tc ⇡ 145MeV
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m⇡ = 0.2, 0.3, . . . , 0.9MeV

•Size of the true scaling region:


•“Seeming” scaling region:
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m⇡ . 1MeV

<latexit sha1_base64="0q7z44EXavReRKon3AdJMRz08HI=">AAACH3icbVDLSgMxFM3Ud31VXboJFsGFlJniaym6cSMo2Ad0hiGT3tZgMjMkd8Qy9E/c+CtuXCgi7vwb0weorQcCJ+ecS3JPlEph0HW/nMLM7Nz8wuJScXlldW29tLFZN0mmOdR4IhPdjJgBKWKooUAJzVQDU5GERnR3PvAb96CNSOIb7KUQKNaNRUdwhlYKS0fHh/6+j/CA+SXU+74EY4xQVIW5n4qfe9V1f+fCUtmtuEPQaeKNSZmMcRWWPv12wjMFMXLJjGl5bopBzjQKLqFf9DMDKeN3rAstS2OmwAT5cL8+3bVKm3YSbU+MdKj+nsiZMqanIptUDG/NpDcQ//NaGXZOglzEaYYQ89FDnUxSTOigLNoWGjjKniWMa2H/Svkt04yjrbRoS/AmV54m9WrFO6p41wfl07NxHYtkm+yQPeKRY3JKLsgVqRFOHskzeSVvzpPz4rw7H6NowRnPbJE/cL6+ASg9ow4=</latexit>

75MeV . m⇡ . 200MeV
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m⇡ = 0.2, 0.3, . . . , 0.9MeV
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rescaled susceptibility
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rescaled susceptibility

by courtesy of Jens Braun

https://arxiv.org/pdf/1008.2155


Z(2)-fRG

M(t, h = 0) ⇠ (�t)�

Z(2)-conformal bootstrap

Critical region near the CEP with Z(2) symmetry
 Chen, Wen, Fu, arXiv: 2101.08484

• Critical exponent  is close to the CEP


•Critical region (in temperature direction) smaller than 1 MeV!

β

by courtesy of Wei-die Fu

       See also: Schaefer, Wambach, PRD 75 (2007) 085015

                   Schaefer, Wagner, PRD 85 (2012) 034027

https://arxiv.org/pdf/2101.08484
https://arxiv.org/pdf/hep-ph/0603256.pdf
https://arxiv.org/pdf/1111.6871.pdf


Critical region from RG flows
[B.-J. Schaefer, M. Wagner, Phys. Rev. D (2012)]

• Contour regions for quark number 
susceptibility  
 
(chiral limit: TCP   physical pion mass: CEP)                       

[B.-J. Schaefer, J. Wambach, Phys. Rev. D 75 (2007)]

•Critical region around CEP 
➜ criticality depends on the path 
    towards CEP  
 
➜ crossover between different 
    universality classes                     

by courtesy of Bernd-Jochen Schaefer



Size of the critical region: quark-meson model
[B.-J. Schaefer, J. Wambach, Phys. Rev. D 75 (2007)]

• Size much more 
compressed with 

FRG

Mean-field FRG

by courtesy of Bernd-Jochen Schaefer



The 5th, 6th order fluctuation of 
net-proton including pp collisions

New data of net-p cumulants  
at 200 GeV pp collisions 
will be shown by Risa N.

New data of net-proton  C5 , C6 at BES-I 
will be shown by Ashish P.

NPA 1005
(2021) 
121882
(STAR) 

negative c6 could be taken as an indication 
of cross-over transition at small µB
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arXiv:2101.12413 (STAR)

STAR Preliminary

3-7 GeV (FXT) 
7-27 GeV (COL)

BES Results from RHIC-STAR, CPOD2021, 15-19/Mar, Online ShinIchi Esumi 17

CPOD2021 talk Shinichi Esumi: Results from beam energy scan program at RHIC-STAR

https://indico.cern.ch/event/985460/contributions/4264562/attachments/2207956/3737028/CPOD_STAR_2021Mar_Esumi_v2.pdf
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Critiacl Fluctuations
Ling, Stephanov,  PRC 93, 034915 (2016)
Cumulants 𝑘𝑛 hold  information on multi-particle correlators 𝐶𝑛
Bzdak, Koch, Strodthoff, PRC 95, 054906 (2017)

Investigate 𝐶𝑛 vs. 𝑁𝑝 to isolate relevant physics, 𝐶𝑛 ∝
𝑁𝑝

𝛼

cf. B. Friman et al., EPJC 71 (2011) 1694
M. Stephanov, PRL107 (2011) 052301

Direct link to EoS
1

𝑉𝑇3
𝑘𝑛 =

𝜕𝑛 Ƹ𝑝
𝜕 Ƹ𝜇𝑛

Ƹ𝑝 = 𝑝
𝑇4

reduced pressure

Ƹ𝜇 = 𝜇
𝑇

reduced chemical potential

HADES Collaboration, PRC 102 (2020) 2, 024914
https://www.hepdata.net/record/ins1781493

C2 ∝ 𝑁𝑝
𝛼

𝛼 = 1.86 ± 0.04
C4 ∝ 𝑁𝑝

𝛼

𝛼 = 3.89 ± 0.14

𝛂 ≃ 𝐧 → signature of
multi-particle correlations

(𝚫𝐲𝐜𝐨𝐫𝐫 > 𝟏)

Further progress with data:

� Applying identity method

� Analyzing new Ag+Ag data

A. Rustamov, M.I. Gorenstein, PRC 86 (2012) 044906

Collision Energy sNN (GeV)

STAR Collaboration, PRL 126 (2021) 092301

CPOD2021 talk Szymon Harabasz: HADES and the QCD phase diagram

https://indico.cern.ch/event/985460/contributions/4264565/attachments/2208425/3737051/SzymonHarabasz_HADES_OnlineCPOD2021_ver3.pdf


CPOD2021 talk Agnieszka Sorensen: Cumulants: it’s more than you think

Agnieszka Sorensen (UCLA/LBNL) 14

• what happens in the STAR BES fixed target region?  

• is behavior of the cumulants at low energies dominated by hadronic effects and the nuclear  
liquid-gas phase transition? 

• can we study  below  GeV?c2
T s = 2.4

STAR + HADES data

CPOD 2021

Questions
VDF model

https://indico.cern.ch/event/985460/contributions/4264585/attachments/2207941/3736161/Agnieszka_Sorensen_2021.03.15_CPOD_talk_online_slides.pdf


CPOD2021 talk Jamie Stafford: Cumulants: Strangeness neutral equation of state with a critical point

Isentropic Trajectories

➤ Isentropes show the path of the HIC system through the phase diagram in the 
absence of dissipation 
➤ Different path when conserved charge conditions applied

16
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JS et al, arXiv:2103.08146

https://indico.cern.ch/event/985460/contributions/4264586/attachments/2207948/3739935/Stafford_CPOD_2021.pdf


CPOD2021 talk Wei-jie Fu: Baryon number fluctuations at finite temperature and density

Fluctuations on the freeze-out curve

J. Adam et al. (STAR), PRL 126 (2021), 092301 T. Nonaka (STAR), NPA 1005 (2021) 121882; A. Pandav (STAR), arXiv: NPA 
1005 (2021) 121936

WF, Luo, Pawlowski, Rennecke, Wen, Yin, 
arXiv:2101.06035

M. Abdallah et al. (STAR), arXiv:2101.12413

https://indico.cern.ch/event/985460/contributions/4264587/attachments/2208272/3736776/CPOD2021-Fu.pdf


CPOD2021 talk Krzysztof Redlich: A non-critical baseline for fluctuation measurements

Ratios of cumulants: STAR data versus model   

� Broken lines calculated 
from   

    Skellam distribution 

 
� Open  circle include MC 
      volume  fluctuations   
     P. Braun-Munzinger, A. Rustamov and J.     
      Stachel,  Nucl. Phys. A960, 114 (2017). 
      V. Skokov, B. Friman and K. Redlich, 
        Phys. Rev. C88, 034911 (2013) 

� Cumulants up to n<4 
      order follow the SATR data 
� Kurtosis data  exhibit    
      interesting deviations,   
      however not necessarily  of   
      statistical significant  

 
      

31

2 2

p p
p p

NN
N N

� � !
  

� � !

https://indico.cern.ch/event/985460/contributions/4264590/attachments/2209487/3739100/Redlich_CPOD_2021.pdf


CPOD2021 talk Marlene Nahrgang: Dynamical treatment of fluctuations

Dynamics: time evolution of critical fluctuations

For a Bjorken-like temperature evolution:
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• shift of extrema for variance/kurtosis

(retardation e↵ects) to later times

corresponding to T (⌧) < Tc

• |extremal values| in dyn simulations <

equilibrium values (nonequilibrium e↵ects):
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V )
min
eq

• expected behavior with varying D and c2s
(expansion rate)

MN, M. Bluhm, T. Schaefer, S. Bass, PRD99 (2019), MN, M. Bluhm, PRD102 (2020) 16 / 19

https://indico.cern.ch/event/985460/contributions/4264599/attachments/2209253/3740436/nahrgang_CPOD2021.pdf


CPOD2021 talk Derek Teaney: A review of the recent developments in the hydrodynamics of critical 
fluctuations

The conductivity through Tc

�I = �Ireg + ��I|{z}
critical part
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Teaney 19 / 25

https://indico.cern.ch/event/985460/contributions/4264600/attachments/2209956/3739949/dteaney_cpod2021.pdf
https://indico.cern.ch/event/985460/contributions/4264600/attachments/2209956/3739949/dteaney_cpod2021.pdf


CPOD2021 talk Yi Yin: Self-consistent treatment of hydrodynamics and critical fluctuations

Critical slowing down and advection

20

Turning off radial flow Turning on radial flow

https://indico.cern.ch/event/985460/contributions/4264601/attachments/2210511/3740987/Critical_Fluct_CPOD_YiYin.pdf


CPOD2021 talk Lipei Du: Baryon diffusion away from and close to the QCD critical point

Time evolution of baryon di�usion current
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With the �reball cooling down, the driving force of di�usion current (nr(µ/T)) decreases:
Two reasons: (a) gradientr(µ/T) gets smoothened; (b) n decreases.

Response to the driving force also gets slower, because of the growing relaxation time;
Critical slowing-down (⌧n ' 6 ⌧n,0) would help n⌘ to stay at (almost) zero, even if nr(µ/T) got
a�ected by the critical point.

Lipei Du (OSU) Baryon di�usion and the QCD critical point CPOD2021 (Mar. 17, 2021) 12 / 14

https://indico.cern.ch/event/985460/contributions/4264602/attachments/2209969/3739971/CPOD2021_LDU.pdf


■Invariant mass spectrum
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CPOD2021 talk Grégoire Pihan: The competition of diffusion and rapid expansion: what impact for critical fluctuations?
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IncludinĀ non-linear couplinĀ : Variance and Kurtosis

The Ārowth oÿ cumulants near the critical point can be seen at 
ÿreeze-out 

Very sensitive to the ÿreeze-out temperature

https://indico.cern.ch/event/985460/contributions/4264607/attachments/2210683/3741285/CPOD2021PIHANGregoire.pdf


CPOD2021 talk Ashish Pandav: Beam energy dependence of fifth and sixth order cumulants and factorial 
cumulants of net-proton and proton distributions in Au+Au collisions from BES-I program at RHIC-STAR

14

6" (0-5%) consistent with two component model expectation within uncertainties while 
6# (0-5%) remains 1.85 away. The ratios 6"/6. and 6#/6" (0-5%) consistent with zero.

Proton Factorial Cumulant 6" and 6# at 7.7 GeV

CPOD2021- Ashish Pandav
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Interplay of effects in dynamical 
evolution of QGP
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CPOD2021 talk Maneesha Sushama Pradeep: Freezing out critical fluctuations

https://indico.cern.ch/event/985460/contributions/4264616/attachments/2211498/3742813/CPOD-21_Maneesha_Pradeep.pdf


Ratios of higher-order cumulants: kurtosis and ‰6/‰2

interactions æ strong deviations from the HRG baseline
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structure dictated by the chiral symmetry

no chiral-critical behavior encoded in —
‰4/‰2 and ‰6/‰2 suppressed by repulsion,
but qualitative structure the same
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CPOD2021 talk Michał Marczenko: Interplay between chiral dynamics and repulsive interactions

https://indico.cern.ch/event/985460/contributions/4264619/attachments/2211539/3742897/marczenko_cpod2021.pdf


Exclusion plot
Comparison with simple power-law model
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exclusion plots for parameters of simple power-law model

The intermittency index ϕ2 for a system freezing out at the QCD critical endpoint is expected to be
ϕ2 = 5/6 assuming that the latter belongs to the 3-D Ising universality class.
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CPOD2021 talk Tobiasz Czopowicz: Search for critical point via intermittency analysis in NA61/SHINE

https://indico.cern.ch/event/985460/contributions/4264620/attachments/2211944/3743750/TC_CPOD_2021-03-19.pdf

