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The QCD Lagrangian
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Lattice QCD

The path integral quantization: from M to QM to QFT

Mechanics:
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The path integral quantization: from M to QM to QFT

Mechanics: H u ‘

J Do(a)el ) Het
’d i ’L'
L sﬂﬂ}

< l I

<




Lattice QCD

The work flow

simulation parameters

Wuppertal-Budapest  STAR Preliminary data
=12 p: 04<pr <20GeV, |y| <0

05




Lattice QCD

The continuum limit
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Lattice QCD

Why aren’t we finished yet?

@ Simulations take a lot of computer time

@ Not everything can be calculated directly. For example:
o Only thermal equilibrium

o Only simulations at pg = 0= (ng) =0
heavy ion collision experiments

1000 configurations on a 643 x 16 lattice cost about 1 million
core hours

iteration count

[ 50 100 150 200 250 300 350 400
temperature [MeV]
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The (T, ug)-phase diagram of QCD
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Our observables: T., Equation of state, Fluctuations
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The (T, ug)-phase diagram of QCD
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Dealing with the sign problem

Reweighting techniques
Canonical ensemble
Lefshetz Thimble

Density of state
methods

Dual variables

@ Complex Langevin
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Dealing with the sign problem

Reweighting techniques
Canonical ensemble
Lefshetz Thimble

Density of state
methods

Dual variables

Complex Langevin

A(p/TY

Taylor exp. 6th order
Taylor exp. 4th order
Taylor exp. 2nd order mm—

6th order fit ——

16>8, Symanzik,
2-stout. Ng=4, m=
T =260 MeV
m, = 525 MeV

[Sexty:2019vqx]



Lattice QCD

Dealing with the sign problem

Reweighting techniques 80
Taylor exp. 6th order
H 70 L Taylor exp. 4th order
Canonical ensemble Taylor exp. 2nd order e
. 60 - 6th order fit
Lefshetz Thimble sl
. -
Density of state 30 IS s [Sexty:2010vqx]
< 30 T =260 MeV y q
methods m, = 525 MeV
20 -
Dual variables w0l
Complex Langevin 0 ‘
0 0.5 1 1.5 2 25 3 35 4

(Taylor) expansion — J. Goswami: Tue 11:50, D. Bollweg: Thu. 9:50
Imaginary  — P. Parotto: Thu. 9:30



Lattice QCD

Analytic continuation from imaginary chemical potential
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ZEZS?:E;Z: o [deForcrand:2002hgr]
o [Bonati:2015bha]

o [Cea:2015¢cya |

o [DElia:2016jqh]

o [Bonati:2018nut]
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with i = &

@ rapid convergence in
Stephan-Boltzmann (T = o)
limit

@ expansion coefficients are
convenient lattice observables
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Lattice QCD

Expansion from =0

P c© o 4
BS ~j ~k
i = ZZJ—kXJk ireils

with i = &

@ rapid convergence in
Stephan-Boltzmann (T = o)
limit

@ expansion coefficients are
convenient lattice observables

Fugacity expansion/sector method

(oo} (oo}
=YD P’ cosh(jjis — kiis)
j=0 k=0
with i = &
@ closely related to ideal HRG

@ information about particle
content

@ often the expansion is done for a specific choice of us



Lattice QCD

Two common choices for us

A
T zero chemical potential @
strangeness neutrality T=150 MeV v
s = 0 T=200 MeV v/
3n/4 imaginary strangeness A |
imaginary baryon density
(o]
o
@ less terms in expansion g
=1
o less parameters in simulations E
(ns)=0 0 /4 /2 3n/4 T
Im HBaryon
@ matches heavy ion collision experiments
Simulation parameters of the

WB collaboration
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The phase diagram

The transition temperature
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The phase diagram

Curvature of the transition temperature
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The phase diagram

Extrapolation Bazavov:2018mes
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The phase diagram

Extrapolation Borsanyi:2020fev

170 | ‘ R

165

160

155

150

T [MeV]

145

N
140 | N

Dyson-Schwinger: hep-ph/1906.11644 ——

135 Chemical freezeout: nucl-th/0511071v3 —e—
nucl-th/1212.2431 +—e—
130 |- hep-ph/1403.4903 —a— 1
nucl-th/1512.08025 ——
125 | ‘ _ hucl-ex/1701.07065 +—v— ‘ e
0 50 100 150 200 250 300

g [MeV]



The phase diagram

Does that mean there is no critical endpoint?
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The phase diagram

Does that mean there is no critical endpoint?

— g(x)

— f@)
- Taylor - Taylor
——
-05 0.0 0.5 1.0 0.0 05 1.0 1.5 2.0 2.5 3.0

X
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Fluctuations on the lattice
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[Borsanyi:2018grb]



Fluctuations

x5, x&, x& and xZ on finite lattices

015

0.30F 0.10
[D'Elia et al., DFIVa 2016jgh]
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Update on 2nd

order fluctuations

Fluctuations

T
014 b
oo3| xif X
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More details by J. Goswami on Tue at 11:50.

@ continuum from N; =6 — 16

@ good agreement with HRG at
T < 150 MeV

@ addition of QM states without
double counting

@ comparison with excluded
volume model and viral
expansion/S-matrix
calculations



Fluctuations

Ratios for the radius of convergence

10 [~ . - " - Y
r r’; at N=12 ~—e—s
r’y at N=12 —e—s
sl ] g at Ny=12 —s—s
r’, in HRG ——
_ r’4 in HRG ——
6f 1 réinHRG —— [Bazavov:2017dus]
6 Fodor, Katz, 2004 @ ‘ ‘
7 Datta et al,, 2016 €
4 ] 5 D'Elia et al., 2016, r s 1
3 1 = —this-werk: lower bound for rf Il
- = @ [Bazavov et al., 2017 estimator rX
Q:L 4 2
2r -l[ - é
- S
— - 1 'E" 3
L E
o Ls . r . L L . %,
135 140 145 150 155 160 165 @
e
1 . .
. disfavored region for the
[FOdOF.2018WU|] location of agritical point

135 140 145 150 155
T [MeV]



Fluctuations

Observables

Cumulants of the net baryon number distributions:

@ mean Mg @ variance a% @ skewness Sg: @ kurtosis kpg:
asymmetry of “tailedness” of
the distribution the distribution



Fluctuations

Calculating observables

:g; (a) 7.7 GeV. 1) 1.6 GeV. (188 Gov 427 Gev
. . . N N ~ 10°
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Extrapolation ko

Fluctuations

Wuppertal-Budapest STAR Preliminary data
15N, =12 p: 0.4 <pr<2.0 GeV, |y| <0.5 |
1.0}

T=150 MeV
ko?

0.5] |
0.0} |

B = NLO

[ =0 NNLO

0 50 100 150 200
KB

KB

og =

2

[Borsanyi:2018grb]

XE(T7/~/}’B)

x5(T, [ig)

B0 |, ~2 B2 | ~4 B4
=r + gy’ + gy

+...



Fluctuations

2

Extrapolation ko

Wuppertal-Budapest ~ STAR Preliminary data
15N, =12 p: 0.4 <pr<2.0 GeV, |y| <0.

1ol [Borsanyi:2018grb]

T=150 MeV

RO
B T 0

2 X4( 7/J'B)

T=160 MeV kg0 = /i
X2(T, fig)

0.5F

_ B0 | A2 B2 | ~4 B4
= Iy Ry T el
+ ...
0.0}
= NLO

W =0 NNLO

0 50 100 150 200




Fluctuations

2

Extrapolation ko

Wuppertal-Budapest ~ STAR Preliminary data
15N, =12 p: 0.4 <pr<2.0 GeV, |y| <0.

1ol [Borsanyi:2018grb]

T'=150 MeV

RO
2 XE(T7/~/}’B)

o5l T=160 MeV kol =
B A
x5 (T, i)
_ B0 | A2 B2 | ~4 B4
= Iy Ry T el
+...
0.0}
= NLO
= NNLO
0 50 100 150 200
KB
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Extrapolation ko

Wuppertal-Budapest ~ STAR Preliminary data
15N, =12 p: 0.4 <pr<2.0 GeV, |y| <0.

1ol [Borsanyi:2018grb]

T=150 MeV

RO
B T 0

2 X4( 7/J'B)

T=160 MeV kg0 = /i
X2(T, fig)

0.5F

_ B0 | A2 B2 | ~4 B4
= Iy Ry T el
+...
0.0}
= NLO

W =0 NNLO

0 50 100 150 200




Fluctuations

Extrapolation ko

1.5

1.0}

RO

0.5F

0.0

Wuppertal-Budapest ~ STAR Preliminary data
N, =12 p: 0.4 <pr<2.0 GeV, |y <0.

T=160 MeV 2

W == NLO

W =0 NNLO

0 50 100 150 200

RBOpB

[Borsanyi:2018grb]

XE(T7/~/}’B)

X2B(T7/~/}’B)
A2 B2 . ~4 B4

B0
= Iy Ry T el

+...



Fluctuations

Results from [Bazavov:2020bjn]

Continuum estimate from N; = 8,12 N: =8
s!2[GeV]: 200 62.454.4 39 27 ;,‘ﬁ [GeV]: 200 62.454.4 39 27
2 AR T saaires womm- g
STAR data for 1 RE,(Too)
F P '62\ " pc/ . .
1 b Rz STAR proliminary: F2, &3 Here the extrapolation is
0.8 . .
T e Lo -+- - o ° done along the transition
06 & -~ - .
NNLO, RE;(T;e) ~ 1 line.
0.4 RE2(Tpe)
STAR 2020: R, @ 5
0.2 1 R, Ml
STAR preliminary: open symbols R?;(Tpc) RY,=Mg/03
0 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 3 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
sk [Gev]
sI2(GeV] : 200 62.4 39 27 196 2?0 6{-4 {9 {7
038 s /i " Lattice (HotacD) el ) Tyl )1 04(9) S
QMHRG2020 — .
osa | Vieds (STAR) : A, =, 0 B3 16] | More details and update
1af 1 with finer lattices and

RS

L]

L I Thu. at 9:50.

3 Mev] 1 o ety | ‘
; ) 02 04 06 08

RS,

B JL N | N ' : | smaller T by D. Bollweg on

100 150 200



Fluctuations

2d-Extrapolation: [Bellwied:2021nrt]

144 ensembles for each temperature and lattice
Example at T = 155 MeV:

Baryon density

X (T = 0)

oy

X = 0)

P(T, fig, is) = Y PF°(T) cos(jfip — kfis) -

j7k 0.015
-$=-1,0,1,2,3; B=0,1,2,3
A surface is fitted on the baryon and strangeness den- s

sities, as well as on their susceptibilities. ~oo0s




Fluctuations

Comparisons

ws/T
0.25 0.50 0.75 1.00 1.25
1.2 - /snn/GeV = 200 62.4 544 39 27 E
S o1t l 1 [Bellwied:2021nrt]
=
T - T
£ 08 ]
Ei + ‘ ] T [ ]
o |
. 0.6 - I T
3 0.4 | Fugacity expansion, xF/xf === : | The extrapolation is done
mg Fugacity expansion, x7/x% along the transition line.
0.2 - STAR, 03/01 —l— . -
STAR, Cy4/Cy —@—
0 L L L
0.25 0.50 0.75

xF/xE or C1/Ca



Proxy for strange particle

Fluctuations

Using the HRG to estimate how well an observable can be measured in experiment

[Bellwied:2019pxh]:

06

Total
05| — — - proxy: ook
s proxy: 62/(2+ of)
0.4

proxy: o/(ch+0%)

8BS, S
R

proxy: (o3 + 62 + 62)/(05 + 4 62 + 9 64 + o)

-

130 140

T [MeV]

150

160

-x%12° (proxy)

02

T
proxy: 63/(c + o%) - Ty = 165 MeV/
— = proxy: 63/(c% + 6%) - Ty = 145 MeV
15— proxy: 63/(c% + of) - STAR data

Sart(s) [GeV]

-0.10
-0.15
-0.20
-0.25
-0.30
-0.35
-0.40
-0.45

-0.50

<BS>/<SS>

* . Ny
N
48%12 lattice
135MeV  145MeV 155MeV 165 MeV
Taylor
Sectors  —+— —— ———
HRG —— - real pg/T
0.5 1 15 2
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@ Equation of state



Equation of state

tf /=25 | 0.8
Hs = 0 sl 07
S 0.6
§ 06 - HRG E 05
T 3 0.4
. - £ p— £ 0
Continuum limit for 20t o I
& 7 () m oy = |
2nd order vy 4 /Tt ] o2 o
. O(u) = 4
(Nt :67 85 127(16)) / 01 "
° 140 160 180 200 220 240 260 280 ° 140 160 180 200 220 240 260 280
T [MeV] T [MeV]
ns=0, ng/ng=0.4
. . 0.5
Continuum estimate
o
for 4th and 6th order 5 z o
_ £ 5
(Nt = 6, 8) T oy = éz 03
£ o 5
= oqp) = < 02
T o(ug =
0.1 O(u)
Nng=0, ng/ng=0.4 o =
ns) = 0 . . . . . ,
< > 140 160 180 200 220 240 260 280 ° 140 160 180 200 220 240 260 280
T [MeV] T [MeV]



Equation of state

Equation of State [Borsanyi:2021sxv|

4.5 ——ipgT=0_
/T =0. FE ¥ ;

35 |——ingT=2 $3% - IFT L

k 3
25 | i

pm (M)

15

0.5 F

! ! ! !
120 140 160 180 200 220 240 120 140 160 180 200 220 240
T[MeV] T [MeV]
More details in the talk of P. Parotto at Thu. 9:30.




Summary

i J—— This work )
175 T T T T T T T T
! ; ! ; Bazavov:2018mes, v, ¥ 170 T. [MeV] crossover line: O(uk) =
’ X [ constant: € m
i 165 s E
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i _ 155
f——i Bellwied:2015rza, Xgr XSS 150
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Toy model without critical endpoint

@ Start with some parametrization of
the curve x2/ug at p =10

03 ‘ ‘ : ‘
<B>/| U Wuppertal-Budapest . .
025 | prelminary @ Assume that the only difference in the
oT-0 s physics at finite u is a shift in this
02 curve
015 | @ The inflection point of this curve is
one possible definition of T, so shift
01y = shitedpg/T=Oresult 7 the curve by using the x values found
005 e | in the literature N
imaginary pg/T=2i @ You now have a model prediction of
%40 150 160 170 180 190 200 X2 for any finite p, differentiate it a
T [MeV] few times at ;1 = 0 to get estimates

. of &, £ and 1§
NOTE: The model assumes no criticality



Fluctuations in the toy model
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CURVE: The simple model
described in the previous
slide without criticality



Fluctuations in the toy model
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The sign problem

The QCD partition function:
Z(V,T,p) = / DUDYD e 5r(VtP)=FS6(U)
= /DU det M(U)e P56V
o For Monte Carlo simulations det M(U)e~?%¢(U) is interpreted as Boltzmann weight

o If there is particle-antiparticle-symmetry det M(U) is real
o If 42 > 0 det M(U) is complex



The sign problem

1.2

N}

/oo ax (100 — xS~ [ (100 - x2) i(loo ) 20
X — X ~ X — X = — X C—
—co vV 21 —100 vV 2w i—1 vV 2T N
The x; are drawn from a uniform distribution in the interval [—100, 100]
N = 1000 N = 10000

A = 18.89% A =5.79%




Importance sampling

2

o b N
/ dx (100 — x2) S :ZlOO—x

The x; are drawn from a normal distribution

= I

N =100
A =0.11%

N = 1000
A = 0.04%




The sign problem

i 2
—35x

/ dX(].OO —Xz)%
— 0 s
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