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Outline

• Task: obtain  from LQCD bottomonium masses & thermal widths


• Methodology

- what is Deep Neural Network

- new algorithm using DNN to extract 

- two closure tests performed


• Results. Phenomenological consequence?
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Quarkonium in the QGP 01

Hard Thermal Loop potentials 







see e.g., Laine, Philipsen, Romatschke, and Tassler, JHEP 03, 054 (2007)
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• In heavy-ion collisions, quarkonium production serves as a probe of the QGP.

• Accurate understanding of the in-medium heavy-quark interaction?

‣ Real potential modified by color-screening


‣ Imaginary potential arises due to , Landau damping, ...(QQ̄)1 → (QQ̄)8
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02
Mass Thermal Width

See R. Larsen, THU, 10:10, Room A  

Bottomonium mass and thermal width, lattice QCD with finite mQ

https://indico.cern.ch/event/985652/contributions/4302187/
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D. Lafferty and A. Rothkopf, PhysRevD.101.056010(2020)

High excitations (2P, 3S) can survive at ;

Mass - mild temperature dependence;

Thermal width - quantitatively larger.

T = 334 MeV

See R. Larsen, THU, 10:10, Room A  

Bottomonium mass and thermal width, lattice QCD with finite mQ

https://indico.cern.ch/event/985652/contributions/4302187/
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Can we understand the new lattice result using Hard Thermal Loop potential? 03

Ĥ ψn = − ∇2

2mμ
ψn + V(r) ψn = En ψn

V(T, r) = VR (T, r) + i VI (T, r)
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 fitted by LQCDmD(T)
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New lattice QCD results cannot be explained by the HTL potential

We extract the potential in a model-independent way 

Deep Neural Works (DNN)



Lingxiao Wang, TUE, 10:50, Room A

Shahid Khan, TUE, 12:30, Room D

Identify phase transition:

Regenerate spectral function:

Determine the parton distribution function: 

and more ...

PhysRevD.102.096001: Kades, Pawlowski, Rothkopf, 
Scherzer, Urban, Wetzel, Wink, and Ziegler

Debbio, Forte, Latorre, Piccione, and Rojo,JHEP(2007)039

Nature Commun.9,210(2018):Pang, Zhou, Su, 
Petersen, Stöcker, and Wang

04Applications of Deep-Learning techniques in Heavy-Ion Physics

https://indico.cern.ch/event/985652/contributions/4357871/
https://indico.cern.ch/event/985652/contributions/4305143/
https://www.nature.com/articles/s41467-017-02726-3
https://www.nature.com/articles/s41467-017-02726-3
http://dx.doi.org/%2010.1088/1126-6708/2007/03/039
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.102.096001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.102.096001


What are Deep Neural Networks?

V (T, r) ≈ VDNN(T, r |parameters)

… … …

…T

r

V

Each      is an intermediate function :

- At the first layer:


(a(l)
i )

linear
nonlinear

• DNN is a parameterization scheme to approximate continuous functions.

05

(iterative function substitution)

z(1)
i = b(1)

i + W(1)
i,1 T+W(1)

i,2 r, a(1)
i = σ(z(1)

i )



What are Deep Neural Networks?

V (T, r) ≈ VDNN(T, r |parameters)

… … …

…T

r

V

Each      is an intermediate function :

- At the first layer:

- At later layers:

(a(l)
i )

z(l)
i = b(l)

i + ∑
j

W(l)
i,j a(l−1)

j , a(l)
i = σ(z(l)

i )

parameters  to be optimized(W(l)
i,j , b(l)

i )

• DNN is a parameterization scheme to approximate continuous functions.

05

(iterative function substitution)

linear
nonlinear

z(1)
i = b(1)

i + W(1)
i,1 T+W(1)

i,2 r, a(1)
i = σ(z(1)

i )



black solid:  y = x2

x y

example: learn  for  y = x2 x ∈ [0,1]

 piecewise linear interpolation!!!

summed

separate

06How do Deep Neural Networks work?

[Using activation function  = max(0,z)]σ(z)
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How to learn potential using DNN? 07

Ĥ ψn = − ∇2

2mμ
ψn + V(r) ψn = En ψnV(T, r) = VR (T, r) + i VI (T, r)
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Test I - Can we learn  from ?V(r) {En}
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Test II - Can we recover a known complex  ?V(T, r)
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-- Yes! 09
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Results 10
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What physics we have learned from ?VDNN (T, r) 11
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11What physics we have learned from ?VDNN (T, r)



��� ��� ��� ��� ��� ���

���

���

���

���

� (��)
-�

�
(�
��

)

151
173
199
251
334 MeV

0

--- compare with HTL potential used in [1]

[1] A. Islam and M. Strickland, JHEP03(2021)235 

��� ��� ��� ��� ��� ���

-�

-�

-�

-�

-�

-�

� (��)

� �
(�
��

)

������ ���
����� ���[������(����)���]

HQQD - Υ(1s)
HQQD - Υ(2s)
HQQD - Υ(3s)

ALICE - Y(1s)
ATLAS - Y(1s)
CMS - Y(1s)
ATLAS - Y(2s)
CMS - Y(2s)

0 100 200 300 400
0.0

0.2

0.4

0.6

0.8

1.0

Npart

R
A
A

5.02 TeV Pb-Pb
ALICE: pT < 15 GeV and 2.5 < y < 4
ATLAS: pT < 15 GeV and |y| < 1.5
CMS: pT < 30 GeV and |y| < 2.4
HQQD: pT < 30 GeV and y=0

weaker T dependence for    ⟹   higher    ⟹   larger VR (r) Tmelt RAA

larger magnitude for    ⟹   larger    ⟹   smaller VI (r) Γ RAA

11What physics we have learned from ?VDNN (T, r)

centrality dependence and v2!



Summary and Outlook

• Develop new algorithm employing DNN to learn  from .


• Extract HF complex  from LQCD results of bottomonium  and .


• Phenomenological consequences in heavy-ion collisions?

V(r) {En}

V(T, r) m Γ
[consistent with LQCD using static potential: see R. Larsen, THU, 10:10, Room A]

https://indico.cern.ch/event/985652/contributions/4302187/
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How to learn potential using DNN?

Ĥ ψn = − ∇2
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How to learn potential using DNN?

Ĥ ψn = − ∇2

2mμ
ψn + V(r) ψn = En ψnV(T, r) = VR (T, r) + i VI (T, r)

δmi = ⟨ψi |δVR(r) |ψi⟩,
δΓi = − ⟨ψi |δVI(r) |ψi⟩ .

In a typical Deep Learning problem, true function V(T,r) is known,

       (distance)


In this work, true value for V(T,r) is unknown,

         (implicit function of  and )


 can be computed exactly, thanks to the perturbation theory.

J = ∥VDNN(T, r) − Vtrue(T, r)∥2 + regularizer

J = χ2 + regularizer W b
∂WJ, ∂bJ



• Posterior distribution for DNN parameters 




 is an implicit function of 


• Task #1: find the most optimal parameter set by maximizing Posterior.


• Task #2: at any distance r, compute the likelihood (density) distribution of ,


(θ)
Posterior(θ |data) ∝ L(θ |data) ⋅ Prior(θ) = N0 exp[ − χ2(θ)

2 − λ
2 θ ⋅ θ] .

χ2(θ) VDNN(θ; r)

Vθ

P(Vθ)dV = Posterior(θ |data)dNθ

Uncertainty Quantification according to Bayesian inference



How to compute the likelihood (density) distribution of Vθ




• Method 1) 

• Sample  according to a flat distribution: ;

• Each data point corresponds to the element volume ;

• Compute , , and ;


• For given r, histogram  with weights





P(Vθ)dV = Posterior(θ |data)dNθ

{θi} P(θ) = 1
dNθi = 1

Vθi
(r) χ2

θi
Posterior(θi |data)

Vθi
(r)

wi = P(Vθi
)dVi = Posterior(θi |data)

Computationally Expensive!



How to compute the likelihood (density) distribution of Vθ




• Method 2) 

• Sample  according to the posterior: ;

• Each data point corresponds to the element volume ;

• Compute , , and ;


• For given r, histogram  with weights





P(Vθ)dV = Posterior(θ |data)dNθ

{θi} P(θ) = Posterior(θ |data)
dNθi = 1/Posterior(θi)

Vθi
(r) χ2

θi
Posterior(θi |data)

Vθi
(r)

wi = P(Vθi
)dVi = 1

Hard to sample according to Posterior!



How to compute the likelihood (density) distribution of Vθ




• Method 3) 

• Sample  according to a reference distribution: ;

• Each data point corresponds to the element volume ;

• Compute , , and ;


• For given r, histogram  with weights





P(Vθ)dV = Posterior(θ |data)dNθ

{θi} P(θ) = P̃(θ)
dNθi = 1/P̃(θi)

Vθi
(r) χ2

θi
Posterior(θi |data)

Vθi
(r)

wi = P(Vθi
)dVi = Posterior(θi)/P̃(θi)



How to compute the likelihood (density) distribution of Vθ




• Method 3) 

• Sample  according to a reference distribution: ;

• Each data point corresponds to the element volume ;

• Compute , , and ;


• For given r, histogram  with weights





• In practice:

P(Vθ)dV = Posterior(θ |data)dNθ

{θi} P(θ) = P̃(θ)
dNθi = 1/P̃(θi)

Vθi
(r) χ2

θi
Posterior(θi |data)

Vθi
(r)

wi = P(Vθi
)dVi = Posterior(θi)/P̃(θi)

P̃(θ) = (2π)−Nθ/2 det[Σ−1] × exp[ − Σ−1
ab

2 (θa − θopt
a )(θb − θopt

b )] Σ−1
ab = λδab + 1

2
∂2χ2(θ)
∂θa∂θb



Consistency test with T-indept. DNN and polynomial

0.
01
6

-0
.0
14

-2.22

-2.81

0.38

0.02

0.04

-0.05

0.01

-0.008

0.08

-0.07

0.06

-0.04

-0
.3
1

-0
.5
3

0.016

-0.014

-2
.2
2

-2
.8
1

0.
38

0.
02

0.
04

-0
.0
5

0.
01

-0
.0
08

0.
08

-0
.0
7

0.
06

-0
.0
4

cR,-1 cR,0 cR,1 cR,2 cR,3 cI,1 cI,2 cI,3

c R
,-
1

c R
,0

c R
,1

c R
,2

c R
,3

c I
,1

c I
,2

c I
,3

Marginal likelihood for 

polynomial coefficients

at T = 151 MeV 

 polynomials:


V (T, r) = ∑
n

cn(T) rn



��� ��� ��� ��� ��� ���

���

���

���

���

� (��)
-�

�
(�
��

)

151
173
199
251
334 MeV

0

��� ��� ��� ��� ��� ���

-�

-�

-�

-�

-�

-�

� (��)

� �
(�
��

)

113
254
338 MeV

������ ����� ���������
[������������������]

--- compare with lattice result (static quark potential)

weaker T dependence for VR (r) larger magnitude for VI (r)

Y. Burnier and A. Rothkopf, PhysRevD.95.054511

What physics we have learned from ?VDNN (T, r)



• Multiple "hidden layers" = multiple levels of variable substitutions:

v(1)j = σ(1)(Σ w(1)ji xi + b(1)j), j = 1, ..., M(1)

v(2)j = σ(2)(Σ w(2)ji v(1)i + b(2)j), j = 1, ..., M(2)

...

yj  = σ(l+1)(Σ w(l+1)ji v(l)i + b(l+1)j), j = 1, ..., K

…… … …

…

hidden layersinput layer

(1) (2) (l)

…

output layer

(1) (2) (l)

• Dictionary:

v(2)j -- a neuron

w(2)ji -- weight

b(2)j -- bias

(l) -- number of layers/depth 

        of the network

M(l) -- number of neurons 

          at layer (l)

Note2: σ(1) ... σ(l+1) are activation functions.

            They can be the same or different.

common choices of activation functions


