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Neutron Star Heavy-Ion Collision
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Neutron Star Heavy-Ion Collision

b equilibrium Zero net strangeness
μs = 0 ns = 0

High baryon density should 
involve hyperons (L, S, etc)

Hyperon strangeness is 
canceled by strange mesons 
(  in mesons sensitive to )s̄ μB

(μs ∼ 1
3 μB)

performed at nonzero temperature, and small values of µB without running
into problems of principle. At µB = 0, these simulations indicate that there
is no true phase transition from Hadronic Matter to a Quark-Gluon Plasma,
but rather a very rapid rise in the energy density at a temperature Tc which
lines in 160°190 MeV within the systematic errors. Further, studies using the
lattice technique imply that Tc decreases very little as µB increases, at least
for moderate values of µB.
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Fig. 3. Energy dependence of hadron yields relative to pions. The points are exper-
imental data from verious experiments. Lines are results of the Statistical Model
calculations. The figure is taken from [20,22]).

With the parametrizations of T and µB from Fig. 1 one can compute the
energy dependence of the production yields of various hadrons relative to
pions, shown in Fig. 3. Important for our purposes is the observation that there
are peaks in the abundances of strange to non-strange particles at center of
mass energies near 10 GeV. In particular, the K+/º+ and §/º ratios exhibit
rather pronounced maxima there. We further note that in the region near
10 GeV, there is also a minimum in the chemical freeze-out volume obtained
from the Statistical Model fit to particle yields [18], as well as in the volume
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EoS too soft? / Cooling too fast?
Hyperon Puzzle

* Interactions may suppress hyperons 
   (3-body forces YNN) 
* Interactions may make EoS stiff 
   (repulsive forces at high density)
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Neutron Star Heavy-Ion Collision

Probabilistic data 
with limited statistics

Fluctuating and convoluted 
data with high statistics

TOV equations are parameter 
free (with small corrections)

Hydro model involves many 
(T- and µ-dependent) 
parameters. 

First-principles EoS 
available from lattice 
as long as µ/T < 1.

QCD-based 
predictions 
are limited.



May 20, 2021 @ online talk at SQM

EoS Reconstruction

5

M-R dataM

R

2M�

Regression 
Analysis of M(R)

Equation of State M-R curvep

�

M

R

2M�

��1TOV

�TOV

Neural network

Figure 1. Schematic of the TOV mapping  TOV and the regression analysis of the inverse TOV
mapping from the M -R data.

Throughout this paper we use the natural unit system with G = c = 1 unless otherwise
specified.

2 Supervised Learning for the EoS Inference Problem

In this section we explicitly define our target problem and summarize the basic strategy of
our approach with the supervised machine learning. We will explain the concrete setup in
each subsection where we adjust the strategy in accordance with the goal of each subsection.
In the present study we want to constrain the EoS from the stellar observables. The EoS
and the observables are non-trivially linked by the TOV equation which gives a means
to calculate the neutron star structure from the EoS input. Thus, constraining the EoS
from the observables is the inverse process of solving the TOV equation, but this inverse
problem encounters difficulties from the nature of the observations. In Sec. 2.1 we formulate
the inverse problem of the TOV equation and discuss its difficulties. We proceed to our
approach to this problem using the supervised machine learning in Sec. 2.2. We closely
describe the EoS parametrization and the data generation in Sec. 2.3. Then, we explain
the design of the deep NN in Sec. 2.4 and its training procedures in Sec. 2.5.

2.1 TOV mapping between the EoS and the M-R relation

In the present analysis we focus on the mass M and the radius R as the neutron star
observables. Given a boundary condition of the core pressure pc, the observables M and R

of such a neutron star can be determined by solving the TOV equation [84, 85]:

dp(r)

dr
= �

["(r) + p(r)][m(r) + 4⇡r3p(r)]

r[r � 2m(r)]
, (2.1)

m(r) = 4⇡

Z r

0
r02dr0 "(r0) , (2.2)

where r is the radial coordinate which represents a distance from the stellar center. The
functions, p(r) and "(r), are the pressure and the energy density (i.e., the mass density),

– 4 –

Conventional Model Approach

Model Solving TOV M-R Curve Observation

Initial condition: p(r ≃ 0) = p(ρmax), ε(r ≃ 0) = ε(ρmax)

M-R: p(r = R) = 0, M = ∫
R
d3x ε(r)
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Conventional Model Approach

Model Solving TOV M-R Curve Observation

[Very Famous Example]

common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryon density of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.74 6 0.15) 3 1015 g cm23, or ,10ns.

Evolutionary models resulting in companion masses .0.4M[ gen-
erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period .8 ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.
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17. Özel, F. Soft equations of state for neutron-star matter ruled out by EXO 0748 -
676. Nature 441, 1115–1117 (2006).

18. Ransom, S. M. et al. Twenty-one millisecond pulsars in Terzan 5 using the Green
Bank Telescope. Science 307, 892–896 (2005).

19. Freire, P. C. C. et al. Eight new millisecond pulsars in NGC 6440 and NGC 6441.
Astrophys. J. 675, 670–682 (2008).

20. Freire, P. C. C., Wolszczan, A., van den Berg, M. & Hessels, J. W. T. A massive neutron
star in the globular cluster M5. Astrophys. J. 679, 1433–1442 (2008).

21. Alford,M.etal.Astrophysics:quarkmatterincompactstars?Nature445,E7–E8(2007).
22. Lattimer, J. M. & Prakash, M. Ultimate energy density of observable cold baryonic

matter. Phys. Rev. Lett. 94, 111101 (2005).
23. Podsiadlowski, P., Rappaport, S. & Pfahl, E. D. Evolutionary sequences for low- and

intermediate-mass X-ray binaries. Astrophys. J. 565, 1107–1133 (2002).
24. Podsiadlowski, P. & Rappaport, S. Cygnus X-2: the descendant of an intermediate-

mass X-Ray binary. Astrophys. J. 529, 946–951 (2000).
25. Hotan, A. W., van Straten, W. & Manchester, R. N. PSRCHIVE and PSRFITS: an open

approach to radio pulsar data storage and analysis. Publ. Astron. Soc. Aust. 21,
302–309 (2004).

26. Cordes, J. M. & Lazio, T. J. W. NE2001.I. A new model for the Galactic distribution of
free electrons and its fluctuations. Preprint at Æhttp://arxiv.org/abs/astro-ph/
0207156æ (2002).

27. Lattimer, J. M. & Prakash, M. Neutron star structure and the equation of state.
Astrophys. J. 550, 426–442 (2001).

28. Champion, D. J. et al. An eccentric binary millisecond pulsar in the Galactic plane.
Science 320, 1309–1312 (2008).

29. Berti, E., White, F., Maniopoulou, A. & Bruni, M. Rotating neutron stars: an invariant
comparison of approximate and numerical space-time models. Mon. Not. R.
Astron. Soc. 358, 923–938 (2005).

Supplementary Information is linked to the online version of the paper at
www.nature.com/nature.

Acknowledgements P.B.D. is a Jansky Fellow of the National Radio Astronomy
Observatory. J.W.T.H. is a Veni Fellow of The Netherlands Organisation for Scientific
Research. We thankJ. Lattimer for providing the EOSdataplotted inFig. 3, and P. Freire,
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exotic matter; green, strange quark matter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.97 6 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases the maximum possible mass for each EOS. For a 3.15-ms spin period,
this is a =2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
observational constraints2. GR, general relativity; P, spin period.
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Some models excluded 
from observations

Even more massive NSs 
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Throughout this paper we use the natural unit system with G = c = 1 unless otherwise
specified.

2 Supervised Learning for the EoS Inference Problem

In this section we explicitly define our target problem and summarize the basic strategy of
our approach with the supervised machine learning. We will explain the concrete setup in
each subsection where we adjust the strategy in accordance with the goal of each subsection.
In the present study we want to constrain the EoS from the stellar observables. The EoS
and the observables are non-trivially linked by the TOV equation which gives a means
to calculate the neutron star structure from the EoS input. Thus, constraining the EoS
from the observables is the inverse process of solving the TOV equation, but this inverse
problem encounters difficulties from the nature of the observations. In Sec. 2.1 we formulate
the inverse problem of the TOV equation and discuss its difficulties. We proceed to our
approach to this problem using the supervised machine learning in Sec. 2.2. We closely
describe the EoS parametrization and the data generation in Sec. 2.3. Then, we explain
the design of the deep NN in Sec. 2.4 and its training procedures in Sec. 2.5.

2.1 TOV mapping between the EoS and the M-R relation

In the present analysis we focus on the mass M and the radius R as the neutron star
observables. Given a boundary condition of the core pressure pc, the observables M and R

of such a neutron star can be determined by solving the TOV equation [84, 85]:

dp(r)

dr
= �

["(r) + p(r)][m(r) + 4⇡r3p(r)]

r[r � 2m(r)]
, (2.1)

m(r) = 4⇡

Z r

0
r02dr0 "(r0) , (2.2)

where r is the radial coordinate which represents a distance from the stellar center. The
functions, p(r) and "(r), are the pressure and the energy density (i.e., the mass density),

– 4 –

Model Independent Approach

EoS Solving TOV M-R Curve Observation

Once one M-R curve is identified, one EoS is concluded.
The best we can do is to find the “likely” M-R curve.
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Model Independent Approach

EoS Solving TOV M-R Curve Observation

P (A|B)P (B) = P (B|A)P (A)
(Bayes’ theorem)

A : EoS Parameters     B : M-R Observation

Want to know

Normalization

Likelihood prior
Model

Bayesian Analysis Ozel et al., Steiner et al. (2015~)
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Model Independent Approach

EoS Solving TOV M-R Curve Observation

Machine Learning Inference Fujimoto-Fukushima-Murase (2018,19,20)

Several M-R 
observation points 
with errors

Several parameters 
to characterize EoS

Nonlinear 
Mapping

{Mi, Ri} {Pi}{Pi} = F ({Mi, Ri})
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Model Independent Approach

EoS Solving TOV M-R Curve Observation

Machine Learning Inference Fujimoto-Fukushima-Murase (2018,19,21)

Generate EoS randomly

Solve 
TOV eq

Obtain M-R curve by 
solving TOV eq

Sample 14 points on M-R curve. 
Each points are assigned with 
random errors  .(�M, i, �R, i)

Shift the points within  
the assigned errors (�M, i, �R, i)
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Figure 11. Schematic flow of data generation procedure for the analysis in Sec. 4

is sketched in Fig. 11. We need to design the NN with an input of information including
�M,i and �R,i: the input variables are extended to (Mi, Ri; �M,i, �R,i).

We shall recapitulate the data generation scheme as follows. In the same way as in
Sec. 3 we prepare 5 EoS parameters c2s,i (i = 1, . . . 5) in the output side. In this section the
training data comprises 14 ⇥ 4 input parameters, i.e., (Mi, Ri; �M,i, �R,i) (i = 1, . . . , 14).
We note that i runs to not 15 but 14 corresponding to the number of observed neutron
stars as explained in Sec. 4.1. We calculate the M -R curve for each EoS, and then select
14 points of (M⇤

i , R
⇤
i ) on the M -R curve and add statistical fluctuations of �Mi and �Ri

[see Fig. 11 (3)]. Let us go into more detailed procedures now. Unlike �M and �R in Sec. 3
here we randomly generate �M,i and �R,i differently for i = 1, . . . 14. These variances, �M,i

and �R,i, are sampled from the uniform distributions, [0,M�) and [0, 5 km), respectively.
In view of the observational data, these ranges of the distributions should be sufficient to
cover the realistic situations. Then, �Mi and �Ri are sampled according to the Gaussian
distributions with these variances, �M,i and �R,i. Finally we obtain the training data,
(Mi = M⇤

i +�Mi, Ri = R⇤
i +�Ri;�M,i,�R,i) (i = 1, . . . 14) [see Fig. 11 (4)]. Hereafter we

call these 14 tetrads of (Mi, Ri;�M,i,�R,i) an observation.
Now we prepare the training data set by taking multiple observations. For each EoS

we randomly generate 100 different pairs of (�M,i,�R,i), and then we make another 100
observations for each (�M,i,�R,i). From the former 100 pairs the NN is expected to learn
that the observational uncertainties may vary, and the latter tells the NN that the genuine
M -R relation may deviate from the observational data. In total we make ns = 10000

(= 100 ⇥ 100) “observations” per one EoS. The size of the whole training data set is thus
100 times larger than before.

We modify the architecture of the NN used in this section accordingly. The number of

– 23 –

EoS parametrized by 
speed of sound c2

s

Convoluted with error bands 
(Data Augmentation)
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Most Likely EoS from ML

(a) (b)

Figure 13. (a) EoSs deduced from the observational M -R data of qLMXBs and thermonuclear
bursters. The shaded blue and hatched orange bands represent our 68% credibility bands from the
validation and the bagging estimations. The �EFT prediction and the Bayesian results (Steiner
et al. [34, 35] and Özel et al. [2, 36, 37]) are overlaid for reference. The former band represents
68% CL, while the latter shows the contour of e�1 of the maximum likelihood. (b) M -R relations
corresponding to the deduced EoSs from this work with references to other approaches.

(a) (b)

Figure 14. (a) Tidal deformability ⇤ calculated from our EoS (b) Correlation of tidal deforma-
bilities, ⇤1 and ⇤2; see the text for details.

are found to be near the middle of the gray band. The preceding Bayesian analyses [2, 34–
37] are also overlaid on Fig. 13. While Özel et al. [2, 36, 37] and our present analysis use
the same astrophysical data, Steiner et al. [34, 35] employs a subset of the data, i.e., 8 of
X-ray sources. One may think that our prediction gives a tighter constraint than the others,
but the narrowness of the band may be related with the implicit assumption in our EoS
parametrization; we will come back to this point in Sec. 4.5 (see Fig. 17). Figure 13 (b)
shows the M -R curves corresponding to the EoSs in (a). We see that our EoS (blue curve)
certainly supports neutron stars with M > 2M� [29–32].

Figures 14 (a) and (b) show the tidal deformability and their correlation, respectively,
in the binary neutron star merger GW170817. Once an EoS is given, the dimensionless tidal
deformability, ⇤, results from a quantity called the Love number k2, which is derived from
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Fujimoto-Fukushima-Murase (2018,19,21)
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Figure 13. (a) EoSs deduced from the observational M -R data of qLMXBs and thermonuclear
bursters. The shaded blue and hatched orange bands represent our 68% credibility bands from the
validation and the bagging estimations. The �EFT prediction and the Bayesian results (Steiner
et al. [34, 35] and Özel et al. [2, 36, 37]) are overlaid for reference. The former band represents
68% CL, while the latter shows the contour of e�1 of the maximum likelihood. (b) M -R relations
corresponding to the deduced EoSs from this work with references to other approaches.

(a) (b)

Figure 14. (a) Tidal deformability ⇤ calculated from our EoS (b) Correlation of tidal deforma-
bilities, ⇤1 and ⇤2; see the text for details.

are found to be near the middle of the gray band. The preceding Bayesian analyses [2, 34–
37] are also overlaid on Fig. 13. While Özel et al. [2, 36, 37] and our present analysis use
the same astrophysical data, Steiner et al. [34, 35] employs a subset of the data, i.e., 8 of
X-ray sources. One may think that our prediction gives a tighter constraint than the others,
but the narrowness of the band may be related with the implicit assumption in our EoS
parametrization; we will come back to this point in Sec. 4.5 (see Fig. 17). Figure 13 (b)
shows the M -R curves corresponding to the EoSs in (a). We see that our EoS (blue curve)
certainly supports neutron stars with M > 2M� [29–32].

Figures 14 (a) and (b) show the tidal deformability and their correlation, respectively,
in the binary neutron star merger GW170817. Once an EoS is given, the dimensionless tidal
deformability, ⇤, results from a quantity called the Love number k2, which is derived from
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Figure 15. (a) EoSs deduced from the observational M -R data of qLMXBs, thermonuclear
bursters [2, 36, 37], and NICER data of PSR J0030+0451 [42]. The shaded blue and the hatched or-
ange regions represent the 68% uncertainty band (evaluated in the bagging method) for the analyses
with and without the NICER data, respectively. (b) M -R relations corresponding to the deduced
EoSs shown in (a).

the Einstein equation under static linearized perturbations to the Schwarzschild metric due
to external tidal fields. Practically, we solve a second-order ordinary differential equation
in combination with the TOV equation; see Refs. [94, 95] for the explicit form of the
equations. The blue band in Fig. 14 (a) represents ⇤ from the EoS we inferred in the
present work, which is consistent with the merger event GW170817 indicated by the red
bar. In Fig. 14 (b) we show the correlation of the tidal deformabilities, ⇤1 of the star 1 and
⇤2 of the star 2, using the relation between ⇤ and M as given in Fig. 14 (a). The orange
lines in Fig. 14 (b) refer to the constraints (solid:90% and dashed:50%) for which ⇤1 and
⇤2 are sampled independently [40], while the green lines refer to the constraints for which
⇤1 and ⇤2 are related through ⇤a(⇤s, q) with ⇤a = (⇤2 � ⇤1)/2, ⇤s = (⇤2 + ⇤1)/2, and
q = M2/M1. In Fig. 14 (b) we clearly see that our predicted band is located within the
90% contours of the LIGO-Virgo data [40, 96].

So far we have only used the observational data from the PRE busters and qLMXBs,
which may contain large systematic errors related with the uncertain atmospheric model
of neutron stars. The results in Figs. 15 (a) and (b) include the M -R constraint from the
NICER mission as well. There are two independent analyses, as spotted on Fig. 15 (b), on
the same observation of PSR J0030+0451 [42, 43], and we adopt the one [green bar in (b)]
in Ref. [42]. We see that the uncertainty becomes slightly larger by the inclusion of the
NICER data, which is attributed to the relatively large deviation of the NICER data from
others.

4.5 Possible EoSs with a weak first-order phase transition

In the analyses we have presented so far, we used the piecewise polytrope with 5 segments
of density. Here, we change the number of segments from 5 to 7 and repeat the inference
with finer bin. There are mainly two issues argued in this subsection: a possibility of
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Figure 16. (Left) 100 output EoSs predicted from each bagging predictor with a first-order tran-
sition highlighted by the orange thick lines. (Right) Histogram of the first-order phase transitions
in each energy density region of piecewise polytropes.

a weak first-order phase transition with finer bin and its implication on the uncertainty
quantification.

To this end we prepared N = 100 NNs in the bagging outlined in Sec. 4.3. We note
that each NN is trained so as to predict an EoS in response to the real observational data.
Here we use the M -R data of qLMXBs and thermonuclear bursters without the NICER
data. In the left panel of Fig. 16 we show 100 EoSs predicted from 100 independent NNs.
There are 44 EoSs out of 100 that have a first-order phase transition. We highlight the
region of first-order phase transition with orange thick lines in Fig. 16. We remind that the
activation function in the output layer is chosen to be tanh which takes a value over [�1, 1],
and for c2s < � = 0.01 we adjust it to c2s = � and identify a first-order phase transition then.
From this plot we can understand why we increased the number of segments. If we use the
EoS parametrization with 5 segments, weak first-order phase transitions are too strongly
prohibited by coarse discretization.

We also make a histogram in the right panel of Fig. 16 to show a breakdown of the EoS
regions with a first-order phase transition. This histogram counts the number of first-order
transition EoSs in each energy density region. It is interesting to see that the most of the
first-order phase transition is centered around the energy region [202, 272]MeV. On the one
hand, in the lower energy region [150, 202]MeV the first-order phase transition is less likely,
and this tendency is consistent with the fact that a stronger first-order phase transition
in a lower energy region is more disfavored by the two-solar-mass pulsar constraint [97].
In the higher energy region, on the other hand, there are also less EoSs with a first-order
phase transition. One may think that a first-order phase transition would be more allowed
in the higher energy region, but it is not the case in the NN analysis. In Sec. 3.4 we already
discussed that the NN model tends to predict the most conservative value around c2s ⇠ 0.5

in the high energy density regions where the constraints are inadequate. Therefore, the
correct interpretation of the absence of the first-order transition in the high density regions
as shown in Fig. 16 should be, not that our results exclude a first-order transition there,
but merely that the observational data analyzed in our NN method does not favor a first-
order transition there. Another artificial factor in the high energy density region is that
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Independently learned NNs lead to acceptable EoSs

Some among 100NNs contain a 1st-order transition

Figure 16. (Left) 100 output EoSs predicted from each bagging predictor with a first-order tran-
sition highlighted by the orange thick lines. (Right) Histogram of the first-order phase transitions
in each energy density region of piecewise polytropes.

a weak first-order phase transition with finer bin and its implication on the uncertainty
quantification.

To this end we prepared N = 100 NNs in the bagging outlined in Sec. 4.3. We note
that each NN is trained so as to predict an EoS in response to the real observational data.
Here we use the M -R data of qLMXBs and thermonuclear bursters without the NICER
data. In the left panel of Fig. 16 we show 100 EoSs predicted from 100 independent NNs.
There are 44 EoSs out of 100 that have a first-order phase transition. We highlight the
region of first-order phase transition with orange thick lines in Fig. 16. We remind that the
activation function in the output layer is chosen to be tanh which takes a value over [�1, 1],
and for c2s < � = 0.01 we adjust it to c2s = � and identify a first-order phase transition then.
From this plot we can understand why we increased the number of segments. If we use the
EoS parametrization with 5 segments, weak first-order phase transitions are too strongly
prohibited by coarse discretization.

We also make a histogram in the right panel of Fig. 16 to show a breakdown of the EoS
regions with a first-order phase transition. This histogram counts the number of first-order
transition EoSs in each energy density region. It is interesting to see that the most of the
first-order phase transition is centered around the energy region [202, 272]MeV. On the one
hand, in the lower energy region [150, 202]MeV the first-order phase transition is less likely,
and this tendency is consistent with the fact that a stronger first-order phase transition
in a lower energy region is more disfavored by the two-solar-mass pulsar constraint [97].
In the higher energy region, on the other hand, there are also less EoSs with a first-order
phase transition. One may think that a first-order phase transition would be more allowed
in the higher energy region, but it is not the case in the NN analysis. In Sec. 3.4 we already
discussed that the NN model tends to predict the most conservative value around c2s ⇠ 0.5

in the high energy density regions where the constraints are inadequate. Therefore, the
correct interpretation of the absence of the first-order transition in the high density regions
as shown in Fig. 16 should be, not that our results exclude a first-order transition there,
but merely that the observational data analyzed in our NN method does not favor a first-
order transition there. Another artificial factor in the high energy density region is that
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Is this a hint for the presence of quark matter ?
Figure 18. (Left) The speed of sound from our EoSs with and without the NICER data by the
shaded blue and the hatched orange regions. (Right) The speed of sound from fine binning (shaded
blue) and coarse binning (hatched orange) estimates.

Figure 19. A concrete shape of f(x) of our choice (blue curve) and typical training data (orange
dots) for nbase = 20 and ns = 5.

5 More on the Performance Test: Taming the Overfitting

In Sec. 3.2, we observed a quantitative difference between the learning curves for the training
data sets with and without data augmentation by ns = 100 as demonstrated in Fig. 5.
Then, it would be a natural anticipation to consider that this ns data augmentation may
be helpful to overcome the problems of local minimum trapping and overfitting that we
often meet during the NN training. This section is aimed to discuss numerical experiments
to understand the behavior of the learning curve and the role of ns thereof. In particular,
we will focus on the overfitting problem here4.
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At high density perturbation theory should work.

4

dimensionless integrals that can yield the double loga-
rithm. [31]

Furthermore, to obtain the double logarithm, we need
the two integration momenta to be well separated to pro-
duce scale-free integrals. Since m4

1 already has the cor-
rect mass dimension for the pressure, we may rewrite the
expanded HTL expression in the form

↵sm
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P 4
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Q4
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Q
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◆
, (10)

where the function f is dimensionless, and inside the f
function P and Q represent the magnitudes of the Eu-
clidean four-momenta and ⌦i represents the remaining
angles. We have chosen to make the dimensionful de-
nominator P 4Q4, since we wish to extract precisely the
integrals
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where the new semisoft cuto↵s ⇤P
1,2,⇤

Q
1,2 inside the f

function are defined as before. Analogously to the NNLO
case, the double logarithm in the full expression arises
when the semisoft cuto↵s become replaced by quantities

of O(↵1/2
s µB) and O(µB).

It is now clear that if we consider an expansion of f
about P/Q = 0
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(12)
the only term that will give a double logarithm will be
the constant term a0. This corresponds precisely to
the P ⌧ Q limit. Similarly, there is a contribution
from P � Q, corresponding to an expansion of f about
Q/P = 0. Correctly accounting for the two integration
regions reveals that the full double logarithm comes from
the average of these contributions.

After extracting the average of the two series coe�-
cients defined above, we are left with a double logarithm
multiplying a (convergent) dimensionless angular integral
given in eq. (3) of the supplementary material, which can
be computed analytically. The result is the coe�cient
c3,2 of the ↵3

s ln
2 ↵s term in eq. (1),
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3

s ln
2 ↵s = �
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2 ↵s

⇤
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where the second equality holds for Nc = Nf = 3. We
have additionally verified that by repeating the calcula-
tion with ⇧T = m2

1 and ⇧L = 0 from the outset, the
result for c3,2 remains unchanged, as was the case for the
↵2

s ln↵s term. Eq. (13) is our main result.
In order to elevate our result to the subleading-

logarithm order O(↵3

s ln↵s), more care must be taken.
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FIG. 2. The pressure of cold and dense massless QCD, nor-
malized to the free pressure, as a function of baryon chemical
potential for the renormalization scale choice ⇤̄ = 2µB/3 and
⇤MS = 0.378 GeV.

Single logarithms may appear when only one of the loop
momenta is semisoft while the other one is either soft or
hard: If the other loop momentum is soft, a full HTL re-
summation of that line must be performed and the result
cannot be expanded in powers of ⇧T/L as above. Mean-
while, if the other loop momentum is hard, no kinematic
simplifications can be performed and no restrictions on
topology and the number of fermion lines can be applied
in that part of the diagram. In addition, the expansion
of the soft one-loop diagram of eq. (3) to higher orders
in the soft loop momentum will lead to contributions of
O(↵3

s ln↵s) that go beyond the HTL e↵ective theory.

Conclusions.—In the letter at hand, we have extracted
the leading N3LO correction to the pressure of cold quark
matter using an existing two-loop computation within
the Hard-Thermal-Loop e↵ective theory. We note that
the HTL result was derived in the di↵erent context of
a hot quark-gluon plasma, but it is equally applica-
ble to cold quark matter, as the soft contributions to
the EoS are insensitive to the details of the physics at
the hard scale (T for a hot quark-gluon plasma and
µB for cold quark matter). The hard scale appears
in the calculation only through the asymptotic mass
m2

1 ⇠ ↵s

R
d3pf(p)/|p|, where f is the relevant distri-

bution function.

We note that at higher orders, the semisoft contribu-
tions should continue to give rise to the leading loga-
rithms ↵n+1

s lnn ↵s. Quite strikingly, we find that the
leading-logarithm contributions at NNLO and N3LO are
described by a theory with only two transverse gluons
with a mass m1. This leads us to conjecture that the
leading-logarithm terms even at higher orders can be
computed in this vastly simplified framework.

In Fig. 2, we display the pressure, evaluated with
⇤̄ = 2µB/3 and a two-loop running coupling, which in-
dicates that the partial N3LO term only constitutes a

Gorda-Kurkela-Romatschke-Sappi-Vuorinen (2018)

NNLO was known from 
Freedoman-McLerran (1977)

Convergence is much better 
than high-T perturbation.

No oscillatory divergences of 
asymptotic series…
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FIG. 1. Comparison of the EoS in this work (HDLpt) and
other EoSs. The blue and the orange bands represent our
results and the preceding results from Refs. [12, 23], re-
spectively, with ⇤̄ = µ � 4µ. The green band is from the
�EFT [24]. The red band shows the EoS inferred from the
Neural Networks in the machine learning analysis of the neu-
tron star observation [22]. The dashed black line is the APR
EoS extrapolated from the nuclear side [25].

extrapolated EoSs from the nuclear side, the Bayesian
analysis has been recognized as a powerful instrument
for the inference analysis to identify the most likely EoS
based on the observational data [17–19] (see Ref. [20] for
a review). Recently, the Machine Learning technique has
been also advocated as a complementary method to infer
the EoS [21, 22]. It would be of utmost importance to
make a direct comparison of the inferred EoS candidates
and the QCD-based estimates. To this end, we are urged
to reduce uncertainty and widen the validity region of
the pQCD or HDLpt calculations.

In this Letter we will report the first successful at-
tempt to construct a better convergent EoS from the
HDLpt framework incorporating the strange quark mass
e↵ect. From the technical point of view, we adopt the
resummation schemes in the gluon sector as prescribed
in Ref. [4] and in the quark sector as in Ref. [15] with our
own extension to cope with the strange quark mass. Our
expressions are given in the form of exact integrations
without any expansion in terms of the screening mass as
in Ref. [7].

Central results: Since technical details are cumber-
some, we shall first present our central results in Fig. 1
and then proceed to technical details later. Not to
make the comparison on the figure too busy, we chose
only a few representative EoSs from the nuclear side;
namely, the EoS extrapolated from the chiral E↵ective
Field Theory (�EFT) calculation [24] by the green band,
the Neural Network output in the machine learning anal-
ysis [22] by the red band, and the Akmal-Pandharipande-
Ravenhall (APR) EoS [25] shown by the dashed line.

The orange band in the region, " > 103 MeV/fm3, rep-

FIG. 2. Baryon number density as a function of the quark
chemical potential. In the figure pQCD refers to the results
from Refs. [12, 23] and HDLpt to our results.

resents the results from pQCD [12] for which we utilize
the concise formula as given in Ref. [23]. Higher-order
corrections could be added, but the uncertainty band
is not much changed from Ref. [12]. The uncertainty
band width abruptly diverges, from which it has been
said that pQCD is reliable only at extreme high den-
sities far from reality. At a glance, indeed, we should
understand how di�cult it is to make a robust interpo-
lation between the nuclear and the pQCD EoSs. Now, a
surprise comes from a blue narrow band that represents
results from our HDLpt calculations. The uncertainty
band is drastically reduced and the HDLpt EoS appears
to be merged into the nuclear EoSs smoothly in the inter-
mediate density region. It should be noted that the APR
EoS overshoots ours, but this is due to a well-known flaw
in the APR EoS, i.e., superluminal speed of sound which
violates causality.
One may wonder what causes such a drastic di↵er-

ence on Fig. 1. We can qualitatively understand this
from Fig. 2 in which the baryon number density nB as
a function of the quark chemical potential µ is plotted.
Because the HDLpt sums the quark loops up, nB is the
most sensitive quantity a↵ected by the resummation in
the quark sector. It is an interesting and reasonable ob-
servation that nB is suppressed at fixed µ after the re-
summation: thermodynamic quantities are dominated by
quark quasi-particles, and in HDLpt, quark excitations
are more screened by self-energy insertions, as compared
to pQCD treatments. Therefore, on Fig. 1, the corre-
sponding µ for a given " becomes larger, and the corre-
sponding running coupling ↵s(⇤̄ = ⇠µ), where ⇠ = 1, 2, 4,
is smaller. This qualitative argument partially accounts
for the reduction of the uncertainty band, but not fully
yet. If we plot the pressure P and the energy density "
as functions of µ, respectively, the uncertainty bands are
not such narrow as in Fig. 1. Nevertheless, P (") with
⇤̄ = µ and that with ⇤̄ = 4µ happen to stay close, which

Fujimoto-Fukushima (2020)

 is changed as , , Λ̄ μ 2μ 4μ
Orange band represents 
NNLO + strange mass

pQCD works for 
 reasonably!Λ̄ > 2μ

Band is widened 
by a single line of Λ̄ = μ
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Baier-Redlich (1999)
Zero temperature limit of HTL resummation (HDL) 

Andersen-Strickland (2002)
HDL EoS to solve dense quark stars

FIG. 2. Leading-order HDLpt result for the pressure of a
degenerate quark-gluon plasma as a function of chemical po-
tential µ. The NLO weak-coupling expansion result is shown
as a grey band. Band corresponds to variation of the renor-
malization scale µ ! ! ! 4µ.

Note that the requirement that ! <
! 1.6µ may have

some physical basis since the scale of the coupling con-
stant should be related to the average momentum ex-
change of two quarks on the Fermi surface. At zero tem-
perature the largest momentum exchange possible is 2µ
and the smallest momentum exchange is of the order of
the superconducting gap !. Therefore, the scale for the
coupling constant should be in the range ! <

! ! < 2µ so
that the choice of ! ! 1.6µ is not unreasonable.

V. MASS-RADIUS RELATIONSHIP

The mass-radius relationship for a non-rotating spher-
ically symmetric star is obtained by solving the Tolman-
Oppenheimer-Volkov (TOV) equations [24] for the mass
M and the pressure (P = "F) as a function of the radial
distance from the center:

dM

dr
= 4"r2Ẽ(r) (27)

dP

dr
= "

G

r2c2

!

Ẽ(r) + P̃(r)
" !

M(r) + 4"r3P̃(r)
"

#

#

1"
2GM(r)

c2r

$!1

, (28)

where G is Newton’s constant, c is the speed of light,
Ẽ = E/c2, and P̃ = P/c2.
In this work we will ignore the presence of the nuclear

phase of matter which is expected to undergo a first-order
phase transition to the quark-matter phase. A more de-
tailed study would include the e"ects of the nuclear phase

on the mass-radius relationship; however, our goal here
is only to show that both standard perturbation theory
and HDLpt have large theoretical uncertainties related to
the renormalization scale dependence. The most plausi-
ble scenario is that there will not be “naked” quark stars,
but instead there will be neutron stars with a very com-
pact quark-matter core and a thick outer layer of normal
nuclear matter.

FIG. 3. Mass-radius relation for a quark star with
!/µ = 1.6 and !/µ = 1. The weak-coupling results for the
same choice of renormalization scales are shown as dashed
lines. M! = 1.989 " 1030 kg is the mass of our sun.

In Fig. 3, we show the mass-radius relationship ob-
tained by solving the TOV equations numerically for
!/µ = 1.6 and !/µ = 1. For comparison, we also
show the QCD weak-coupling expansion results for the
same choice of renormalization scale as dashed lines. As
can be seen from this figure there is a large variation
in the mass-radius relationship as the renormalization
scale is varied over even this rather limited range of
µ $ ! $ 1.6µ. Using this range, we find that using
the HDLpt equation of state (26) that Rmax ! 3.4" 10.9
km and Mmax ! 0.6 " 2.12M". With this same range
we find that using the perturbative equation of state (1)
that Rmax ! 2.4" 5.6 km and Mmax ! 0.42" 0.95M".

VI. DISCUSSION

In this paper, we have calculated the free energy of cold
dense quark matter to leading order in HDL perturbation
theory (HDLpt). The predictions of HDLpt depend on
a renormalization scale ! that arises both from running
of the coupling constant and from the renormalization of
the additional ultraviolet divergences that are introduced
by the HDLpt reorganization of perturbation theory. It is

5
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FIG. 1. Comparison of the EoS in this work (HDLpt) and
other EoSs. The blue and the orange bands represent our
results and the preceding results from Refs. [12, 23], re-
spectively, with ⇤̄ = µ � 4µ. The green band is from the
�EFT [24]. The red band shows the EoS inferred from the
Neural Networks in the machine learning analysis of the neu-
tron star observation [22]. The dashed black line is the APR
EoS extrapolated from the nuclear side [25].

extrapolated EoSs from the nuclear side, the Bayesian
analysis has been recognized as a powerful instrument
for the inference analysis to identify the most likely EoS
based on the observational data [17–19] (see Ref. [20] for
a review). Recently, the Machine Learning technique has
been also advocated as a complementary method to infer
the EoS [21, 22]. It would be of utmost importance to
make a direct comparison of the inferred EoS candidates
and the QCD-based estimates. To this end, we are urged
to reduce uncertainty and widen the validity region of
the pQCD or HDLpt calculations.

In this Letter we will report the first successful at-
tempt to construct a better convergent EoS from the
HDLpt framework incorporating the strange quark mass
e↵ect. From the technical point of view, we adopt the
resummation schemes in the gluon sector as prescribed
in Ref. [4] and in the quark sector as in Ref. [15] with our
own extension to cope with the strange quark mass. Our
expressions are given in the form of exact integrations
without any expansion in terms of the screening mass as
in Ref. [7].

Central results: Since technical details are cumber-
some, we shall first present our central results in Fig. 1
and then proceed to technical details later. Not to
make the comparison on the figure too busy, we chose
only a few representative EoSs from the nuclear side;
namely, the EoS extrapolated from the chiral E↵ective
Field Theory (�EFT) calculation [24] by the green band,
the Neural Network output in the machine learning anal-
ysis [22] by the red band, and the Akmal-Pandharipande-
Ravenhall (APR) EoS [25] shown by the dashed line.

The orange band in the region, " > 103 MeV/fm3, rep-

FIG. 2. Baryon number density as a function of the quark
chemical potential. In the figure pQCD refers to the results
from Refs. [12, 23] and HDLpt to our results.

resents the results from pQCD [12] for which we utilize
the concise formula as given in Ref. [23]. Higher-order
corrections could be added, but the uncertainty band
is not much changed from Ref. [12]. The uncertainty
band width abruptly diverges, from which it has been
said that pQCD is reliable only at extreme high den-
sities far from reality. At a glance, indeed, we should
understand how di�cult it is to make a robust interpo-
lation between the nuclear and the pQCD EoSs. Now, a
surprise comes from a blue narrow band that represents
results from our HDLpt calculations. The uncertainty
band is drastically reduced and the HDLpt EoS appears
to be merged into the nuclear EoSs smoothly in the inter-
mediate density region. It should be noted that the APR
EoS overshoots ours, but this is due to a well-known flaw
in the APR EoS, i.e., superluminal speed of sound which
violates causality.
One may wonder what causes such a drastic di↵er-

ence on Fig. 1. We can qualitatively understand this
from Fig. 2 in which the baryon number density nB as
a function of the quark chemical potential µ is plotted.
Because the HDLpt sums the quark loops up, nB is the
most sensitive quantity a↵ected by the resummation in
the quark sector. It is an interesting and reasonable ob-
servation that nB is suppressed at fixed µ after the re-
summation: thermodynamic quantities are dominated by
quark quasi-particles, and in HDLpt, quark excitations
are more screened by self-energy insertions, as compared
to pQCD treatments. Therefore, on Fig. 1, the corre-
sponding µ for a given " becomes larger, and the corre-
sponding running coupling ↵s(⇤̄ = ⇠µ), where ⇠ = 1, 2, 4,
is smaller. This qualitative argument partially accounts
for the reduction of the uncertainty band, but not fully
yet. If we plot the pressure P and the energy density "
as functions of µ, respectively, the uncertainty bands are
not such narrow as in Fig. 1. Nevertheless, P (") with
⇤̄ = µ and that with ⇤̄ = 4µ happen to stay close, which

For a given density the corresponding 
µ is pushed up by the resummation

Uncertainty canceled out?
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Fujimoto-Fukushima (2020)

2

FIG. 1. Comparison of the EoS in this work (HDLpt) and
other EoSs. The blue and the orange bands represent our
results and the preceding results from Refs. [12, 23], re-
spectively, with ⇤̄ = µ � 4µ. The green band is from the
�EFT [24]. The red band shows the EoS inferred from the
Neural Networks in the machine learning analysis of the neu-
tron star observation [22]. The dashed black line is the APR
EoS extrapolated from the nuclear side [25].

extrapolated EoSs from the nuclear side, the Bayesian
analysis has been recognized as a powerful instrument
for the inference analysis to identify the most likely EoS
based on the observational data [17–19] (see Ref. [20] for
a review). Recently, the Machine Learning technique has
been also advocated as a complementary method to infer
the EoS [21, 22]. It would be of utmost importance to
make a direct comparison of the inferred EoS candidates
and the QCD-based estimates. To this end, we are urged
to reduce uncertainty and widen the validity region of
the pQCD or HDLpt calculations.

In this Letter we will report the first successful at-
tempt to construct a better convergent EoS from the
HDLpt framework incorporating the strange quark mass
e↵ect. From the technical point of view, we adopt the
resummation schemes in the gluon sector as prescribed
in Ref. [4] and in the quark sector as in Ref. [15] with our
own extension to cope with the strange quark mass. Our
expressions are given in the form of exact integrations
without any expansion in terms of the screening mass as
in Ref. [7].

Central results: Since technical details are cumber-
some, we shall first present our central results in Fig. 1
and then proceed to technical details later. Not to
make the comparison on the figure too busy, we chose
only a few representative EoSs from the nuclear side;
namely, the EoS extrapolated from the chiral E↵ective
Field Theory (�EFT) calculation [24] by the green band,
the Neural Network output in the machine learning anal-
ysis [22] by the red band, and the Akmal-Pandharipande-
Ravenhall (APR) EoS [25] shown by the dashed line.

The orange band in the region, " > 103 MeV/fm3, rep-

FIG. 2. Baryon number density as a function of the quark
chemical potential. In the figure pQCD refers to the results
from Refs. [12, 23] and HDLpt to our results.

resents the results from pQCD [12] for which we utilize
the concise formula as given in Ref. [23]. Higher-order
corrections could be added, but the uncertainty band
is not much changed from Ref. [12]. The uncertainty
band width abruptly diverges, from which it has been
said that pQCD is reliable only at extreme high den-
sities far from reality. At a glance, indeed, we should
understand how di�cult it is to make a robust interpo-
lation between the nuclear and the pQCD EoSs. Now, a
surprise comes from a blue narrow band that represents
results from our HDLpt calculations. The uncertainty
band is drastically reduced and the HDLpt EoS appears
to be merged into the nuclear EoSs smoothly in the inter-
mediate density region. It should be noted that the APR
EoS overshoots ours, but this is due to a well-known flaw
in the APR EoS, i.e., superluminal speed of sound which
violates causality.
One may wonder what causes such a drastic di↵er-

ence on Fig. 1. We can qualitatively understand this
from Fig. 2 in which the baryon number density nB as
a function of the quark chemical potential µ is plotted.
Because the HDLpt sums the quark loops up, nB is the
most sensitive quantity a↵ected by the resummation in
the quark sector. It is an interesting and reasonable ob-
servation that nB is suppressed at fixed µ after the re-
summation: thermodynamic quantities are dominated by
quark quasi-particles, and in HDLpt, quark excitations
are more screened by self-energy insertions, as compared
to pQCD treatments. Therefore, on Fig. 1, the corre-
sponding µ for a given " becomes larger, and the corre-
sponding running coupling ↵s(⇤̄ = ⇠µ), where ⇠ = 1, 2, 4,
is smaller. This qualitative argument partially accounts
for the reduction of the uncertainty band, but not fully
yet. If we plot the pressure P and the energy density "
as functions of µ, respectively, the uncertainty bands are
not such narrow as in Fig. 1. Nevertheless, P (") with
⇤̄ = µ and that with ⇤̄ = 4µ happen to stay close, which

Smooth continuation from the nuclear side to the quark 
side could be possible now!

Crossover 
 around here?
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This bending behavior had been phenomenologically found.
3

(see also Sec. III.A). This illustrates that they are not
subject to a significant bias arising from the choice of
basis functions, and a posteriori strengthens the conclu-
sions made in previous works [16–18, 43, 44, 46]. As the
three interpolations agree, in the following, we choose to
use the speed-of-sound interpolation. We note that the
added benefit of this method is that it allows one to keep
track of the sti↵ness of the EoS in a natural way.

III. CONSTRAINING THE NS-MATTER EOS

The next two sections are devoted to a detailed analy-
sis of our ensemble of NS-matter EoSs, constructed with
the speed-of-sound method. As detailed in Appendix A,
the approximately 570.000 EoSs are built from randomly
generated functions c2s(µB), containing up to 5 linear in-
tervals, whereafter we vary the outlier EoSs to make sure
that the boundaries of the EoS band are stable. Note
that while we do not add discontinuous first-order tran-
sitions to our EoSs by hand, our interpolation functions
allow crossover transitions that may be arbitrarily strong,
thus closely mimicking discontinuous phase transitions
and mixed phase constructions [50].

A. Properties of the EoS band

In Fig. 2, we display our ensemble of NS-matter EoSs
obtained with the speed-of-sound interpolation method.
In deriving the result, we have required that the EoSs
support a 1.97M� NS [6, 7] and that the tidal deformabil-
ity ⇤ for a 1.4M� star satisfy 70 < ⇤(1.4M�) < 580, con-
sistent with the LIGO/Virgo bound from the GW170817
observation [18]. As noted earlier (see, e.g., [16, 44]), the
two-solar-mass constraint forces the EoS to be relatively
sti↵ at low densities, which is reflected in the rapid rise of
the interpolation functions for the pressure as a function
of energy density. At the same time, the constraint on
⇤(1.4M�) sets an upper limit for the sti↵ness, constrain-
ing the EoS band in a complementary direction.

While the astrophysical observations significantly con-
strain the behavior of the EoS in the intermediate-density
region, and the new band is more restrictive than, e.g.,
that of [16], the range of allowed EoSs still remains rel-
atively wide. A partial reason for this is the high versa-
tility of our interpolation method, which allows for very
complex structures and extreme states of matter, some
of which are unlikely to appear in Nature. Instead of im-
posing a theoretical bias and restricting the set of EoSs
by hand, we have chosen to classify the functions based
on their extremeness as quantified by the maximum value
that the speed of sound reaches and the level of fine struc-
ture that each EoS contains.

In Fig. 2, the speed-of-sound classification is performed
following a coloring scheme where EoSs corresponding to
a lower maximal value of c2s are drawn on top of the
higher ones. While we are not aware of a proven theo-
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FIG. 2: The family of all possible NS-matter EoSs, obtained
with the speed-of-sound interpolation method introduced in
this paper. The color coding refers to the maximal value that
c2s reaches at any density, while the black lines denote the
extrapolations of the low- and high-density theoretical bands
to higher/lower densities [33, 56]. The rough location of the
deconfinement transition in hot QGP is indicated as ✏QGP.

rem that would exclude speeds of sound exceeding the
conformal value c2s = 1/3 (see, however, [51] for an at-
tempt in this direction), we note that the bound appears
to be a very nontrivial one to break. In hot QGP, nonper-
turbative lattice simulations have shown that the speed
of sound remains subconformal [52], and in QCD mat-
ter at asymptotically high energy density the quantity is
known to approach the conformal limit from below [31].
In holographic calculations the bound has been violated,
but only in finely tuned constructions that do not di-
rectly correspond to quantum field theories realized in
Nature [53, 54]. As discussed in [55], having c2s > 1/3
furthermore corresponds to matter in which the number
of degrees of freedom decreases as a function of energy
density, which strongly goes against the partonic picture
of hadrons arising from QCD. Based on these consid-
erations, we conclude that there is a strong theoretical
reason to expect that the speed of sound never exceeds
the conformal value by a sizable amount in QCD matter.
As seen from Fig. 2, excluding those EoSs for which the
conformal limit is strongly violated, say c2s > 0.6, would
lead to significantly tighter limits for the allowed EoSs.
Another way in which some of the EoSs generated

by the speed-of-sound interpolation method are extreme
is that the interpolation functions allow for very quick
changes in the material properties of the medium in ar-
bitrarily small density windows. While such versatility is
in principle a desirable feature of the interpolator, these
structures are clearly not very likely to appear in Na-
ture. To quantify the level of local structure in our EoSs,
we classify them according to the smallest (logarithmic)
energy density interval where structures appear. In prac-
tice, this is implemented by demanding that the energy
densities at two successive inflection points ✏i and ✏i+1

where the speed of sound changes its behavior, satisfy

5

FIG. 4: The central densities reached in maximally massive
(blue, in the background), 2M� (red squares, on top of the
blue dots), and 1.44M� (orange diamonds, on top) NSs.

In order to inspect the EoSs case by case, we next in-
vestigate the ranges of polytropic indices � found at the
centers of NSs with di↵erent masses, recalling their dis-
tinct values in the HM and QM phases. For this analysis,
we need to exclude from our full ensemble a small number
of EoSs that contain very sharp local structures, leading
to rapidly varying � values at the centers of NSs that
do not reflect the overall trend of the EoS in question.
A su�cient cut having the desired e↵ect is �ln ✏ > 0.5,
which according to Fig. 3 has a minor e↵ect on the global
characteristics of the EoS family [75].

The result of the polytropic index analysis is displayed
in Fig. 5, where we reproduce the ranges of polytropic
indices � found at the centers of Mmax and 1.44M� NSs
for di↵erent maximal values of c2s. For NSs with M =
1.44M�, we always find the central polytropic index to
satisfy � & 2, which clearly corresponds to the HM phase.
On the other hand, for the maximally massive stars we
typically find � values slightly above unity, indicating
that the matter is in the QM phase. Fig. 1 displays the
size of the quark core, which we define as the continuous
region at the center of the NS where � remains below
1.75 (denoted by the dashed vertical line in Fig. 5). The
core has a significant extent, Mcore > 0.25M�, for all
those EoSs that satisfy c2s < 0.5. However, for EoSs
that strongly violate the conformal limit, the core may
be significantly smaller or even absent.

If the maximal value of c2s exceeds 0.7 (or 0.5 for
�ln ✏ = 0), we find a small class of EoSs which do not lead
to QM cores even for maximally massive stars. These
EoSs correspond to that part of the Mmax cloud in Fig. 5
that extends to the right of the dashed vertical line. In-
specting this set of EoSs further, we find that they all
exhibit a first order phase transition, which we define as
an interval in ✏ where � < 0.5, where the pressure is
approximately flat as function of energy density. Fur-
ther analysis confirms that in these cases it is indeed
the phase transition itself that destabilizes the star. To
study how large latent heats are required for the destabi-
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FIG. 5: The allowed ranges of the polytropic index � at the
centers of 1.44M� and maximally massive NSs. If c2s < 0.7,
the centers of maximally massive NSs contain QM cores, de-
fined as � < 1.75. The red dotted line corresponds to the two
most massive NSs known, J1614�2230 and J0348+0432, with
M ⇡ 2M�. Note the suppressed zero on the y-axis.

lization, we inspect this set of EoSs with di↵erent values
of �ln ✏ > 0.05, thereby making sure that the size of
the latent heat is not limited by the smoothing proce-
dure. This analysis shows that a phase transition with
(�✏)lat > 130 MeV/fm3, or (�✏)lat/✏ > 0.2 at the be-
ginning of the transition, can prevent the formation of a
quark core for EoSs for which max(c2s) > 0.5.
Finally, we find that two-solar-mass stars contain a

quark core for all EoSs that satisfy c2s < 0.4 (as well as
many with c2s > 0.4). The respective sizes of these cores
are displayed in Fig. 6 together with the maximal masses
obtained with the same EoSs. We observe that for sub-
conformal EoSs, where the maximal masses are close to
2M�, the two-solar-mass stars contain large quark cores
of R ⇡ 6.5 km. We note that for these EoSs, the MR
measurements of the core are nearly identical to those
within the maximal mass NSs in Fig. 1. On the contrary,
for those EoSs that lead to substantially higher maximal
masses, Mmax > 2.25M�, the quark cores are absent in
2M� stars, indicating that the formation of a soft core
quickly leads to a destabilization of the star even in the
absence of a strong phase transition.

V. CONCLUSIONS

Although increasingly precise constraints have been
placed on the EoS of neutron-star matter [16, 17, 43, 44],
the microscopic composition of QCD matter deep inside
NS cores has so far been addressed only within the con-
text of specific phenomenological models. In the present
paper, we have shown that current astrophysical and the-
oretical constraints are starting to be restrictive enough
so that this question can be addressed in a more ro-
bust, model-independent way. In particular, we have
demonstrated that the NS-matter EoS has a clear two-

Annala-Gorda-Kurkela-Nattila-Vuorinen (2019)

γ =
d ln p
d ln ϵ

Phenomenological characterization 
of crossover to quark matter
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Neutron star EoS has been established within reasonable 
theoretical uncertainty:  good enough to find a crossover 
to quark matter!

[Caveats]

Physical contents of EoS inferred from observation 
are unknown (no clue for the hyperon puzzle).

Strangeness contents are quantified in QCD calculations 
(which imply a significant amount of strangeness).

Any more “convenient”approach like a HRG?
This is not easy…
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 HRG Lattice pQCD

High-T has been understood by HRG + pQCD

Expectation
2

FIG. 1. Comparison of the EoS in this work (HDLpt) and
other EoSs. The blue and the orange bands represent our
results and the preceding results from Refs. [12, 23], re-
spectively, with ⇤̄ = µ � 4µ. The green band is from the
�EFT [24]. The red band shows the EoS inferred from the
Neural Networks in the machine learning analysis of the neu-
tron star observation [22]. The dashed black line is the APR
EoS extrapolated from the nuclear side [25].

extrapolated EoSs from the nuclear side, the Bayesian
analysis has been recognized as a powerful instrument
for the inference analysis to identify the most likely EoS
based on the observational data [17–19] (see Ref. [20] for
a review). Recently, the Machine Learning technique has
been also advocated as a complementary method to infer
the EoS [21, 22]. It would be of utmost importance to
make a direct comparison of the inferred EoS candidates
and the QCD-based estimates. To this end, we are urged
to reduce uncertainty and widen the validity region of
the pQCD or HDLpt calculations.

In this Letter we will report the first successful at-
tempt to construct a better convergent EoS from the
HDLpt framework incorporating the strange quark mass
e↵ect. From the technical point of view, we adopt the
resummation schemes in the gluon sector as prescribed
in Ref. [4] and in the quark sector as in Ref. [15] with our
own extension to cope with the strange quark mass. Our
expressions are given in the form of exact integrations
without any expansion in terms of the screening mass as
in Ref. [7].

Central results: Since technical details are cumber-
some, we shall first present our central results in Fig. 1
and then proceed to technical details later. Not to
make the comparison on the figure too busy, we chose
only a few representative EoSs from the nuclear side;
namely, the EoS extrapolated from the chiral E↵ective
Field Theory (�EFT) calculation [24] by the green band,
the Neural Network output in the machine learning anal-
ysis [22] by the red band, and the Akmal-Pandharipande-
Ravenhall (APR) EoS [25] shown by the dashed line.

The orange band in the region, " > 103 MeV/fm3, rep-

FIG. 2. Baryon number density as a function of the quark
chemical potential. In the figure pQCD refers to the results
from Refs. [12, 23] and HDLpt to our results.

resents the results from pQCD [12] for which we utilize
the concise formula as given in Ref. [23]. Higher-order
corrections could be added, but the uncertainty band
is not much changed from Ref. [12]. The uncertainty
band width abruptly diverges, from which it has been
said that pQCD is reliable only at extreme high den-
sities far from reality. At a glance, indeed, we should
understand how di�cult it is to make a robust interpo-
lation between the nuclear and the pQCD EoSs. Now, a
surprise comes from a blue narrow band that represents
results from our HDLpt calculations. The uncertainty
band is drastically reduced and the HDLpt EoS appears
to be merged into the nuclear EoSs smoothly in the inter-
mediate density region. It should be noted that the APR
EoS overshoots ours, but this is due to a well-known flaw
in the APR EoS, i.e., superluminal speed of sound which
violates causality.
One may wonder what causes such a drastic di↵er-

ence on Fig. 1. We can qualitatively understand this
from Fig. 2 in which the baryon number density nB as
a function of the quark chemical potential µ is plotted.
Because the HDLpt sums the quark loops up, nB is the
most sensitive quantity a↵ected by the resummation in
the quark sector. It is an interesting and reasonable ob-
servation that nB is suppressed at fixed µ after the re-
summation: thermodynamic quantities are dominated by
quark quasi-particles, and in HDLpt, quark excitations
are more screened by self-energy insertions, as compared
to pQCD treatments. Therefore, on Fig. 1, the corre-
sponding µ for a given " becomes larger, and the corre-
sponding running coupling ↵s(⇤̄ = ⇠µ), where ⇠ = 1, 2, 4,
is smaller. This qualitative argument partially accounts
for the reduction of the uncertainty band, but not fully
yet. If we plot the pressure P and the energy density "
as functions of µ, respectively, the uncertainty bands are
not such narrow as in Fig. 1. Nevertheless, P (") with
⇤̄ = µ and that with ⇤̄ = 4µ happen to stay close, which

pQCD

HRG or WdV?



May 20, 2021 @ online talk at SQM

HRG / WdV ?

22

Monnai-Schenke-Shen (2019)
NEOS — interpolated between  
                 lattice and IHRG 
(HRG is preferable for Cooper-Frye)

6

FIG. 3. (Color online) The comparison of the trajectories for
constant s/nB = 420 (solid line), 144 (long-dashed line), 51
(dash-dotted line), and 30 (short-dashed line) lines between
neos B and neos BS denoted by narrow and thick lines, re-
spectively. The gray area shows the region where µB/T > 3
above Tc.

C. Strangeness neutrality nS = 0 and fixed electric
charge-to-baryon ratio nQ = 0.4nB

Finally, we investigate the case where nS = 0 and
nQ = 0.4nB . This is the setup most relevant to Au+Au
and Pb+Pb collisions. The dimensionless pressure P/T 4

is plotted in Fig. 4 (a). The di↵erence from the previ-
ous case is small in this setup but should be meaningful
for correctly understanding particle-antiparticle ratios of
charged particles.

The electric charge chemical potential shown in Fig. 4
(b) is negative, owing to the interplay of multiple con-
served charges. Since the number of neutrons is larger
than that of protons in heavy nuclei, d quarks are slightly
more abundant than u quarks in the QGP phase and ⇡�

more abundant than ⇡+ in the hadronic phase. While
the overall system is positively charged, a negative elec-
tric chemical potential is needed for describing this situ-
ation. µQ becomes positive for the system of 3He since
Z/A > 1/2. This would have to be taken into account
for the collisions involving such nuclei.

It should be noted that µQ is small and is rather sensi-
tive to the fine structure of the equation of state, includ-
ing higher-order susceptibilities, at large chemical poten-
tials. This implies that improvement in the lattice QCD
calculations, including higher order susceptibilities, will
be important in quantitative analyses.

D. Discussion

We have constructed the nuclear equation of state un-
der several di↵erent conditions. We now study the dif-
ferences between the di↵erent scenarios in more detail.

The sound velocities of the equation of state under
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FIG. 4. (Color online) (a) The dimensionless pressure P/T 4

and (b) the electric charge chemical potential µQ as functions
of T and µB where nS = 0 and nQ = 0.4nB . The solid, long-
dashed, dash-dotted, and short-dashed lines are the trajecto-
ries for constant s/nB = 420, 144, 51, and 30, respectively.

the three di↵erent conditions along two constant s/nB

lines are plotted in Fig. 5. One can see that finite-
density e↵ects are visible comparing the sound velocities
of s/nB = 420 and 30. Around the crossover tempera-
ture, the EoS becomes soft and c2s has a minimum. The
location of the minimum shifts towards lower tempera-
tures as the net baryon density increases. Also, the sound
velocity becomes larger in the QGP phase and smaller in
the hadronic phase at larger chemical potentials. This is
because the net baryon contribution in c2s (13) is positive
for the former phase and negative for the latter phase.
At higher temperatures, it starts to approach the Stefan-
Boltzmann limit c2s = 1/3. For the three presented equa-
tions of state, c2s reaches 94.8 % of the value the Stefan-
Boltzmann limit at T = 0.6 GeV and 97.2 % at T = 0.8
GeV for s/nB = 420.

Comparing neos B to neos BS, the strangeness neu-
trality condition is found to slightly enhance the sound
velocity in the QGP phase. It should be noted that if
one neglected the derivatives involving nS in the calcu-
lation of c2s (13) for neos B, the sound velocity would be

Andronic-Braun-Munzinger-Stachel-Winn (2012)
Repulsive interaction through the excluded volume effect 
Better agreement with lattice

Vovchenko-Anchishkin-Gorenstein (2015)
Van der Waals (excluded volume effect + attractive int.)
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FIG. 7. Pressure and energy density distributions as functions
of r multiplied by 4⇡r2. To make the comparison easier, the
energy density is rescaled by a factor 0.1.

ergy density by a factor 0.1 to make it comparable to
the pressure. The characteristic feature of the pressure
distribution inside the nucleon is its combination of a
positive core pressure and a negative pressure at the sur-
face [46, 47], adding up to overall zero pressure to main-
tain equilibrium in the nucleon ground state. Such a
pressure profile is verified, at least qualitatively, in deeply
virtual Compton scattering measurements [48].

From these results one can infer the EoS in the core
region of the nucleon, which may serve as a reasonable
approximation for the EoS of quark matter near the clos-
est packed density (19). One might care about di↵erences
between symmetric nuclear matter and neutron matter,
but in such an extremely high-density regime of our in-
terest the physical properties are to be dominated by the
strong interaction and the �-equilibrium condition would
be not essential.

In the present framework we must be careful of the
mass scale in executing this program for the EoS con-
struction. As discussed in the previous work [40, 41],
this chiral soliton model overestimates the baryon mass
which is given by the integration of the energy density.
It is known that this mass discrepancy would be reduced
if the soliton is quantized (i.e., rotated with spin and
isospin). Here, our main purpose is not to study the
chiral soliton model itself but to demonstrate the idea,
so we shall adopt a quick prescription: we rescale the
results simply by the ratio, �, between the physical nu-
cleon mass and the model output. That is, we introduce
a ratio parameter as

� =
(physical mass)

(model mass)
⇡

940MeV

1460MeV
⇡ 0.64 . (22)

Then, we should make the following rescaling:

✏(r) ! �✏(r) , p(r) ! �
�1

p(r) . (23)

The above is the consistent rescaling in such a way not
to modify the form factors. In other words, given the

FIG. 8. EoS of dense quark matter from the Hard Deconfine-
ment scenario (Nucleon EoS) and empirical EoSs from other
approaches.

nucleon form factors A(q2) and D(q2) associated with
the components of the energy-momentum tensor, the
energy density is proportional to the mass, while the
pressure is inversely proportional to the mass (see a
review [49] for explicit expressions). One might have
thought that the model parameters can be readjusted
to fit the baryon mass, but this would significantly af-
fect the charge radius. If the form factors stay intact
leaving the charge radius unchanged, the rescaling pro-
cedure should yield physically more sensible results than
readjusting the model parameters.
Figure 8 presents our results for the equation of state,

p(✏), of dense quark matter in the hard core region of the
nucleon, compared to several proposed EoSs that are con-
sistent with empirical properties of neutron star matter.
We label our results, the rescaled p(r) and ✏(r), as “Nu-
cleon EoS” and mark di↵erent radial coordinate scales
in the nucleon core, r = 0.2 fm to 0.5 fm, with crosses
in Fig. 8. The fast-dropping behavior at r & 0.5 fm re-
flects the negative pressure at the nucleon surface, phys-
ically interpreted as resulting from confining forces and
the inward-bound pressure of the meson cloud.
For the neutron star based equations-of-state in Fig. 8,

�EFT refers to the EoS from the Chiral E↵ective The-
ory [50] and QHC18 from Ref. [27], and SLy4 from
Ref. [51]. DL shows the EoS deduced from the observa-
tion data analyses using the deep learning [52]. The EoS
data labelled by �FRG is taken from Refs. [53, 54]. We
note that the EoS bound from the deeply virtual Comp-
ton scattering on the proton was previously discussed in
a similar way in Ref. [55]. For r < 0.5 fm, remarkable
agreement is seen between our (free) Nucleon EoS and
the sets of dense neutron star matter equations-of-state.
Assuming that the onset of Hard Deconfinement appears
at r-scales in the range r = 0.5�0.4 fm (corresponding to
baryon densities ⇠ 4� 7⇢0 according to Fig. 6), this im-
plies that Hard Deconfinement can occur at significantly
lower density than the limiting estimate (19).

Energy-momentum tensor of proton can be probed by 
the gravitational form factor (at EIC). 
Deep inside of the proton realizes very dense quark matter.

Model analysis demonstrates good agreement with empirical EoSs!?

7

FIG. 7. Pressure and energy density distributions as functions
of r multiplied by 4⇡r2. To make the comparison easier, the
energy density is rescaled by a factor 0.1.

ergy density by a factor 0.1 to make it comparable to
the pressure. The characteristic feature of the pressure
distribution inside the nucleon is its combination of a
positive core pressure and a negative pressure at the sur-
face [46, 47], adding up to overall zero pressure to main-
tain equilibrium in the nucleon ground state. Such a
pressure profile is verified, at least qualitatively, in deeply
virtual Compton scattering measurements [48].

From these results one can infer the EoS in the core
region of the nucleon, which may serve as a reasonable
approximation for the EoS of quark matter near the clos-
est packed density (19). One might care about di↵erences
between symmetric nuclear matter and neutron matter,
but in such an extremely high-density regime of our in-
terest the physical properties are to be dominated by the
strong interaction and the �-equilibrium condition would
be not essential.

In the present framework we must be careful of the
mass scale in executing this program for the EoS con-
struction. As discussed in the previous work [40, 41],
this chiral soliton model overestimates the baryon mass
which is given by the integration of the energy density.
It is known that this mass discrepancy would be reduced
if the soliton is quantized (i.e., rotated with spin and
isospin). Here, our main purpose is not to study the
chiral soliton model itself but to demonstrate the idea,
so we shall adopt a quick prescription: we rescale the
results simply by the ratio, �, between the physical nu-
cleon mass and the model output. That is, we introduce
a ratio parameter as

� =
(physical mass)

(model mass)
⇡

940MeV

1460MeV
⇡ 0.64 . (22)

Then, we should make the following rescaling:

✏(r) ! �✏(r) , p(r) ! �
�1

p(r) . (23)

The above is the consistent rescaling in such a way not
to modify the form factors. In other words, given the
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FIG. 8. EoS of dense quark matter from the Hard Deconfine-
ment scenario (Nucleon EoS) and empirical EoSs from other
approaches.

nucleon form factors A(q2) and D(q2) associated with
the components of the energy-momentum tensor, the
energy density is proportional to the mass, while the
pressure is inversely proportional to the mass (see a
review [49] for explicit expressions). One might have
thought that the model parameters can be readjusted
to fit the baryon mass, but this would significantly af-
fect the charge radius. If the form factors stay intact
leaving the charge radius unchanged, the rescaling pro-
cedure should yield physically more sensible results than
readjusting the model parameters.
Figure 8 presents our results for the equation of state,

p(✏), of dense quark matter in the hard core region of the
nucleon, compared to several proposed EoSs that are con-
sistent with empirical properties of neutron star matter.
We label our results, the rescaled p(r) and ✏(r), as “Nu-
cleon EoS” and mark di↵erent radial coordinate scales
in the nucleon core, r = 0.2 fm to 0.5 fm, with crosses
in Fig. 8. The fast-dropping behavior at r & 0.5 fm re-
flects the negative pressure at the nucleon surface, phys-
ically interpreted as resulting from confining forces and
the inward-bound pressure of the meson cloud.
For the neutron star based equations-of-state in Fig. 8,

�EFT refers to the EoS from the Chiral E↵ective The-
ory [50] and QHC18 from Ref. [27], and SLy4 from
Ref. [51]. DL shows the EoS deduced from the observa-
tion data analyses using the deep learning [52]. The EoS
data labelled by �FRG is taken from Refs. [53, 54]. We
note that the EoS bound from the deeply virtual Comp-
ton scattering on the proton was previously discussed in
a similar way in Ref. [55]. For r < 0.5 fm, remarkable
agreement is seen between our (free) Nucleon EoS and
the sets of dense neutron star matter equations-of-state.
Assuming that the onset of Hard Deconfinement appears
at r-scales in the range r = 0.5�0.4 fm (corresponding to
baryon densities ⇠ 4� 7⇢0 according to Fig. 6), this im-
plies that Hard Deconfinement can occur at significantly
lower density than the limiting estimate (19).
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Summary

EoS Inference from Observational Data 
□ Bayesian analysis is successful, but still the prior 

dependence is not under control. 
□ Complementary approach based on Machine Learning 

works leading to EoS consistent with empirical ones. 
Perturbative Approach 
□ Convergence is good enough to identify a crossover 

region possibly to quark matter. 
Extremely High Density 
□ Gravitational form factor may access information on 

EoS dominated by partons (quarks).
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