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 Stable hadrons

Study of hadron resonances and interaction

 Hadron resonances

 Hadron resonances and hadron interaction
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• Described by simple quark configurations ( )   qq̄, qqq

• Quark excitations  

• Hadron molecules  
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Hybrids

• Resonances : Eigenstates 

• In scattering problem : Described as poles of scattering amplitude ( ) 

• Detailed nature : Related with the detailed structure of amplitude 

ℱ

Understanding of resonance nature Understanding of hadron interaction 
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 Hadron-hadron correlation 
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Hadron correlation in high energy nuclear collision
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 Hadron-hadron correlation 

: Source functionS(r)

φ(−)(q, r) : Relative wave function

• Koonin-Pratt formula : 

C(q) ≃ ∫ d3r S(r) |φ(−)(q, r) |2

q = (m2k1 − m1k2)/(m1 + m2)

S.E. Koonin, PLB 70 (1977)  
S. Pratt et. al. PRC 42 (1990) 
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: Source functionS(r)

φ(−)(q, r) : Relative wave function
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Hadron correlation in high energy nuclear collision

 Hadron-hadron correlation 
• Koonin-Pratt formula : 

C(q) ≃ ∫ d3r S(r) |φ(−)(q, r) |2

• Depends on …

Collision detail (Ai, energy, centrality)

• Including information of…

size of hadron source,  
momentum dependence, weight…

q = (m2k1 − m1k2)/(m1 + m2)

S.E. Koonin, PLB 70 (1977)  
S. Pratt et. al. PRC 42 (1990) 
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: Source functionS(r)

φ(−)(q, r) : Relative wave function

r

• Depends on …

Interaction (strong and Coulomb)

quantum statistics (Fermion, boson)

Hadron correlation in high energy nuclear collision

 Hadron-hadron correlation 
• Koonin-Pratt formula : 

C(q) ≃ ∫ d3r S(r) |φ(−)(q, r) |2

q = (m2k1 − m1k2)/(m1 + m2)

S.E. Koonin, PLB 70 (1977)  
S. Pratt et. al. PRC 42 (1990) 
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 Analytic model for ideal cases

R. Lednicky, et al. Sov. J. Nucl. Phys. 35(1982).

Hadron correlation in high energy nuclear collision

: Source functionS(r)
φ(−)(q, r) : Relative wave function

• Gaussian source with radius  
• Approximate  by asymptotic wave func. 

•   with scat. length 

R
φ

ℱ(q) = [−1/a0 − iq]−1 a0

3
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FIG. 1. The correlation function C(LL)(q) with re↵ = 0 as a function
of R/a0 for different qR (upper panel) and as a function of qR for
different R/a0 value (lower panel). In the present sign convention,
a0 > 0 corresponds to the existence of a bound state.

where [dr⇤] = dr⇤S(r) with S(r) being properly normal-
ized as

R
[dr⇤] = 1. One immediately finds that the deviation

of the wave function from the non-interacting one is directly
translated into the correlation function and that the relative
source function acts as a weight factor at relative distance r.

Furthermore, when the source size is not too small com-
pared to the interaction range, the integral is dominated by the
contribution outside the interaction range such that the wave
function can be approximated by its asymptotic form  q(r) ⇠
e
�i� sin(qr+�)/(qr) with � being the S-wave scattering phase

shift. Employing a Gaussian source S(r) / exp(�r
2
/4R2)

and the effective range formula for small q,

q cot � ' � 1

a0
+

1

2
reffq

2
, (12)

one can express the correlation function in terms of the scat-
tering length a0 and the effective range reff, which is known
as the Lednický-Lyuboshits (LL) formula [29],

C
(LL)(q) = 1 +

|f(q)|2

2R2
F3

⇣
reff

R

⌘
+

2Ref(q)p
⇡R

F1(2qR)

� Imf(q)

R
F2(2qR). (13)

Here f(q) = (q cot � � iq)�1 is the scattering amplitude,
F1(x) =

R x
0 dte

t2�x2

, F2(x) = (1 � e
�x2

)/x, and F3(x) =
1 � x/(2

p
⇡). Since the scattering length dominates the be-

havior of the phase shift at small q, this correlation function
is mainly determined by the scattering length and the source
size: For reff = 0, C(LL)(q) is a function of two dimensionless
variables, qR and R/a0 [17].

Figure 1 represents characteristics of the correlation func-
tion C

(LL)(q) with re↵ = 0. For a fixed qR (upper panel), the
correlation function exhibits non-monotonic changes against
the ratio of the system size to the scattering length. It shows a
strong peak around R/a0 ⇠ 0 for small qR due to the strong
enhancement of the wave function. We call the region where
C(q) is enhanced as the “unitary region” throughout this pa-
per. The peak is smeared as qR is increased. As the attraction
becomes weaker (a0 < 0), the correlation is also weakened
to exhibit monotonic decrease with decreasing R/a0 and in-
creasing qR. On the other hand, if the attraction is strong
enough to accommodate a bound state (a0 > 0), C(q) rapidly
decreases with R/a0 then takes values less than unity imply-
ing the depletion of correlated pairs at small qR. The deple-
tion can be understood by so-called the structural core; the
scattering wave function needs to be orthogonal to the bound
state wave function, then it has a node in the interaction range
as if there is a repulsive core. Thus the squared wave function
is suppressed on average.

The above properties of C(q) are essential in order to ex-
tract the pairwise interaction from the measured correlation
functions. In particular, the behavior of C(q) for different
system size provides detailed information on the scattering
parameters as shown in the lower panel of Fig. 1. Consider
the case where C(q) � 1 at small qR. It indicates that the
system is in the unitary region where |R/a0| is small, while
the sign of a0 is unknown. However, by increasing R with
a0 and qR fixed, C(q) eventually becomes smaller than 1 for
positive a0, while C(q) is always larger than 1 for negative
a0.

In reality, the correlation at small q originates not only from
the single-channel FSI but also from the quantum statistics in
the case of identical pairs (HBT effect), from the Coulomb
interaction, and from the coupled channel effect [30]. Fur-
thermore, the correlation from the HBT effect is affected by
the collective flow through the modification of the source ge-
ometry. As a result, even for non-identical pairs, the absolute
magnitude of C(q) with respect to unity is not always a useful

Bound state 
or repulsive  
 ( )a0 > 0

Attractive  

No bound state ( )a0 < 0

Morita, et al., PRC101 (2020)

C(q) ≃ ∫ d3r S(r)|φ(−)(q, r) |2

C(q) = 1 + [ |ℱ(q) |2

2R2
F3 ( reff

R ) +
2Re ℱ(q)

πR
F1(x) −

Im ℱ(q)
R

F2(x)]

C = C(qR, / )R a0

Sgn(a0) Interaction

- Attraction w/o bound state 

+
Attraction w/  bound state 

or 
 Repulsion 

•  is sensitive to  at C(q) R /a0 qR ≲ 1

• Clear relation between  and  

• Sensitive to (non)existence of bound state

C(q) ℱ(q)
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 Difficulties for actual cases

Hadron correlation in high energy nuclear collision

: Source functionS(r)
φ(−)(q, r) : Relative wave function

• Coulomb interaction 
 (long range int., difficult to treat in momentum space) 

• Coupled-channel effects 
    (1) complicated interaction   
    (2) contribution from the coupled-channel source 
    (3) cusp effect by the kinematics

V ⟶
VK−p-K−p VK−p-K̄0n ⋯
VK−p-K̄0n VK̄0n-K̄0n ⋯

⋮ ⋮ ⋱

C(q) ≃ ∫ d3r S(r)|φ(−)(q, r) |2

Interaction

p

CK−p K−

K−p K̄0n π0Σ0⋯

(1)

(3)

Sπ0Σ0(r)SK̄0n(r)SK−p(r)

(2)

Landau, Lifshitz  
“Quantum Mechanics” (1958)

dσ
dΩ

(Taking  pair as an example) K−p

Source

• Determination of source size 

• Momentum dependence 
• Coupled-channel source 

Can we extract the interaction  (or ) from ? Vij ℱij C(q)
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 interaction and  correlationK̄N K−p
 interaction and  K̄(sl̄)N Λ(1405)

K−pπΣ K̄0n

Λ(1405)

σK−p→K−p
σK−p→K̄0n

SIDDHARTA 
constraint on aK−p

0

Re s

 correlationK−p

Vstrong
ij (r, E) = e−(bi/2+bj/2)r2

∑ αmax
α=0 Kα,ij (E/100 MeV)α

Chiral SU(3) based - -  potentialK̄N πΣ πΛ Miyahara, Hyodo, Weise, PRC 98 (2018) 

• Constructed based on the amplitude with NLO chiral SU(3) dynamics <—  ,  fitted 

• Coupled-channel, energy dependent as 

aK−p
0 σ

• Constructed to reproduce the chiral SU(3) amplitude around the  sub-threshold regionK̄N

Ikeda, Hyodo, Weise, NPA881 (2012)

• Coupled-channel system of - -πΣ πΛ K̄N

• Strong attraction reproducing  
quasi-bound state  Λ(1405)

• Strong constraint on  by SIDDHARTA 
experiment of Kaonic hydrogen 

aK−p
0

• Structure of  Λ(1405)
• two pole structure

•  molecular picture (high-mass pole)K̄N
 J. A. Oller and U. G. Meissner, PLB500, 263 (2001)

R.H. Dalitz, S.F. Tuan, PRL 425 (1959).

M. Bazzi, et al.. PLB 704 (2011)
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 interaction and  correlationK̄N K−p
 interaction and  resonanceK̄(sl̄)N Λ(1405)

Vstrong
ij (r, E) = e−(bi/2+bj/2)r2

∑ αmax
α=0 Kα,ij (E/100 MeV)α

Chiral SU(3) based - -  potentialK̄N πΣ πΛ Miyahara, Hyodo, Weise, PRC 98 (2018) 

• Constructed based on the amplitude with NLO chiral SU(3) dynamics <—  ,  fitted 

• Coupled-channel, energy dependent as 

aK−p
0 σ

• Constructed to reproduce the chiral SU(3) amplitude around the  sub-threshold regionK̄N

Ikeda, Hyodo, Weise, NPA881 (2012)

• Coupled-channel system of - -πΣ πΛ K̄N

• Strong attraction reproducing  
quasi-bound state  Λ(1405)

• Strong constraint on  by SIDDHARTA 
experiment of Kaonic hydrogen 

aK−p
0

M. Bazzi, et al.. PLB 704 (2011)

• Structure of  Λ(1405)
• two pole structure

•  molecular picture (high-mass pole)K̄N K−pπΣ K̄0n

Λ(1405)

σK−p→K−p
σK−p→K̄0n

SIDDHARTA 
constraint on aK−p

0

Re s

 correlationK−p

44 Y. Kamiya et al. / Nuclear Physics A 954 (2016) 41–57

Fig. 1. Absolute value of the I = 0 combination of the K̄N scattering amplitude |f (I=0)(z)| defined in Eq. (6) from the 
NLO approach in Refs. [24,25] in the complex energy z plane. At each Re z, we choose the Riemann sheet which is most 
adjacent to the real axis.

While the gross features of the !(1405) in the K̄N amplitude are already well described just 
by the Weinberg–Tomozawa term, higher order contributions [9,12] can be used to quantitatively 
improve the description. To determine the low-energy constants in the higher order terms, suffi-
ciently many precise experimental data are necessary. In 2004, the DEAR collaboration reported 
measurements of kaonic hydrogen [26] from which the K!p scattering length can be deduced 
(see the next section). Systematic studies with the NLO interactions however pointed out an 
inconsistency of the DEAR result with the scattering data [27–30].

2.2. NLO analysis with precise kaonic hydrogen data

An experimental breakthrough came in 2011 when the SIDDHARTA collaboration provided 
a new measurement of the shift "E and width # of the 1s level of kaonic hydrogen [31,32]:

"E = 283 ± 36(stat) ± 6(syst) eV, # = 541 ± 89(stat) ± 22(syst) eV. (4)

Kaonic hydrogen is the Coulombic bound state of the K!p system. The 1s energy shift and width 
are induced by the strong interaction. In the non-relativistic effective Lagrangian approach, this 
shift and width are related to the K!p scattering length aK!p as [33]

"E ! i#/2 = !2$3 µ2
r aK!p

!
1 + 2$ µr (1 ! ln$) aK!p

"
, (5)

where $ is the fine-structure constant and µr = mK!Mp/(mK! +Mp) is the K!p reduced mass. 
Thus the kaonic hydrogen measurement (4) provides a direct constraint on the K̄N scattering 
amplitude at threshold. We note that the formula (5) can be further improved by summing up the 
logarithmically enhanced terms, as discussed in Ref. [34]. See also the estimation of the validity 
of the formula (5) based on explicit calculations within potential models [35,36].

The first systematic NLO analysis including the SIDDHARTA constraint has been performed 
in Refs. [24,25]. Here we focus on the results of Refs. [24,25], and the comparison with other 
approaches will be discussed in the next section. The data base used in this analysis consists 
of the K!p total cross sections, the threshold branching ratios, and the K!p scattering length 
deduced from the SIDDHARTA data. We obtain a best fit result in the full NLO approach with 
%2/d.o.f. = 0.96, showing that the new measurement of kaonic hydrogen is now consistent with 
the scattering data. The same analysis can be performed with only the Weinberg–Tomozawa term. 
A reasonable fit is found with %2/d.o.f. = 1.12, provided that some of the subtraction constants 

N

K̄

ℱK̄N

 J. A. Oller and U. G. Meissner, PLB500, 263 (2001)

R.H. Dalitz, S.F. Tuan, PRL 425 (1959).
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Koonin-Pratt formula for coupled-channel systems

Koonin-Pratt formula :  C(q) ≃ ∫ d3r S(r) |ψ (−)(q; r) |2

• For coupled-channel systems

S.E. Koonin, PLB 70 (1977)  
S. Pratt et. al. PRC 42 (1990) 

• Contribution from coupled-channel source 

 R. Lednicky, et. al. Phys. At. Nucl. 61 (1998)
Haidenbauer NPA 981 (2018)

CK−p(q) = ∫ d3r SK−p(r) |ψC,(−)
K−p (q; r) |2 + ∑

j≠i

ωj ∫ d3r Sj(r) |ψC,(−)
j (q; r) |2

Coupled-channel  
wave function K̄0n, π0Σ0, ⋯

•  itself includes the c.c. effect via c.c. Schrödinger eq..ψK−p

 interaction and  correlationK̄N K−p

K−p outgoingK−

p

K−p K̄0n π0Σ0⋯

ωπΣ > 11 1 

ψK−p ψK̄0n ψπΣ

Relative ratio of  
num. of pair

Source

Wave fcn.

SK̄N(r)SK̄N(r) SπΣ(r)
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Theoretical model for CK−p
Y. Kamiya, et. al. PRL 124 (2020) 13, 132501

Comparison with exp.

1

1.5

2

2.5

3

0 50 100 150 200 250 300

R = 0.9 fm

C
(q
)

q [MeV/c]

ALICE (pp 13 TeV, HM)

Cfit

Cfit with !⇡⌃ = 0
Cfit + Cres

Cusp at  
threshold

K̄0n

  source πΣ SπΣ

Λ(1520)
Resonance

Miyahara, Hyodo, Weise, PRC 98 (2018) 

ALICE  PRL 124, 092301 (2020) 

• ALICE data of    
from  13 TeV collisions

CK−p
pp

• Reproduces  
 • Coulomb enhancement  
 •  cusp structure  
 • Enhancement by coupled 
    channel sources

K̄0n

Coulomb 
enhancement

• Interaction : Coupled-channel chiral based effective potential    VK̄N-πΣ-πΛ

• Formula for  : coupled-channel Koonin-pratt formula CK−p R. Lednicky, et al. Sov. J. Nucl. Phys. 35(1982).

• Source function : Common static Gaussian source Sj(r) = SR(r) = exp(−r2/4R2)/(4πR2)3/2

 interaction and  correlationK̄N K−p

• Channel weight : Varied around the estimation by simple statistical model as  ~ 2 ωπΣ

ωπΣ = 2.95



13

Source size dependence of  K−p
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• shifts the dip structure 
• makes cusp structure less prominent 
• reduces the c.c. source contribution

Coulomb function. For closed channels (E < !i), the
asymptotic form is given by substituting qj ! !i!j !
!i

!!!!!!!!!!!!!!!!!!!!!!!!
2"j"!j ! E#

p
as # "!#

j "r#!Aj"q#u
"!#
j "!i!jr#="2!jr#"

e!!jr=!jr. This is because the wave function component of
the off-shell state can emerge only in the strong interaction
region. For spherically symmetric source functions the
correlation function can be written as

C"q# !
Z

d3rS1"r#$j$C"q; r#j2 ! j$C
0 "qr#j2%

& 4%
X

j

Z
#

0
drr2&jSj"r#j#

"!#
j "q; r#j2; "7#

where the left-hand side depends only on q ! jqj. The
normalization of the source function implies that the weight
of the observed channel must be unity: &1 ! 1 [27].
The K!p correlation function was calculated in Ref. [14]

using the effective K̄N potential in Ref. [33] within the
model space of K!p and K̄0n channels. Although the
effects of the coupled %" and %# channels are implicitly
included in the renormalized K̄N potential to reproduce the
scattering amplitude, the proper boundary condition (6)
was not imposed because the wave function does not
contain explicit %" and %# components. The present
calculation reduces to that in Ref. [14] when the channel
couplings of K̄N ! %"; %# are switched off and the K̄0n
source function is ignored. It turns out, however, that there
are sizable deviations of the present results from those in
Ref. [14]. This indicates the importance of an explicit
treatment of coupled channels in the K!p correlation
function.
We now employ the wave functions in the full

K̄N-%"-%# coupled-channel framework. The starting point
is chiral SU(3) dynamics at next-to-leading order [30]
which successfully describes the set of existing K!p
scattering data together with the SIDDHARTA kaonic
hydrogen data [4]. An equivalent local K̄N-%"-%#
coupled-channel potential has been constructed to repro-
duce the corresponding scattering amplitudes [28]. Note
that the coupled-channel effects contribute to the correla-
tion function through the wave functions # "!#

j includ-

ing # "!#
K!p.

Results.—The K!p correlation function and its break-
down into channels are shown in Fig. 1 for source sizes of
R ! 1 fm and 3 fm. We assume a common source function
of Gaussian shape for all channels, Sj"r# ! SR"r#!
exp"!r2=4R2#="4%R2#3=2 with &j ! 1. For both source
radii R we can see the strong enhancement due to the
Coulomb attraction at small momenta, demonstrated by
comparison with the results omitting the Coulomb inter-
action. Also evident is the cusp structure at the K̄0n
threshold at q $ 58 MeV=c. Among the coupled-channel

components, the enhancement by the K̄0n channel is found
to be the largest, and next in importance is %". The
inclusion of the K̄0n component also makes the cusp
structure more prominent. The %0# channel couples to
K!p only in the I ! 1 sector; its effect is relatively weak.
Because the calculated wave functions in channels other
than K!p have a sizable magnitude only at small distances,
the contributions from these components decrease with
increasing source size. This leads to a less pronounced cusp
structure for the R ! 3 fm case.
Now we are prepared to compare the calculated K!p

correlation function with data. We allow for variations of
the source size and weights, which can be channel
dependent [25]. Since a given source function with the
weight in the relative coordinate is obtained from a product
of single-particle emission functions, the weight should be
proportional to the product of particle yields. For example,
&%!"&=&K!p ! N"%!#N""&#=N"K!#N"p#. The produc-
tion yields N"h# should be regarded as those of promptly
emitted particles in order for those hadrons to couple into
the final K!p channel. Those primary yields are not
directly observable. Thus, we regard the source weights
&j as parameters. While the effect of the %0# channel is

FIG. 1. K!p correlation function with R ! 1 fm (upper panel)
and R ! 3 fm (lower panel). The long-dashed line denotes the
result with K!p component only. The short-dashed, dotted, and
solid lines show the results in which the contributions from K̄0n,
K̄0n, and %", and from all coupled-channel components are
added, respectively. The dash-dotted line denotes the full
coupled-channel calculation without the Coulomb interaction.

PHYSICAL REVIEW LETTERS 124, 132501 (2020)

132501-3

Coulomb function. For closed channels (E < !i), the
asymptotic form is given by substituting qj ! !i!j !
!i

!!!!!!!!!!!!!!!!!!!!!!!!
2"j"!j ! E#

p
as # "!#

j "r#!Aj"q#u
"!#
j "!i!jr#="2!jr#"

e!!jr=!jr. This is because the wave function component of
the off-shell state can emerge only in the strong interaction
region. For spherically symmetric source functions the
correlation function can be written as

C"q# !
Z

d3rS1"r#$j$C"q; r#j2 ! j$C
0 "qr#j2%

& 4%
X

j

Z
#

0
drr2&jSj"r#j#

"!#
j "q; r#j2; "7#

where the left-hand side depends only on q ! jqj. The
normalization of the source function implies that the weight
of the observed channel must be unity: &1 ! 1 [27].
The K!p correlation function was calculated in Ref. [14]

using the effective K̄N potential in Ref. [33] within the
model space of K!p and K̄0n channels. Although the
effects of the coupled %" and %# channels are implicitly
included in the renormalized K̄N potential to reproduce the
scattering amplitude, the proper boundary condition (6)
was not imposed because the wave function does not
contain explicit %" and %# components. The present
calculation reduces to that in Ref. [14] when the channel
couplings of K̄N ! %"; %# are switched off and the K̄0n
source function is ignored. It turns out, however, that there
are sizable deviations of the present results from those in
Ref. [14]. This indicates the importance of an explicit
treatment of coupled channels in the K!p correlation
function.
We now employ the wave functions in the full

K̄N-%"-%# coupled-channel framework. The starting point
is chiral SU(3) dynamics at next-to-leading order [30]
which successfully describes the set of existing K!p
scattering data together with the SIDDHARTA kaonic
hydrogen data [4]. An equivalent local K̄N-%"-%#
coupled-channel potential has been constructed to repro-
duce the corresponding scattering amplitudes [28]. Note
that the coupled-channel effects contribute to the correla-
tion function through the wave functions # "!#

j includ-

ing # "!#
K!p.

Results.—The K!p correlation function and its break-
down into channels are shown in Fig. 1 for source sizes of
R ! 1 fm and 3 fm. We assume a common source function
of Gaussian shape for all channels, Sj"r# ! SR"r#!
exp"!r2=4R2#="4%R2#3=2 with &j ! 1. For both source
radii R we can see the strong enhancement due to the
Coulomb attraction at small momenta, demonstrated by
comparison with the results omitting the Coulomb inter-
action. Also evident is the cusp structure at the K̄0n
threshold at q $ 58 MeV=c. Among the coupled-channel

components, the enhancement by the K̄0n channel is found
to be the largest, and next in importance is %". The
inclusion of the K̄0n component also makes the cusp
structure more prominent. The %0# channel couples to
K!p only in the I ! 1 sector; its effect is relatively weak.
Because the calculated wave functions in channels other
than K!p have a sizable magnitude only at small distances,
the contributions from these components decrease with
increasing source size. This leads to a less pronounced cusp
structure for the R ! 3 fm case.
Now we are prepared to compare the calculated K!p

correlation function with data. We allow for variations of
the source size and weights, which can be channel
dependent [25]. Since a given source function with the
weight in the relative coordinate is obtained from a product
of single-particle emission functions, the weight should be
proportional to the product of particle yields. For example,
&%!"&=&K!p ! N"%!#N""&#=N"K!#N"p#. The produc-
tion yields N"h# should be regarded as those of promptly
emitted particles in order for those hadrons to couple into
the final K!p channel. Those primary yields are not
directly observable. Thus, we regard the source weights
&j as parameters. While the effect of the %0# channel is

FIG. 1. K!p correlation function with R ! 1 fm (upper panel)
and R ! 3 fm (lower panel). The long-dashed line denotes the
result with K!p component only. The short-dashed, dotted, and
solid lines show the results in which the contributions from K̄0n,
K̄0n, and %", and from all coupled-channel components are
added, respectively. The dash-dotted line denotes the full
coupled-channel calculation without the Coulomb interaction.
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• Enlarging source size
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Source size dependence of  K−p
CK−p(q) = ∫ d3r SK−p(r) |ψC,(−)

K−p (q; r) |2 + ∑
j≠i

ωj ∫ d3r Sj(r) |ψC,(−)
j (q; r) |2

Coupled-channel  
wave function K̄0n, π0Σ0, ⋯

 interaction and  correlationK̄N K−p

• Measured channel ( ) 
   has out going wave

K−p

• Coupled-channel w.f.  
  emerges only in int. region 0
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| ψ
s-w
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j
|2

q = 50 MeV
c.c. w.f.

* Typical int. range is very short for   
    due to absence of  exchange int.

K̄N
π

• Coupled-channel wave function satisfies  
the out-going boundary condition

• shifts the dip structure 
• makes cusp structure less prominent 
• reduces the c.c. source contribution

• Enlarging source size
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ALICE [arXiv:2105.05683v1] (Announce last weak) 
reported in

Source size dependence of  K−p

Kaon–proton scattering in Pb–Pb collisions at the LHC ALICE Collaboration
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Figure 2: The K�p�K+p correlation functions in the six centrality classes, with the corresponding Lednický–
Lyuboshitz fits (denoted as “L–L”) and Kyoto model calculations shown as light cyan and orange bands, respec-
tively. The width of the bands corresponds to the 1-s uncertainties. The inserts show the K+p�K�p correlation
functions with Lednický–Lyuboshitz fits as light cyan bands. The bottom panels show the difference between data
and the fit (model) normalised by the statistical uncertainty of the data sstat. The average pair transverse mass
hmTi is 0.92± 0.03 GeV/c2 for all centrality intervals. The statistical and systematic uncertainties are added in
quadrature and shown as vertical bars.

The following effects can be observed: the K�p�K+p pairs show an attractive Coulomb interaction for
small k⇤. The effect is opposite for K+p�K�p pairs. The influence of the repulsive strong interaction
manifests as correlation functions reaching values below unity in the region of k⇤ ⇡ 20�50 MeV/c and
becomes more pronounced towards more peripheral events, i.e., smaller source sizes. As predicted in
Ref. [39], features of the correlation function related to the coupled channels, observed in the analysis of
pp collisions [37], are negligible here. Neither the cusp structure at 58 MeV/c due to the presence of the
isospin-breaking channel K0n ! K�p nor the enhancement due to the coupled channels below threshold
enhancing the correlation above unity in the intermediate k⇤ range are visible in the correlation function
in Pb–Pb.

The common femtoscopic radii RKp for same- and opposite-charge pairs obtained from the Lednický–
Lyuboshitz fit are provided in Fig. 2 as well. They increase from around 5 fm for peripheral events to
almost 9 fm for central events, and all are larger than 3 fm where the predicted effect of coupled channels
is reduced or negligible [39]. The radii scale linearly with the cube root of the mean charged-particle
multiplicity density hdNch/dhi1/3, as observed for pion–pion [67], kaon–kaon [49], and pion–kaon [57]
pairs. The scattering length parameters obtained from the fit are ¬ f0 =�0.91± 0.03(stat)+0.17

�0.03(syst) fm
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Figure 2: The K�p�K+p correlation functions in the six centrality classes, with the corresponding Lednický–
Lyuboshitz fits (denoted as “L–L”) and Kyoto model calculations shown as light cyan and orange bands, respec-
tively. The width of the bands corresponds to the 1-s uncertainties. The inserts show the K+p�K�p correlation
functions with Lednický–Lyuboshitz fits as light cyan bands. The bottom panels show the difference between data
and the fit (model) normalised by the statistical uncertainty of the data sstat. The average pair transverse mass
hmTi is 0.92± 0.03 GeV/c2 for all centrality intervals. The statistical and systematic uncertainties are added in
quadrature and shown as vertical bars.

The following effects can be observed: the K�p�K+p pairs show an attractive Coulomb interaction for
small k⇤. The effect is opposite for K+p�K�p pairs. The influence of the repulsive strong interaction
manifests as correlation functions reaching values below unity in the region of k⇤ ⇡ 20�50 MeV/c and
becomes more pronounced towards more peripheral events, i.e., smaller source sizes. As predicted in
Ref. [39], features of the correlation function related to the coupled channels, observed in the analysis of
pp collisions [37], are negligible here. Neither the cusp structure at 58 MeV/c due to the presence of the
isospin-breaking channel K0n ! K�p nor the enhancement due to the coupled channels below threshold
enhancing the correlation above unity in the intermediate k⇤ range are visible in the correlation function
in Pb–Pb.

The common femtoscopic radii RKp for same- and opposite-charge pairs obtained from the Lednický–
Lyuboshitz fit are provided in Fig. 2 as well. They increase from around 5 fm for peripheral events to
almost 9 fm for central events, and all are larger than 3 fm where the predicted effect of coupled channels
is reduced or negligible [39]. The radii scale linearly with the cube root of the mean charged-particle
multiplicity density hdNch/dhi1/3, as observed for pion–pion [67], kaon–kaon [49], and pion–kaon [57]
pairs. The scattering length parameters obtained from the fit are ¬ f0 =�0.91± 0.03(stat)+0.17
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Figure 2: The K�p�K+p correlation functions in the six centrality classes, with the corresponding Lednický–
Lyuboshitz fits (denoted as “L–L”) and Kyoto model calculations shown as light cyan and orange bands, respec-
tively. The width of the bands corresponds to the 1-s uncertainties. The inserts show the K+p�K�p correlation
functions with Lednický–Lyuboshitz fits as light cyan bands. The bottom panels show the difference between data
and the fit (model) normalised by the statistical uncertainty of the data sstat. The average pair transverse mass
hmTi is 0.92± 0.03 GeV/c2 for all centrality intervals. The statistical and systematic uncertainties are added in
quadrature and shown as vertical bars.

The following effects can be observed: the K�p�K+p pairs show an attractive Coulomb interaction for
small k⇤. The effect is opposite for K+p�K�p pairs. The influence of the repulsive strong interaction
manifests as correlation functions reaching values below unity in the region of k⇤ ⇡ 20�50 MeV/c and
becomes more pronounced towards more peripheral events, i.e., smaller source sizes. As predicted in
Ref. [39], features of the correlation function related to the coupled channels, observed in the analysis of
pp collisions [37], are negligible here. Neither the cusp structure at 58 MeV/c due to the presence of the
isospin-breaking channel K0n ! K�p nor the enhancement due to the coupled channels below threshold
enhancing the correlation above unity in the intermediate k⇤ range are visible in the correlation function
in Pb–Pb.

The common femtoscopic radii RKp for same- and opposite-charge pairs obtained from the Lednický–
Lyuboshitz fit are provided in Fig. 2 as well. They increase from around 5 fm for peripheral events to
almost 9 fm for central events, and all are larger than 3 fm where the predicted effect of coupled channels
is reduced or negligible [39]. The radii scale linearly with the cube root of the mean charged-particle
multiplicity density hdNch/dhi1/3, as observed for pion–pion [67], kaon–kaon [49], and pion–kaon [57]
pairs. The scattering length parameters obtained from the fit are ¬ f0 =�0.91± 0.03(stat)+0.17
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Figure 2: The K�p�K+p correlation functions in the six centrality classes, with the corresponding Lednický–
Lyuboshitz fits (denoted as “L–L”) and Kyoto model calculations shown as light cyan and orange bands, respec-
tively. The width of the bands corresponds to the 1-s uncertainties. The inserts show the K+p�K�p correlation
functions with Lednický–Lyuboshitz fits as light cyan bands. The bottom panels show the difference between data
and the fit (model) normalised by the statistical uncertainty of the data sstat. The average pair transverse mass
hmTi is 0.92± 0.03 GeV/c2 for all centrality intervals. The statistical and systematic uncertainties are added in
quadrature and shown as vertical bars.

The following effects can be observed: the K�p�K+p pairs show an attractive Coulomb interaction for
small k⇤. The effect is opposite for K+p�K�p pairs. The influence of the repulsive strong interaction
manifests as correlation functions reaching values below unity in the region of k⇤ ⇡ 20�50 MeV/c and
becomes more pronounced towards more peripheral events, i.e., smaller source sizes. As predicted in
Ref. [39], features of the correlation function related to the coupled channels, observed in the analysis of
pp collisions [37], are negligible here. Neither the cusp structure at 58 MeV/c due to the presence of the
isospin-breaking channel K0n ! K�p nor the enhancement due to the coupled channels below threshold
enhancing the correlation above unity in the intermediate k⇤ range are visible in the correlation function
in Pb–Pb.

The common femtoscopic radii RKp for same- and opposite-charge pairs obtained from the Lednický–
Lyuboshitz fit are provided in Fig. 2 as well. They increase from around 5 fm for peripheral events to
almost 9 fm for central events, and all are larger than 3 fm where the predicted effect of coupled channels
is reduced or negligible [39]. The radii scale linearly with the cube root of the mean charged-particle
multiplicity density hdNch/dhi1/3, as observed for pion–pion [67], kaon–kaon [49], and pion–kaon [57]
pairs. The scattering length parameters obtained from the fit are ¬ f0 =�0.91± 0.03(stat)+0.17

�0.03(syst) fm

6

• shifts the dip structure 
• makes cusp structure less prominent 
• reduces the c.c. source contribution

• Enlarging source size
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 interaction and  correlationK̄N K−p
 interaction and  K̄(sl̄)N Λ(1405)

Vstrong
ij (r, E) = e−(bi/2+bj/2)r2

∑ αmax
α=0 Kα,ij (E/100 MeV)α

Chiral SU(3) based - -  potentialK̄N πΣ πΛ Miyahara, Hyodo, Weise, PRC 98 (2018) 

• Constructed based on the amplitude with NLO chiral SU(3) dynamics <—  ,  fitted 

• Coupled-channel, energy dependent as 

aK−p
0 σ

• Constructed to reproduce the chiral SU(3) amplitude around the  sub-threshold regionK̄N

Ikeda, Hyodo, Weise, NPA881 (2012)

• Coupled-channel system of - -πΣ πΛ K̄N

• Strong attraction reproducing  
quasi-bound state  Λ(1405)

• Strong constraint on  by SIDDHARTA 
experiment of Kaonic hydrogen 

aK−p
0

M. Bazzi, et al.. PLB 704 (2011)

• Structure of  Λ(1405)
• two pole structure

•  molecular picture (high-mass pole)K̄N K−pπΣ K̄0n

Λ(1405)

σK−p→K−p
σK−p→K̄0n

SIDDHARTA 
constraint on aK−p

0

Re s

 correlationK−p

44 Y. Kamiya et al. / Nuclear Physics A 954 (2016) 41–57

Fig. 1. Absolute value of the I = 0 combination of the K̄N scattering amplitude |f (I=0)(z)| defined in Eq. (6) from the 
NLO approach in Refs. [24,25] in the complex energy z plane. At each Re z, we choose the Riemann sheet which is most 
adjacent to the real axis.

While the gross features of the !(1405) in the K̄N amplitude are already well described just 
by the Weinberg–Tomozawa term, higher order contributions [9,12] can be used to quantitatively 
improve the description. To determine the low-energy constants in the higher order terms, suffi-
ciently many precise experimental data are necessary. In 2004, the DEAR collaboration reported 
measurements of kaonic hydrogen [26] from which the K!p scattering length can be deduced 
(see the next section). Systematic studies with the NLO interactions however pointed out an 
inconsistency of the DEAR result with the scattering data [27–30].

2.2. NLO analysis with precise kaonic hydrogen data

An experimental breakthrough came in 2011 when the SIDDHARTA collaboration provided 
a new measurement of the shift "E and width # of the 1s level of kaonic hydrogen [31,32]:

"E = 283 ± 36(stat) ± 6(syst) eV, # = 541 ± 89(stat) ± 22(syst) eV. (4)

Kaonic hydrogen is the Coulombic bound state of the K!p system. The 1s energy shift and width 
are induced by the strong interaction. In the non-relativistic effective Lagrangian approach, this 
shift and width are related to the K!p scattering length aK!p as [33]

"E ! i#/2 = !2$3 µ2
r aK!p

!
1 + 2$ µr (1 ! ln$) aK!p

"
, (5)

where $ is the fine-structure constant and µr = mK!Mp/(mK! +Mp) is the K!p reduced mass. 
Thus the kaonic hydrogen measurement (4) provides a direct constraint on the K̄N scattering 
amplitude at threshold. We note that the formula (5) can be further improved by summing up the 
logarithmically enhanced terms, as discussed in Ref. [34]. See also the estimation of the validity 
of the formula (5) based on explicit calculations within potential models [35,36].

The first systematic NLO analysis including the SIDDHARTA constraint has been performed 
in Refs. [24,25]. Here we focus on the results of Refs. [24,25], and the comparison with other 
approaches will be discussed in the next section. The data base used in this analysis consists 
of the K!p total cross sections, the threshold branching ratios, and the K!p scattering length 
deduced from the SIDDHARTA data. We obtain a best fit result in the full NLO approach with 
%2/d.o.f. = 0.96, showing that the new measurement of kaonic hydrogen is now consistent with 
the scattering data. The same analysis can be performed with only the Weinberg–Tomozawa term. 
A reasonable fit is found with %2/d.o.f. = 1.12, provided that some of the subtraction constants 

N

K̄

ℱK̄N

 J. A. Oller and U. G. Meissner, PLB500, 263 (2001)

R.H. Dalitz, S.F. Tuan, PRL 425 (1959).
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Correlation function for various systems

• Now we are ready to investigate the various hadron systems  
with femtoscopic correlation functions.

• Multi-strange sector ( |S | > 1)

Let’s move on to other exciting systems! 

• Charm sector ( )|C | > 0

•  correlation function well reproduced K−p

H-H correlation function is really useful for 
the detailed study of interaction with careful 
treatment of source function and interaction 
e.g. coupled-channel effect.

Less knowledge from  
scattering experiments
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-  interaction and 
 and  correlation function
ΛΛ NΞ

ΛΛ pΞ−

-  interaction ( ) and -dibaryonΛΛ NΞ S = − 2 H
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FIG. 1. s-wave coupled-channel HAL QCD potential. The colored shadow denotes the statistical error of each potential.

channel aJ=0
0 [fm] aJ=1

0 [fm]
p!! !1.21± 0.12+0.08

!0.00 ! i1.52± 0.34+0.16
!0.25 !0.35± 0.06+0.09

!0.06 ! i0.00± 0.00+0.00
!0.00

n!0 !2.53± 0.62+0.36
!0.46 ! i0.74± 0.43+0.12

!0.21 !0.28± 0.04+0.02
!0.05

"" !0.76± 0.22+0.00
!0.14 -

TABLE I. The scattering length of the "", n!0, and p!! channel at physical point with the physical basis. The Coulomb interaction is not
included. The values are listed as (central)± (stat. error)+!(syst. error). The error of ”0.00” denotes it is less than 5.0" 10!!3.

eigen-momenta of !!, n"0, and p"!, are +, !, and +, re-
spectively. The real part of this pole is just below the n"0

threshold by !3.93 MeV.3 Note that if the N" quasibound
state emerges, the pole must lie below n"0 threshold in the
(!,+,+) sheet, which is directly connected to physical scat-
tering energy. These near-threshold but in the irrelevant sheet
poles contribute to enhance the scattering length of the n"0

channel. Thus, considering the near-threshold virtual pole and
large absolute value of the n"0 scattering length, we can say
that the H dibaryon state is just barely unbound with the at-
tractive !!-N" interaction.4

3 See appendix for the relation between the attractive force and the virtual
pole position.

4 When the Coulomb potential is switched on, p!! atomic bound states
appear. The sizes of the atomic wave functions are much larger than the
source size, so the Coulomb attraction always contributes to enhance the
correlation function at small relative momenta in high-energy nuclear re-
actions.

III. CORRELATION FUNCTION FORMULA WITH
COUPLED-CHANNEL EFFECT

In high-energy heavy-ion collisions and high-multiplicity
events of pp and pA collisions, the hadron production yields
are well described by the statistical model so hadrons are con-
sidered to be produced independently. Under such conditions
the correlations between outgoing particles are generated by
the quantum mechanical scattering by the final state interac-
tion. We consider two particles, a and b, with relative mo-
mentum q = (mbpa ! mapb)/(ma + mb) observed in the
final state. Let this two-particle state be fed by a set of cou-
pled channels, each denoted by j. In the pair rest frame of
the two measured particles, their correlation function C(q) is
given as [40, 46]:

C(q) =

!
d3r

"

j

!jSj(r)|#(!)
j (q; r)|2 , (1)

where the wave function#(!)
j in the jth channel is written as

a function of the relative coordinate r in that channel, with
outgoing boundary condition for the measured channel. Sj(r)
and !j are the normalized source function and its weight in the
jth channel. Thus the correlation function contains informa-
tion of both the hadron source and the hadron-hadron interac-

• HAL QCD  coupled-channel potentialΛΛ-NΞ
K. Sasaki et al. [HAL QCD], NPA 998 (2020), 121737.

• Strong attraction in   channel J = 0, I = 0 NΞ

• Long history of discussion on  sector   
   related to ( )-dibaryon. 

(J, I) = (0,0)
H uuddss

R. L. Jaffe, PRL 38 (1977), 195. 

apΞ−(J=0)
0 = − 1.21 − i1.52
 dibaryon state is just barely unbound.H

Fate of -dibaryon?H

• Binding energy of double  hypernucleusΛ
 does NOT boundΛΛ

• -  coupled-channel system ΛΛ NΞ
Possibility of  quasiboundNΞ

pΞ−ΛΛ nΞ0

Re s

Takahashi et al., PRL87 (2001) 212502.
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 and  correlation function
ΛΛ NΞ

ΛΛ pΞ−

 correlation functionΛΛ
312 S. Cho et al. / Progress in Particle and Nuclear Physics 95 (2017) 279–322

Fig. 5.2. ⇤⇤ correlation function with the fss2 ⇤⇤ interaction [293,294], obtained by using the KP and LL formulae in comparison with data [22]. Left
panel shows the results without the feed-down correction and the residual correlations. Right panel shows the results with the feed-down and residual
source effects. The results in the fixed � case (� = (0.67)2) and the free � case are compared. Also shown in both panels are the results from the cylindrical
source including flow effects in the KP formula [36]. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

approach to the primary vertex. The long-lived resonance contribution from ⌃0 and a part of ⌅ is still supposed to reduce
the correlation strength via Eq. (5.31).

In Ref. [22], the datawere analyzedwithin the LLmodel Eq. (5.28)with an intercept parameter�. Furthermore, a Gaussian
term with two parameters taking account of the residual correlation at large q is included, although its origin has not been
understood. Therefore, a six-parameter fit to the data is made with

C(q) = N


1 + �

✓
�

1
2
e�4q2R2

+ �CLL(q)
◆

+ arese�4r2resq
2
�

(5.34)

where �CLL(q) is given by Eq. (5.28). Optimized parameters given in Ref. [22] are summarized in Table 5.1.
Although the quality of the fit is quite well (�2/Ndof ' 0.56), the obtained scattering length,1 a0 = 1.10 ± 0.37+0.68

�0.08 fm,
seems to conflict with the results from the observed double hypernucleus. Indeed, the ⇤⇤ bond energy in 6

⇤⇤He is found
to be �B⇤⇤ = B⇤⇤( 6

⇤⇤He) � 2B⇤(5⇤He) ' 1.01 MeV [38]. From �B⇤⇤( 6
⇤⇤He), the scattering length and the effective range

in the ⇤⇤1S0 channel are suggested as (a0, reff) = (�0.77 fm, 6.59 fm) [289] or (a0, reff) = (�0.575 fm, 6.45 fm) [290].
Recent update of the bond energy due to the update of the ⌅� mass [291] gives �B⇤⇤( 6

⇤⇤He) = 0.67 ± 0.17 MeV [79],
which suggests (a0, reff) = (�0.44 fm, 10.1 fm) [292].

A detailed investigation of the ⇤⇤ correlation function by making use of the KP formula Eq. (5.7) with various ⇤⇤ inter-
action potentials and source functions including collective expansion in both longitudinal and transverse directions has been
carried out in Ref. [36], It was found that after taking into account the correction of electromagnetic decays from ⌃0, the
scattering length is found to be consistentwith the double hypernuclei. The detailed comparison of themethods is discussed
in Ref. [35], which concludes that it is crucial to determine the value of �. Here we briefly outline the above points.

First, we clarify the difference between the C(q) obtained from the LL formula Eq. (5.28) and the KP formula Eq. (5.7).
In the left panel of Fig. 5.2, C(q) with the fss2 ⇤⇤ interaction is displayed. The corresponding values a0 = �0.81 fm and
reff = 3.99 fm are used as inputs for the LL formula. The difference between the two is small, thus confirming previous
studies [276] that indicate insensitivity of the correlation to the detailed shape of the wave function within the interaction
range. The difference of C(q) between the static spherical source (thin red, circles) and the expanding source (thin green,
triangles) indicates the effect of the collective expansion. The existence of the fast boost-invariant longitudinal expansion
deforms the source function such that the correlation function takes a different shape in the best fit to the data [36]. Note
that such a difference does not take place in the case of non-identical pairs; as seen in Eqs. (5.16) and (5.18), the quantum
statistics effect makes C(q) more sensitive to the source shape through the Fourier transformation.

Second, we estimate the contribution to N⇤
tot with the help of the statistical model and experimental data, to correct the

data for the long-lived resonance decay via Eqs. (5.30) and (5.31). Here⌃0 and⌅ are treated as long-lived resonances, since
other decay parents have much shorter lifetime thus only change the effective source size or have a negligible contribution.
Adopting data from p + Be collisions at plab = 28.5 GeV [295], we take N⌃0/N⇤ = 0.278, which is also consistent with
thermal model calculations. Taking into account the fact that the ⌅ yield in Au+Au collisions at

p
sNN = 200 GeV has been

shown to be 15% of total ⇤ [296] and the STAR candidate selection with the distance of closest approach less than 0.4 cm
may exclude a part of ⌅ decay contributions to ⇤, we estimate � = (0.67)2. If we take account of the ⌅ contribution into

1 The opposite sign convention of the scattering length is adopted in Ref. [22].
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FIG. 6. Fitted p⌅� and ⇤⇤ correlation function and experimental data. The left panel shows the pPb correlation fitted to 5.02 TeV pPb
collision data. The central and right panel show the ⇤⇤ correlation fitted to 13 TeV pp collision data, and 5.02 TeV pPb collision data,
respectively. The shaded area denotes the theoretical uncertainty of the correlation function. For comparison, the result with the pure Coulomb
(quantum statistics) case is shown by the dotted line for the p⌅� (⇤⇤) correlation. The ALICE data set is taken from Ref. [9, 35].

N⌅ threshold. This virtual pole enhances the ⇤⇤ correlation
function around the N⌅ threshold and generates a cusp as a
result of coupled-channel effects.
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FIG. 7. The fitting result of �2/(d.o.f.) varied by the source size R.
The solid line shows the result for the simultaneous fit of the p⌅�

and ⇤⇤ correlation data from 5.02 TeV pPb collisions. The dashed
line denotes the result for the ⇤⇤ correlation data from 13 TeV pp
collisions.

C. Discussion

While the barely unbound H-dibaryon state is consistent
with the p⌅

� correlation function data from pPb collisions,
it is still possible that there exists a barely bound state. The
strong enhancement of the p⌅

� correlation function at small
q implies that there is at least one (I, J) channel where the
absolute value of the scattering length is large. However, as
long as R/|a0| is small enough, one cannot determine the sign
of the scattering length. In order to discuss this point, it is
useful to invoke the analytic model of the correlation func-
tion, the Lednicky-Lyuboshits (LL) model [41]. Let us con-
sider the correlation function of a nonidentical particle pair

(no quantum statistics) without the Coulomb potential and
coupled channels. By using the asymptotic wave function
 = e

�i�
sin(qr + �)/qr down to r ! 0, the correlation

function is obtained as

C(q) =1 +
|f(q)|2

2R2
F3

⇣
re↵

R

⌘
+

2Ref(q)p
⇡R

F1(2qR)

� Imf(q)

R
F2(2qR), (29)

where f(q) = (q cot � � iq)
�1, F1(x) =

R x
0 e

t2�x2

/x,
F2(x) = (1 � e

�x2

)/x, and F3(x) = 1 � x/2
p
⇡ [41]. By

adopting the shape invariant parametrization at low energies,
q cot � ' �1/a0 + re↵ q

2
/2, the correlation function with

re↵ = 0 reduces to a function of x = qR and y = R/a0,

C(q) = 1 +
1

x2 + y2


1

2
� 2yp

⇡
F1(2x)� xF2(2x)

�
. (30)

In Fig. 8, we show the LL model results of the correlation
function at re↵ = 0. The strongly enhanced region of the
correlation function, for example C(q) > 2 shown by the
whiteout area, extends to the region with positive a0, where
a bound state exists. Thus a strong enhancement of the cor-
relation function does not necessarily imply the nonexistence
of a bound state. This argument based on the single chan-
nel LL formula is too simple to discuss the actual correlation
functions with the coupled-channel, Coulomb potential, and
effective range effects, but qualitative features would remain.
As shown in Fig. 4, the line shape of the ⇤⇤ correlation func-
tion, where the Coulomb interaction and the large distortion
by the coupled-channel effect are absent, is well estimated by
the LL formula (29) with the effective range expansion, while
we need the full calculation with KPLLL formula to discuss
hte detailed structure, e.g. the cusp structures of the N⌅ chan-
nels.
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FIG. 6. Fitted p!! and "" correlation function and experimental data. The left panel shows the pPb correlation fitted to 5.02 TeV pPb
collision data. The central and right panel show the "" correlation fitted to 13 TeV pp collision data, and 5.02 TeV pPb collision data,
respectively. The shaded area denotes the theoretical uncertainty of the correlation function. The ALICE data set is taken from Ref. [9, 34].
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FIG. 7. The fitting result of !2/(d.o.f.) varied by the source size
R. The solid shows the result for the p!! correlation data from 5.02
TeV pPb collisions. The long-dashed line and the dashed line denote
the result for the "" correlation data from 13 TeV pp collisions and
5.02 TeV pPb collisions, respectively.

C. Discussion

While the barely unbound H-dibaryon state is consistent
with the p!! correlation function data from pPb collisions,
it is still possible that there exists a barely bound state. The
strong enhancement of the p!! correlation function at small
q implies that there is at least one (I, J) channel where the
absolute value of the scattering length is large. However, as
long as R/|a0| is small enough, one cannot determine the sign
of the scattering length. In order to discuss this point, it is
useful to invoke the analytic model of the correlation func-
tion, the Lednicky-Lyuboshits (LL) model [40]. Let us con-
sider the correlation function of a nonidentical particle pair
(no quantum statistics) without the Coulomb potential and
coupled channels. By using the asymptotic wave function
! = e!i! sin(qr + ")/qr down to r ! 0, the correlation

function is obtained as

C(q) =1 +
|f(q)|2

2R2
F3

!re!
R

"
+

2Ref(q)"
#R

F1(2qR)

# Imf(q)

R
F2(2qR), (29)

where f(q) = (q cot " # iq)!1, F1(x) =
# x
0 et

2!x2

/x,
F2(x) = (1 # e!x2

)/x, and F3(x) = 1 # x/2
"
# [40]. By

adopting the shape invariant parametrization at low energies,
q cot " $ #1/a0 + re! q2/2, the correlation function with
re! = 0 reduces to a function of x = qR and y = R/a0,

C(q) = 1 +
1

x2 + y2

$
1

2
# 2y"

#
F1(2x)# xF2(2x)

%
. (30)

In Fig. 8, we show the LL model results of the correlation
function at re! = 0. The strongly enhanced region of the
correlation function, for example C(q) > 2 shown by the
whiteout area, extends to the region with positive a0, where
a bound state exists. Thus a strong enhancement of the cor-
relation function does not necessarily imply the nonexistence
of a bound state. This argument based on the single chan-
nel LL formula is too simple to discuss the actual correlation
functions with the coupled-channel, Coulomb potential, and
effective range effects, but qualitative features would remain.
It should be also noted that the existence or nonexistence of
the N! quasibound state ("" resonance) is a delicate prob-
lem also from a theoretical point of view. For example, the
final conclusion from the HAL QCD collaboration is that the
H-dibaryon is barely unbound [17], while the existence of a
quasibound H ("" resonance) was reported to be possible in
the preliminary analysis [16].

In order to deduce the existence or nonexistence of the
bound H-dibaryon state more clearly, the source size depen-
dence will be helpful. In Fig. 9, we show the p!! and "" cor-
relation functions at several source sizes, R = 1, 1.5, and 3 fm
(???). The p!! correlation function is found to be enhanced
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Fig. 5.2. ⇤⇤ correlation function with the fss2 ⇤⇤ interaction [293,294], obtained by using the KP and LL formulae in comparison with data [22]. Left
panel shows the results without the feed-down correction and the residual correlations. Right panel shows the results with the feed-down and residual
source effects. The results in the fixed � case (� = (0.67)2) and the free � case are compared. Also shown in both panels are the results from the cylindrical
source including flow effects in the KP formula [36]. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

approach to the primary vertex. The long-lived resonance contribution from ⌃0 and a part of ⌅ is still supposed to reduce
the correlation strength via Eq. (5.31).

In Ref. [22], the datawere analyzedwithin the LLmodel Eq. (5.28)with an intercept parameter�. Furthermore, a Gaussian
term with two parameters taking account of the residual correlation at large q is included, although its origin has not been
understood. Therefore, a six-parameter fit to the data is made with

C(q) = N
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+ �CLL(q)
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+ arese�4r2resq
2
�

(5.34)

where �CLL(q) is given by Eq. (5.28). Optimized parameters given in Ref. [22] are summarized in Table 5.1.
Although the quality of the fit is quite well (�2/Ndof ' 0.56), the obtained scattering length,1 a0 = 1.10 ± 0.37+0.68

�0.08 fm,
seems to conflict with the results from the observed double hypernucleus. Indeed, the ⇤⇤ bond energy in 6

⇤⇤He is found
to be �B⇤⇤ = B⇤⇤( 6

⇤⇤He) � 2B⇤(5⇤He) ' 1.01 MeV [38]. From �B⇤⇤( 6
⇤⇤He), the scattering length and the effective range

in the ⇤⇤1S0 channel are suggested as (a0, reff) = (�0.77 fm, 6.59 fm) [289] or (a0, reff) = (�0.575 fm, 6.45 fm) [290].
Recent update of the bond energy due to the update of the ⌅� mass [291] gives �B⇤⇤( 6

⇤⇤He) = 0.67 ± 0.17 MeV [79],
which suggests (a0, reff) = (�0.44 fm, 10.1 fm) [292].

A detailed investigation of the ⇤⇤ correlation function by making use of the KP formula Eq. (5.7) with various ⇤⇤ inter-
action potentials and source functions including collective expansion in both longitudinal and transverse directions has been
carried out in Ref. [36], It was found that after taking into account the correction of electromagnetic decays from ⌃0, the
scattering length is found to be consistentwith the double hypernuclei. The detailed comparison of themethods is discussed
in Ref. [35], which concludes that it is crucial to determine the value of �. Here we briefly outline the above points.

First, we clarify the difference between the C(q) obtained from the LL formula Eq. (5.28) and the KP formula Eq. (5.7).
In the left panel of Fig. 5.2, C(q) with the fss2 ⇤⇤ interaction is displayed. The corresponding values a0 = �0.81 fm and
reff = 3.99 fm are used as inputs for the LL formula. The difference between the two is small, thus confirming previous
studies [276] that indicate insensitivity of the correlation to the detailed shape of the wave function within the interaction
range. The difference of C(q) between the static spherical source (thin red, circles) and the expanding source (thin green,
triangles) indicates the effect of the collective expansion. The existence of the fast boost-invariant longitudinal expansion
deforms the source function such that the correlation function takes a different shape in the best fit to the data [36]. Note
that such a difference does not take place in the case of non-identical pairs; as seen in Eqs. (5.16) and (5.18), the quantum
statistics effect makes C(q) more sensitive to the source shape through the Fourier transformation.

Second, we estimate the contribution to N⇤
tot with the help of the statistical model and experimental data, to correct the

data for the long-lived resonance decay via Eqs. (5.30) and (5.31). Here⌃0 and⌅ are treated as long-lived resonances, since
other decay parents have much shorter lifetime thus only change the effective source size or have a negligible contribution.
Adopting data from p + Be collisions at plab = 28.5 GeV [295], we take N⌃0/N⇤ = 0.278, which is also consistent with
thermal model calculations. Taking into account the fact that the ⌅ yield in Au+Au collisions at

p
sNN = 200 GeV has been

shown to be 15% of total ⇤ [296] and the STAR candidate selection with the distance of closest approach less than 0.4 cm
may exclude a part of ⌅ decay contributions to ⇤, we estimate � = (0.67)2. If we take account of the ⌅ contribution into

1 The opposite sign convention of the scattering length is adopted in Ref. [22].
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Fig. 5.2. ⇤⇤ correlation function with the fss2 ⇤⇤ interaction [293,294], obtained by using the KP and LL formulae in comparison with data [22]. Left
panel shows the results without the feed-down correction and the residual correlations. Right panel shows the results with the feed-down and residual
source effects. The results in the fixed � case (� = (0.67)2) and the free � case are compared. Also shown in both panels are the results from the cylindrical
source including flow effects in the KP formula [36]. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

approach to the primary vertex. The long-lived resonance contribution from ⌃0 and a part of ⌅ is still supposed to reduce
the correlation strength via Eq. (5.31).

In Ref. [22], the datawere analyzedwithin the LLmodel Eq. (5.28)with an intercept parameter�. Furthermore, a Gaussian
term with two parameters taking account of the residual correlation at large q is included, although its origin has not been
understood. Therefore, a six-parameter fit to the data is made with
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where �CLL(q) is given by Eq. (5.28). Optimized parameters given in Ref. [22] are summarized in Table 5.1.
Although the quality of the fit is quite well (�2/Ndof ' 0.56), the obtained scattering length,1 a0 = 1.10 ± 0.37+0.68

�0.08 fm,
seems to conflict with the results from the observed double hypernucleus. Indeed, the ⇤⇤ bond energy in 6

⇤⇤He is found
to be �B⇤⇤ = B⇤⇤( 6

⇤⇤He) � 2B⇤(5⇤He) ' 1.01 MeV [38]. From �B⇤⇤( 6
⇤⇤He), the scattering length and the effective range

in the ⇤⇤1S0 channel are suggested as (a0, reff) = (�0.77 fm, 6.59 fm) [289] or (a0, reff) = (�0.575 fm, 6.45 fm) [290].
Recent update of the bond energy due to the update of the ⌅� mass [291] gives �B⇤⇤( 6

⇤⇤He) = 0.67 ± 0.17 MeV [79],
which suggests (a0, reff) = (�0.44 fm, 10.1 fm) [292].

A detailed investigation of the ⇤⇤ correlation function by making use of the KP formula Eq. (5.7) with various ⇤⇤ inter-
action potentials and source functions including collective expansion in both longitudinal and transverse directions has been
carried out in Ref. [36], It was found that after taking into account the correction of electromagnetic decays from ⌃0, the
scattering length is found to be consistentwith the double hypernuclei. The detailed comparison of themethods is discussed
in Ref. [35], which concludes that it is crucial to determine the value of �. Here we briefly outline the above points.

First, we clarify the difference between the C(q) obtained from the LL formula Eq. (5.28) and the KP formula Eq. (5.7).
In the left panel of Fig. 5.2, C(q) with the fss2 ⇤⇤ interaction is displayed. The corresponding values a0 = �0.81 fm and
reff = 3.99 fm are used as inputs for the LL formula. The difference between the two is small, thus confirming previous
studies [276] that indicate insensitivity of the correlation to the detailed shape of the wave function within the interaction
range. The difference of C(q) between the static spherical source (thin red, circles) and the expanding source (thin green,
triangles) indicates the effect of the collective expansion. The existence of the fast boost-invariant longitudinal expansion
deforms the source function such that the correlation function takes a different shape in the best fit to the data [36]. Note
that such a difference does not take place in the case of non-identical pairs; as seen in Eqs. (5.16) and (5.18), the quantum
statistics effect makes C(q) more sensitive to the source shape through the Fourier transformation.

Second, we estimate the contribution to N⇤
tot with the help of the statistical model and experimental data, to correct the

data for the long-lived resonance decay via Eqs. (5.30) and (5.31). Here⌃0 and⌅ are treated as long-lived resonances, since
other decay parents have much shorter lifetime thus only change the effective source size or have a negligible contribution.
Adopting data from p + Be collisions at plab = 28.5 GeV [295], we take N⌃0/N⇤ = 0.278, which is also consistent with
thermal model calculations. Taking into account the fact that the ⌅ yield in Au+Au collisions at

p
sNN = 200 GeV has been

shown to be 15% of total ⇤ [296] and the STAR candidate selection with the distance of closest approach less than 0.4 cm
may exclude a part of ⌅ decay contributions to ⇤, we estimate � = (0.67)2. If we take account of the ⌅ contribution into

1 The opposite sign convention of the scattering length is adopted in Ref. [22].
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FIG. 6. Fitted p⌅� and ⇤⇤ correlation function and experimental data. The left panel shows the pPb correlation fitted to 5.02 TeV pPb
collision data. The central and right panel show the ⇤⇤ correlation fitted to 13 TeV pp collision data, and 5.02 TeV pPb collision data,
respectively. The shaded area denotes the theoretical uncertainty of the correlation function. For comparison, the result with the pure Coulomb
(quantum statistics) case is shown by the dotted line for the p⌅� (⇤⇤) correlation. The ALICE data set is taken from Ref. [9, 35].

N⌅ threshold. This virtual pole enhances the ⇤⇤ correlation
function around the N⌅ threshold and generates a cusp as a
result of coupled-channel effects.
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FIG. 7. The fitting result of �2/(d.o.f.) varied by the source size R.
The solid line shows the result for the simultaneous fit of the p⌅�

and ⇤⇤ correlation data from 5.02 TeV pPb collisions. The dashed
line denotes the result for the ⇤⇤ correlation data from 13 TeV pp
collisions.

C. Discussion

While the barely unbound H-dibaryon state is consistent
with the p⌅

� correlation function data from pPb collisions,
it is still possible that there exists a barely bound state. The
strong enhancement of the p⌅

� correlation function at small
q implies that there is at least one (I, J) channel where the
absolute value of the scattering length is large. However, as
long as R/|a0| is small enough, one cannot determine the sign
of the scattering length. In order to discuss this point, it is
useful to invoke the analytic model of the correlation func-
tion, the Lednicky-Lyuboshits (LL) model [41]. Let us con-
sider the correlation function of a nonidentical particle pair

(no quantum statistics) without the Coulomb potential and
coupled channels. By using the asymptotic wave function
 = e

�i�
sin(qr + �)/qr down to r ! 0, the correlation

function is obtained as

C(q) =1 +
|f(q)|2

2R2
F3

⇣
re↵

R

⌘
+

2Ref(q)p
⇡R

F1(2qR)

� Imf(q)

R
F2(2qR), (29)

where f(q) = (q cot � � iq)
�1, F1(x) =

R x
0 e

t2�x2

/x,
F2(x) = (1 � e

�x2

)/x, and F3(x) = 1 � x/2
p
⇡ [41]. By

adopting the shape invariant parametrization at low energies,
q cot � ' �1/a0 + re↵ q

2
/2, the correlation function with

re↵ = 0 reduces to a function of x = qR and y = R/a0,

C(q) = 1 +
1

x2 + y2


1

2
� 2yp

⇡
F1(2x)� xF2(2x)

�
. (30)

In Fig. 8, we show the LL model results of the correlation
function at re↵ = 0. The strongly enhanced region of the
correlation function, for example C(q) > 2 shown by the
whiteout area, extends to the region with positive a0, where
a bound state exists. Thus a strong enhancement of the cor-
relation function does not necessarily imply the nonexistence
of a bound state. This argument based on the single chan-
nel LL formula is too simple to discuss the actual correlation
functions with the coupled-channel, Coulomb potential, and
effective range effects, but qualitative features would remain.
As shown in Fig. 4, the line shape of the ⇤⇤ correlation func-
tion, where the Coulomb interaction and the large distortion
by the coupled-channel effect are absent, is well estimated by
the LL formula (29) with the effective range expansion, while
we need the full calculation with KPLLL formula to discuss
hte detailed structure, e.g. the cusp structures of the N⌅ chan-
nels.
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C. Discussion

While the barely unbound H-dibaryon state is consistent
with the p!! correlation function data from pPb collisions,
it is still possible that there exists a barely bound state. The
strong enhancement of the p!! correlation function at small
q implies that there is at least one (I, J) channel where the
absolute value of the scattering length is large. However, as
long as R/|a0| is small enough, one cannot determine the sign
of the scattering length. In order to discuss this point, it is
useful to invoke the analytic model of the correlation func-
tion, the Lednicky-Lyuboshits (LL) model [40]. Let us con-
sider the correlation function of a nonidentical particle pair
(no quantum statistics) without the Coulomb potential and
coupled channels. By using the asymptotic wave function
! = e!i! sin(qr + ")/qr down to r ! 0, the correlation

function is obtained as
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In Fig. 8, we show the LL model results of the correlation
function at re! = 0. The strongly enhanced region of the
correlation function, for example C(q) > 2 shown by the
whiteout area, extends to the region with positive a0, where
a bound state exists. Thus a strong enhancement of the cor-
relation function does not necessarily imply the nonexistence
of a bound state. This argument based on the single chan-
nel LL formula is too simple to discuss the actual correlation
functions with the coupled-channel, Coulomb potential, and
effective range effects, but qualitative features would remain.
It should be also noted that the existence or nonexistence of
the N! quasibound state ("" resonance) is a delicate prob-
lem also from a theoretical point of view. For example, the
final conclusion from the HAL QCD collaboration is that the
H-dibaryon is barely unbound [17], while the existence of a
quasibound H ("" resonance) was reported to be possible in
the preliminary analysis [16].

In order to deduce the existence or nonexistence of the
bound H-dibaryon state more clearly, the source size depen-
dence will be helpful. In Fig. 9, we show the p!! and "" cor-
relation functions at several source sizes, R = 1, 1.5, and 3 fm
(???). The p!! correlation function is found to be enhanced

 ALICE 
 Pb 5.02 TeV

ΛΛ
p

 cuspsNΞ

!-! correlation function

2021/05/19 SQM 2021 Moe Isshiki 14

Ø New result with high statistics data ~4 times larger than that in 
previous study.
- Not corrected for feed-down.

Ø Anti-correlation of Λ-Λ is observed in Au+Au at "## = 200 GeV.

- New result with better precision is consistent with previous 
result within systematic uncertainty.

- There is a long tail of residual correlation in high $%&'.

relative momentum  $%&' = )*+ + )-+ + ).+ − 01+
S. Acharya et al. [ALICE], PLB 797 (2019).

L. Adamczyk et al. [STAR]  PRL 114 (2015).

+
1
2 ∑

j

ωj ∫ d3rSj(r)[ |ψj,s(r) |2 − | j0(r) |2 δj1]

CΛΛ = 1 −
1
2

exp(−4q2R2)
Quantum statistics 
for octet-octet 

• ALICE Pb,  collisionsp pp

• STAR AuAu collisions

•  cusps related to the coupling and  
  existence of H-dibaryon 

NΞ

J. Haidenbauer, Nucl. Phys. A 981 (2019), 

Almost invisible with  
HAL-QCD potential (small coupling)

Weak attraction of  confirmed  
There is no signal of H-dibaryon 

ΛΛ

 correlation functionΛΛ

Y K et, al., in prep.

Moe Isshiki’s talk (3rd day)



9

0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

0 100 200 300 400 500

p⌅�

C
p
⌅

�

q [MeV/c]

HALQCD with R = 0.87 fm

pure Coulomb with R = 0.87 fm

ALICE pPb 5.02 TeV

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

0 100 200 300 400 500

⇤⇤

C
⇤
⇤

q [MeV/c]

HAL QCD with R = 1.11 fm

Quantum statistics with R = 1.11 fm

ALICE pp 13 TeV

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

0 100 200 300 400 500

⇤⇤

C
⇤
⇤

q [MeV/c]

HAL QCD with R = 0.87 fm

Quantum statistics with R = 0.87 fm

ALICE pPb 5.02 TeV

FIG. 6. Fitted p⌅� and ⇤⇤ correlation function and experimental data. The left panel shows the pPb correlation fitted to 5.02 TeV pPb
collision data. The central and right panel show the ⇤⇤ correlation fitted to 13 TeV pp collision data, and 5.02 TeV pPb collision data,
respectively. The shaded area denotes the theoretical uncertainty of the correlation function. For comparison, the result with the pure Coulomb
(quantum statistics) case is shown by the dotted line for the p⌅� (⇤⇤) correlation. The ALICE data set is taken from Ref. [9, 35].

N⌅ threshold. This virtual pole enhances the ⇤⇤ correlation
function around the N⌅ threshold and generates a cusp as a
result of coupled-channel effects.
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C. Discussion

While the barely unbound H-dibaryon state is consistent
with the p⌅

� correlation function data from pPb collisions,
it is still possible that there exists a barely bound state. The
strong enhancement of the p⌅

� correlation function at small
q implies that there is at least one (I, J) channel where the
absolute value of the scattering length is large. However, as
long as R/|a0| is small enough, one cannot determine the sign
of the scattering length. In order to discuss this point, it is
useful to invoke the analytic model of the correlation func-
tion, the Lednicky-Lyuboshits (LL) model [41]. Let us con-
sider the correlation function of a nonidentical particle pair

(no quantum statistics) without the Coulomb potential and
coupled channels. By using the asymptotic wave function
 = e
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sin(qr + �)/qr down to r ! 0, the correlation

function is obtained as
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In Fig. 8, we show the LL model results of the correlation
function at re↵ = 0. The strongly enhanced region of the
correlation function, for example C(q) > 2 shown by the
whiteout area, extends to the region with positive a0, where
a bound state exists. Thus a strong enhancement of the cor-
relation function does not necessarily imply the nonexistence
of a bound state. This argument based on the single chan-
nel LL formula is too simple to discuss the actual correlation
functions with the coupled-channel, Coulomb potential, and
effective range effects, but qualitative features would remain.
As shown in Fig. 4, the line shape of the ⇤⇤ correlation func-
tion, where the Coulomb interaction and the large distortion
by the coupled-channel effect are absent, is well estimated by
the LL formula (29) with the effective range expansion, while
we need the full calculation with KPLLL formula to discuss
hte detailed structure, e.g. the cusp structures of the N⌅ chan-
nels.

 ALICE 
 Pb 5.02 TeV
pΞ−

p

-  interaction and 
 and  correlation function
ΛΛ NΞ

ΛΛ pΞ−

 correlation function pΞ−
Y. Kamiya, et. al. in preparation

!-" correlation function
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Ø Feed-down is corrected using Theminator2 model, but residual correlation is not corrected yet.
Ø p-Ξ correlation shows enhancement above Coulomb interaction 

->Hints presence of strong interaction, and can not be described by sideband background.
Ø Sensitive to system size,  more attractive in peripheral collisions (smaller collision system).

First measurement of p-Ξ correlation in Au+Au collisions at RHIC 
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CpΞ− =
1
4

CpΞ−,singlet +
3
4

CpΞ−,triplet

Couples to  
(H-dibaryon channel)

ΛΛ

• No dip structure (compared to pure Coulomb)

No dibaryon state

• ALICE Pb collisionsp

• STAR: AuAu analysis ongoing
Barely unbound scenario:  
Good agreement for both channels( , ) ΛΛ pΞ−

• Small coupled-channel source effect
S. Acharya et al. [ALICE], PRL 123 (2019). 
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 correlation function dΞ−

K. Ogata, T. Fukui, Y. Kamiya, and A. Ohnishi, arXiv:2103.00100

5

The CC equations (19) are integrated up to R = 10 fm. The
Coulomb interaction V C is taken to be

V C(R) =

!

"

#

"

$

!e2

2R0

%

3!
R2

R2
0

&

(R " R0)

!e2

R
(R > R0)

, (38)

with R0 = 1.5 fm. The dependence of the numerical results
shown below on R0 is found to be negligibly small (less than
1%).

In the evaluation of the correlation function, the integration
overR is carried out up to Rmax = 10 fm and the maximumL
is taken to be a larger of K0Rmax and 5. The source function
S is assumed to have a Gaussian form

S(R) =
1

(4!b2)3/2
e!R2/(4b2). (39)

The source size b of the source function is taken to be 1.2 fm;
in Fig. 4, results with b = 1.6 and 3.0 fm are shown for com-
parison.

B. Correlation function
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FIG. 1: d-!! correlation function as a function of the relative mo-
mentum q. The solid, dashed, dotted, and dash-dotted lines represent
the result of CDCC, that with the 13S1 breakup states only, the result
of the single-channel calculation (without breakup states), and the
result with switching the strong interactions off, respectively. The
inset is an enlarged result for 30 MeV/c ! q ! 120 MeV/c.

We show in Fig. 1 Cd!! as a function of q # !cK0. The
inset is an enlarged figure in the region of 30 MeV/c " q "
120 MeV/c. The solid (red) line represents the result calcu-
lated with the present framework of CDCC. The dotted (blue)
line is the result of the single-channel calculation, that is, only
the ground state of deuteron is considered. If we take only the
13S1 channels in NN into account, the dashed (green) line is
obtained. The dash-dotted (purple) line is the result obtained

with all the strong interactions turned off. For a simple no-
tation, below we designate the 13S1 (31S0) channel as the pn
(nn) channel.

The solid line shows a clear enhancement relative to the
dash-dotted line for q " 100 MeV/c, which indicates that the
correlation due to the strong interaction can be deduced from
Cd!! . The difference of the solid line from the dotted line
represents an increase in Cd!! by the deuteron breakup effect,
which is about 6–8 % for 30 MeV/c " q " 70 MeV/c. At
larger q, the enhancement due to deuteron breakup decreases
monotonically and becomes less than 1% for q > 100MeV/c.
We discuss the deuteron breakup effect in more detail in
Sec. III E. The small difference between the dashed and dotted
line indicates that the nn breakup states are more significant
than the pn breakup states. This can be understood by the be-
havior of the CC potentials as discussed in Sec. III D. With a
closer look, a shoulder structure is found in the solid line at
around 60 MeV/c. This corresponds to the strong coupling
to low-lying nn breakup states located just below the scatter-
ing threshold; the channel energy Ec is negative and close to
0. We will return to this point soon below and in Sec. III E.
Compared with the net effect of the strong interaction (differ-
ence between the solid and dash-dotted lines), the deuteron
breakup effect is found to be not very significant. In other
words, including only the deuteron ground state in the calcu-
lation of Cd!! will be useful except that it will miss a further
increase in the correlation function by several percent below
about 70 MeV/c.
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FIG. 2: Convergence of the d-! correlation function regarding the
maximum bin-momentum kmax. The horizontal axis is the d-!!

relative momentum. The solid, dashed, dotted, and dash-dotted lines
correspond to kmax = 0.2, 0.5, 1.0, and 2.0 fm!1, respectively.

Figure 2 displays the convergence of Cd!! regarding kmax.
In all the calculations, we take the size !c of the momen-
tum bin to be 0.2 fm!1 (0.005 fm!1) for the pn (nn) con-
tinuum. The solid (red), dashed (green), dotted (blue), and
dash-dotted (purple) lines correspond to kmax = 0.2, 0.5, 1.0,
and 2.0 fm!1, respectively. The dash-dotted line is the same
as the solid line in Fig. 1. The result with kmax = 2.5 fm!1

Theoretical model for CdΞ−

Three body system of  d(np)Ξ

K. Sasaki et al. [HAL QCD], NPA 998 (2020), 121737.

• Three body problem :    
   continuum-discretized 
   coupled-channels method (CDCC) 
 
   ==>  relative wave function d-Ξ

N. Austern, M. Yahiro, and M. Kawai, PRL 63 2649(1989) 
N. Austern, M. Kawai, and M. Yahiro, PRC 53 314 (1996)

• Coupling effect by -   
   is estimated to be 6–8 % 

npΞ− nnΞ0

• Strong enhancement compared to  
   pure Coulomb case Ξ−

n
p

q

• Coupling between -  includednpΞ− nnΞ0

•  interaction : HAL QCD potentialNΞ Ξ−

n p

Discretize

R = 1.2 fm

Ξ0

n n

Coupling



Correlation function of -deuteronp

Proton-deuteron interaction
• Measurement of p–d correlation function

– First measurement at ultrarelativistic energies

• Depletion of C(k*) at low k*
– Formation of 3He?

• Big disagreement with models for low k*
– Models include attractive component and 

Coulomb repulsion
– C(k*) closer to unity in model with larger 

source sizes
– Consistent with later formation of deuterons
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NEW

 correlation function and  deuteron sourcepd
Anders Garritt Knospe’s talk (1st day)
and Valentina Mantovani Sarti’s talk (4th day)

Slide from Prof. Anders Garritt Knospe



analysis delivered a scattering length and an e↵ective range of f�1
0 = �0.91±0.31+0.07

�0.56 fm�1

and d0 = 8.52± 2.56+2.09
�0.74 fm, and these values correspond to a repulsive interaction. How-

ever, it was shown that the values and the sign of the scattering parameters strongly depend

on the treatment of feed-down contributions from weak decays to the measured correlation.

A re-analysis of the data outside the STAR collaboration extracted a positive value for

f�1
0 corresponding to a shallow attractive interaction potential (32). The ⇤–⇤ correlations
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Figure 4

(Color online) Right panel: Exclusion plot of the scattering parameters for the ⇤–⇤ interaction
evaluated by testing the di↵erent values against the ⇤–⇤ correlation. Left panel: Correlation
function of p–⌦� pairs measured by ALICE in high multiplicity pp collisions atp
s = 13 TeV (40). The data are shown by the black symbols, the systematic errors are shown by

the grey boxes. The green line represents the expected correlation function by taking into account
only the Coulomb interaction, its width is determined by the uncertainty in the source radius.
The blue and orange bands consider both Coulomb and strong interaction by the HAL QCD
collaboration (81). The orange band considers for the strong interaction only the elastic
contributions, the blue band considers elastic and inelastic contributions, its width represents the
uncertainties associated with the lattice QCD calculations, and the grey band represents, in
addition, the uncertainties associated with the determination of the source radius. The source
radius, determined experimentally, is 0.95± 0.06 fm. The inset shows in detail the correlation
function around unity. For more details see text.

measured in pp and p-Pb collisions by ALICE at
p
sNN = 7, 13 TeV and 5.02 TeV, respec-

tively (35, 38) were also employed to study the interaction, and the residual correlations

were treated by means of a novel data-driven method. Since the statistics of the ⇤–⇤ pairs

with small relative momentum was limited, instead of extracting the scattering parameters

from the fit of the correlation function a di↵erent approach was carried out (38). A scan

of di↵erent combinations of scattering parameters (f�1
0 ,d0) in the range f�1

0 2 [�2, 5]

fm�1 and d0 2 [0, 18] fm was performed. For each combination of values of the scattering

parameters the correlation function is evaluated for several meson-exchange models of the

⇤–⇤ interaction by using the Lednický-Lyuboshitz (LL) method. The agreement with the

experimental correlation function, using all data samples from pp collisions at
p
s = 7, 13

TeV and p-Pb collisions at
p
sNN = 5.02 TeV, is quantified in terms of a confidence level fol-

lowing the method in (82). The CATS framework is used to cross check the results from the

LL method; the di↵erences in the correlation functions obtained using the two methods are

negligible. Also the gaussian source approximation, inherent to the LL method, is validated

by cross checks using the source profile predicted by the EPOS transport model (67, 44)

and considering the e↵ects of short lived resonances. The results, expressed in number of

standard deviations (n�) are shown in the left panel of Fig. 4. The black hatched area rep-

12 Author et al.
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 dibaryon( ) from  correlation functionNΩ(sss) S = − 3 pΩ

 dibaryon and  correlation NΩ pΩ

• STAR collaboration • ALICE collaborationSTAR Collaboration / Physics Letters B 790 (2019) 490–497 495

Fig. 3. Measured correlation function (C(k!)) for proton–! and antiproton–!̄ (P! + P̄!̄) for (0–40)% (a) and (40–80)% (b) Au + Au collisions at "sNN = 200 GeV. The triangles 
represent raw correlations, open circles represent pair-purity corrected (PP) correlations, and solid circles represent pair-purity and smearing corrected (PP + SC) correlations. 
The error bars correspond to statistical errors and caps correspond to the systematic errors. The predictions from Ref. [24] for proton–! interaction potentials V I (red), V II
(blue) and V III (green) for source sizes R p = R! = 5 fm and R p = R! = 2.5 fm are shown in (a) and (b) respectively.

resolution on the correlation functions is negligible compared with 
statistical errors.

To study the shape of the correlation function for the back-
ground, the candidates from the side-bands of the invariant mass 
of ! were chosen in the range M < 1.665 GeV/c2 and M >
1.679 GeV/c2. These selected candidates were then combined with 
the proton tracks from the same event to construct the relative 
momentum for the same event. The relative momentum for the 
mixed event is generated by combining the selected candidates 
from the side-bands of the invariant mass of ! with protons from 
different events with approximately the same vertex position along 
the z-direction.

3. Results and discussion

After applying the selection criteria for the proton and !
identification, as mentioned in the data analysis section, a to-
tal of 38065 ± 195 (8816 ± 94) and 3037 ± 55 (679 ± 26) pairs 
of proton–! and antiproton–!̄ for k! < 0.2 (0.1) GeV/c are ob-
served for 0–40% and 40–80% Au + Au collisions, respectively. 
The measured proton–! and antiproton–!̄ correlation functions, 
P! + P̄!̄, the correlation functions after correction for pair-purity, 
P! + P̄!̄ (PP), and the correlation functions after correction for 
pair-purity and momentum smearing, P! + P̄!̄ (PP + SC), for 
0–40% and 40–80% Au + Au collisions at "

sN N = 200 GeV are 
shown in Fig. 3 (a) and 3 (b). The systematic errors for the mea-
sured proton–! correlation function were estimated by varying the 
following requirements for the selection of ! candidates: the de-
cay length, DCA of ! to the primary vertex, pointing angle cuts 
and mass range, which affect the purity of the ! sample. The DCA 
and m2 requirements were varied to estimate the systematic er-
ror from the proton purity. In addition, the systematic errors from 
normalization and feed-down contributions were also estimated. 
The systematic errors from different sources were then added in 
quadrature. The combined systematic errors are shown in Fig. 3 as 
caps for each bin of the correlation function.

Predictions for the proton–! correlation function from Ref. [24]
for the proton–! interaction potentials V I , V II and V III for a static 
source with sizes R p = R! = 5.0 fm and R p = R! = 2.5 fm are 
also shown in Fig. 3(a) and Fig. 3(b). The selected source sizes 
are not fit to the experimental data. The choice of the poten-
tials in Ref. [24] is based on an attractive N! interaction in the 

5 S2 channel from the lattice QCD simulations with heavy u-, d-, 
s-quarks from Ref. [16]. The potential V II is obtained by fitting 
the lattice QCD data with a function V (r) = b1e#b2r2 + b3(1 #
e#b4r2

)(e#b5r/r)2, where b1 and b3 are negative and b2, b4 and 
b5 are positive, which represents a case with a shallow N! bound 
state. Two more potentials V I and V III represent cases without a 
N! bound state and with a deep N! bound state, respectively. The 
binding energies (Eb), scattering lengths (a0) and effective ranges 
(reff) for the N! interaction potentials V I , V II and V III are listed 
in Table 2 [24]. The measured correlation function for P! + P̄!̄ is 
in agreement with the predicted trend with the interaction po-
tentials V I , V II and V III in 0–40% Au + Au collisions as shown 
in Fig. 3(a). However, due to limited statistics at the lower k! , 
strong enhancement due to the Coulomb interaction is not visi-
ble in 40–80% Au + Au collisions in Fig. 3(b).

The measured proton–! and antiproton–!̄ correlation func-
tions include three effects coming from the elastic scattering in 
the 5 S2 channel, the strong absorption in the 3 S1 channel and the 
long-range Coulomb interaction. The Coulomb interaction between 
the positively charged proton and negatively charged ! introduces 
a strong enhancement in the correlation function at the small k! , 
as seen in Fig. 3. One can remove the Coulomb enhancement us-
ing a Gamow factor [45], however, this simple correction is not 
good enough to extract the characteristic feature of the correla-
tion function from the strong interaction. A full correction with the 
source-size dependence is needed to isolate the effect of the strong 
interaction from the Coulomb enhancement. Therefore, the ratio of 
the correlation function between small and large collision systems, 
is proposed in Ref. [24] as a model-independent way to access the 
strong interaction with less contamination from the Coulomb in-
teraction.

The ratio of the combined proton–! and antiproton–!̄ corre-
lation function from the peripheral (40–80%) to central (0–40%) 
collisions, defined as R = C40–80/C0–40 is shown in Fig. 4. The cor-
relation functions corrected for pair-purity and momentum smear-
ing are used for the ratio calculations. The systematic uncertainties 
are propagated from the measured correlation functions for the 
0–40% and 40–80% centrality bins and are shown as caps. For the 
background study, the candidates from the side-bands of the !
invariant mass were combined with protons to construct the cor-
relation function. The same ratio, R, for the background is unity 
and is shown as open crosses in Fig. 4. Previous measurements 

STAR Collaboration / Physics Letters B 790 (2019) 490–497 495

Fig. 3. Measured correlation function (C(k!)) for proton–! and antiproton–!̄ (P! + P̄!̄) for (0–40)% (a) and (40–80)% (b) Au + Au collisions at "sNN = 200 GeV. The triangles 
represent raw correlations, open circles represent pair-purity corrected (PP) correlations, and solid circles represent pair-purity and smearing corrected (PP + SC) correlations. 
The error bars correspond to statistical errors and caps correspond to the systematic errors. The predictions from Ref. [24] for proton–! interaction potentials V I (red), V II
(blue) and V III (green) for source sizes R p = R! = 5 fm and R p = R! = 2.5 fm are shown in (a) and (b) respectively.

resolution on the correlation functions is negligible compared with 
statistical errors.

To study the shape of the correlation function for the back-
ground, the candidates from the side-bands of the invariant mass 
of ! were chosen in the range M < 1.665 GeV/c2 and M >
1.679 GeV/c2. These selected candidates were then combined with 
the proton tracks from the same event to construct the relative 
momentum for the same event. The relative momentum for the 
mixed event is generated by combining the selected candidates 
from the side-bands of the invariant mass of ! with protons from 
different events with approximately the same vertex position along 
the z-direction.

3. Results and discussion

After applying the selection criteria for the proton and !
identification, as mentioned in the data analysis section, a to-
tal of 38065 ± 195 (8816 ± 94) and 3037 ± 55 (679 ± 26) pairs 
of proton–! and antiproton–!̄ for k! < 0.2 (0.1) GeV/c are ob-
served for 0–40% and 40–80% Au + Au collisions, respectively. 
The measured proton–! and antiproton–!̄ correlation functions, 
P! + P̄!̄, the correlation functions after correction for pair-purity, 
P! + P̄!̄ (PP), and the correlation functions after correction for 
pair-purity and momentum smearing, P! + P̄!̄ (PP + SC), for 
0–40% and 40–80% Au + Au collisions at "

sN N = 200 GeV are 
shown in Fig. 3 (a) and 3 (b). The systematic errors for the mea-
sured proton–! correlation function were estimated by varying the 
following requirements for the selection of ! candidates: the de-
cay length, DCA of ! to the primary vertex, pointing angle cuts 
and mass range, which affect the purity of the ! sample. The DCA 
and m2 requirements were varied to estimate the systematic er-
ror from the proton purity. In addition, the systematic errors from 
normalization and feed-down contributions were also estimated. 
The systematic errors from different sources were then added in 
quadrature. The combined systematic errors are shown in Fig. 3 as 
caps for each bin of the correlation function.

Predictions for the proton–! correlation function from Ref. [24]
for the proton–! interaction potentials V I , V II and V III for a static 
source with sizes R p = R! = 5.0 fm and R p = R! = 2.5 fm are 
also shown in Fig. 3(a) and Fig. 3(b). The selected source sizes 
are not fit to the experimental data. The choice of the poten-
tials in Ref. [24] is based on an attractive N! interaction in the 

5 S2 channel from the lattice QCD simulations with heavy u-, d-, 
s-quarks from Ref. [16]. The potential V II is obtained by fitting 
the lattice QCD data with a function V (r) = b1e#b2r2 + b3(1 #
e#b4r2

)(e#b5r/r)2, where b1 and b3 are negative and b2, b4 and 
b5 are positive, which represents a case with a shallow N! bound 
state. Two more potentials V I and V III represent cases without a 
N! bound state and with a deep N! bound state, respectively. The 
binding energies (Eb), scattering lengths (a0) and effective ranges 
(reff) for the N! interaction potentials V I , V II and V III are listed 
in Table 2 [24]. The measured correlation function for P! + P̄!̄ is 
in agreement with the predicted trend with the interaction po-
tentials V I , V II and V III in 0–40% Au + Au collisions as shown 
in Fig. 3(a). However, due to limited statistics at the lower k! , 
strong enhancement due to the Coulomb interaction is not visi-
ble in 40–80% Au + Au collisions in Fig. 3(b).

The measured proton–! and antiproton–!̄ correlation func-
tions include three effects coming from the elastic scattering in 
the 5 S2 channel, the strong absorption in the 3 S1 channel and the 
long-range Coulomb interaction. The Coulomb interaction between 
the positively charged proton and negatively charged ! introduces 
a strong enhancement in the correlation function at the small k! , 
as seen in Fig. 3. One can remove the Coulomb enhancement us-
ing a Gamow factor [45], however, this simple correction is not 
good enough to extract the characteristic feature of the correla-
tion function from the strong interaction. A full correction with the 
source-size dependence is needed to isolate the effect of the strong 
interaction from the Coulomb enhancement. Therefore, the ratio of 
the correlation function between small and large collision systems, 
is proposed in Ref. [24] as a model-independent way to access the 
strong interaction with less contamination from the Coulomb in-
teraction.

The ratio of the combined proton–! and antiproton–!̄ corre-
lation function from the peripheral (40–80%) to central (0–40%) 
collisions, defined as R = C40–80/C0–40 is shown in Fig. 4. The cor-
relation functions corrected for pair-purity and momentum smear-
ing are used for the ratio calculations. The systematic uncertainties 
are propagated from the measured correlation functions for the 
0–40% and 40–80% centrality bins and are shown as caps. For the 
background study, the candidates from the side-bands of the !
invariant mass were combined with protons to construct the cor-
relation function. The same ratio, R, for the background is unity 
and is shown as open crosses in Fig. 4. Previous measurements 

R = 2.5 fm

Au + Au

Adam et. al.PLB 790 (2019)

ALICE , 588, 232–238(2020) 
Fabbietti, et.al. [2012.09806]

• Strong source size dependence ==> large  

• Strong suppression at larger source (R=2.5 fm) 
       ==>  dibaryon state? 
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FIG. 1. The correlation function C(LL)(q) with re↵ = 0 as a function
of R/a0 for different qR (upper panel) and as a function of qR for
different R/a0 value (lower panel). In the present sign convention,
a0 > 0 corresponds to the existence of a bound state.

where [dr⇤] = dr⇤S(r) with S(r) being properly normal-
ized as

R
[dr⇤] = 1. One immediately finds that the deviation

of the wave function from the non-interacting one is directly
translated into the correlation function and that the relative
source function acts as a weight factor at relative distance r.

Furthermore, when the source size is not too small com-
pared to the interaction range, the integral is dominated by the
contribution outside the interaction range such that the wave
function can be approximated by its asymptotic form  q(r) ⇠
e
�i� sin(qr+�)/(qr) with � being the S-wave scattering phase

shift. Employing a Gaussian source S(r) / exp(�r
2
/4R2)

and the effective range formula for small q,

q cot � ' � 1

a0
+

1

2
reffq

2
, (12)

one can express the correlation function in terms of the scat-
tering length a0 and the effective range reff, which is known
as the Lednický-Lyuboshits (LL) formula [29],

C
(LL)(q) = 1 +

|f(q)|2

2R2
F3

⇣
reff

R

⌘
+

2Ref(q)p
⇡R

F1(2qR)

� Imf(q)

R
F2(2qR). (13)

Here f(q) = (q cot � � iq)�1 is the scattering amplitude,
F1(x) =

R x
0 dte

t2�x2

, F2(x) = (1 � e
�x2

)/x, and F3(x) =
1 � x/(2

p
⇡). Since the scattering length dominates the be-

havior of the phase shift at small q, this correlation function
is mainly determined by the scattering length and the source
size: For reff = 0, C(LL)(q) is a function of two dimensionless
variables, qR and R/a0 [17].

Figure 1 represents characteristics of the correlation func-
tion C

(LL)(q) with re↵ = 0. For a fixed qR (upper panel), the
correlation function exhibits non-monotonic changes against
the ratio of the system size to the scattering length. It shows a
strong peak around R/a0 ⇠ 0 for small qR due to the strong
enhancement of the wave function. We call the region where
C(q) is enhanced as the “unitary region” throughout this pa-
per. The peak is smeared as qR is increased. As the attraction
becomes weaker (a0 < 0), the correlation is also weakened
to exhibit monotonic decrease with decreasing R/a0 and in-
creasing qR. On the other hand, if the attraction is strong
enough to accommodate a bound state (a0 > 0), C(q) rapidly
decreases with R/a0 then takes values less than unity imply-
ing the depletion of correlated pairs at small qR. The deple-
tion can be understood by so-called the structural core; the
scattering wave function needs to be orthogonal to the bound
state wave function, then it has a node in the interaction range
as if there is a repulsive core. Thus the squared wave function
is suppressed on average.

The above properties of C(q) are essential in order to ex-
tract the pairwise interaction from the measured correlation
functions. In particular, the behavior of C(q) for different
system size provides detailed information on the scattering
parameters as shown in the lower panel of Fig. 1. Consider
the case where C(q) � 1 at small qR. It indicates that the
system is in the unitary region where |R/a0| is small, while
the sign of a0 is unknown. However, by increasing R with
a0 and qR fixed, C(q) eventually becomes smaller than 1 for
positive a0, while C(q) is always larger than 1 for negative
a0.

In reality, the correlation at small q originates not only from
the single-channel FSI but also from the quantum statistics in
the case of identical pairs (HBT effect), from the Coulomb
interaction, and from the coupled channel effect [30]. Fur-
thermore, the correlation from the HBT effect is affected by
the collective flow through the modification of the source ge-
ometry. As a result, even for non-identical pairs, the absolute
magnitude of C(q) with respect to unity is not always a useful

bound state ( )a0 > 0

Strong suppression

p + p

R = 0.73 fm

Enhancement
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• Nearly physical quark mass:  

• No repulsive core ← N(lll) Ω(sss) 
• Strong attraction with  dibaryon 

mπ = 146 MeV, mK = 525 MeV

NΩ

7

ticularly for the ⌦⌦ potential with t/a = 16 in Fig. 4, since
a0 is extremely large.

Shown the bottom-right panel of Fig. 4 is the small-to-large
ratio, CSL(q) between 40-60% (or 60-80%) for small systems
and 10-20% for large systems. Due to the cancellation of
the Coulomb effect, one now finds notable enhancement of
CSL(q) above 1 for small q due to the strong ⌦⌦ attraction,
and the reduction of CSL(q) below 1 for large q due to the
HBT effect.

V. p⌦ CORRELATION

Let us now move on to the results for p⌦ correlations.
Among J = 1 (5S2) and J = 2 (3S1) channels which the
p⌦ pair can take, the J = 2 channel is expected to have a
shallow bound state as indicated from lattice QCD [14]. Note,
however, that the p⌦ pair is not the lowest energy channel in
the S = �3 dibaryon system: There exist thresholds of the
octet-octet states (⇤⌅ and ⌃⌅) at lower energies, which act as
absorptive channels for p⌦. The S-wave J = 2 channel cou-
ples to octet-octet states only through the D wave, so that the
decay is dynamically suppressed and its effect on the correla-
tion function is considered to be sufficiently small. According
to Ref. [38], where the J = 2 N⌦ interaction is discussed
with the meson exchange model including the decay chan-
nels, the coupling does not change the weak-binding nature of
p⌦. Thus, in the following calculations, we apply the single-
channel approximation to the J = 2 p⌦ correlation function.

In the previous study on CSL(q) for p⌦ [19], the J = 2 po-
tential obtained by lattice QCD simulations with heavy quark
masses [39] were used. Below, we update the analysis by us-
ing the J = 2 potential for nearly physical quark masses as
described below.

A. N⌦ interaction from lattice QCD

The N⌦ interaction in J = 2 channel has been calculated
by (2+1)-flavor lattice QCD simulations [14] with the same
setup as the ⌦⌦ case discussed in Sec.IV A. In this case, the
Euclidean time interval was chosen to be t/a = 11 � 14 to
avoid significant statistical errors for large t. Resultant poten-
tials with statistical errors are recapitulated in Fig. 5 together
with the fitted potential of a Gaussian + (Yukawa)2 form. The
scattering length and the effective range without the Coulomb
interaction are a0 ' 5.3 fm and reff ' 1.26 fm, respectively,
so that a weakly bound N⌦ appears with the binding energy
EB ⇠ 1.54 MeV.

Table III shows the low energy scattering parameters and
binding energies obtained by solving the Schrödinger equa-
tion in the presence of the attraction from the strong inter-
action and the extra attraction from the Coulomb interaction.
The value of the resultant scattering length is compatible with
the expected effective system size in heavy-ion collisions, thus
one can expect characteristic depletion of the correlation func-
tion and its variation for the system with bound state, against
system size as seen from Fig. 1.
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FIG. 5. The S-wave N⌦ potential with J = 2 from lattice QCD
simulations [14]. The lattice data are fitted by the form, Vfit(r) =

b1e
�b2r

2
+ b3(1� e�b4r

2
)(e�m⇡r/r)2 with m⇡=146 MeV.

TABLE III. S-wave scattering length a0, effective range reff, and
binding energy of the p⌦ pair with the lattice QCD potential for dif-
ferent t/a and the Coulomb attraction.

t/a a0 [fm] reff [fm] EB [MeV]
11 3.45 1.33 2.15
12 3.38 1.31 2.27
13 3.49 1.31 2.08
14 3.40 1.33 2.24

B. Correlation function

In addition to the J = 2 channel, the N⌦ system has the
J = 1 channel which is expected to couple strongly with low-
lying octet-octet states due to fall apart decay in the S-wave.
In the same way as Ref. [19], we consider a limiting case
where the J = 1 p⌦ pairs are perfectly absorbed into low-
lying states through the potential V J=1(r) = �i✓(r0 � r)V0.
The strength V0 is taken to be infinity and r0 is set to 2
fm where Coulomb interaction dominates over the J = 1
LQCD potential. Accordingly, the wave function is written
as 'J(q, r) = '

C(q, r)�'
C
0 (r)+�

C
0 (r), where the scatter-

ing wave function in the S-wave, �C
0 (r), receives the effects

of the interactions.
Then the total probability density reads

|'p⌦(q, r)|2 =
2X

J=1

2J + 1

8
|'J(q, r)|2. (21)

Here the J = 2 contribution which is of our interest, is
weighted by a large factor 5/8. The number of the low mo-
mentum pairs decrease due to the absorption in the J = 1

•  correlation function with HALQCD potential  pΩ−
Morita, et al., PRC101 (2020)
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Fig. 5. The ratio of the effective range reff and the scattering length a0 as a func-
tion of reff for N!(5S2) (red circle) and !!(1S0) [7] (blue diamond) on the lattice, 
as well as for N N(3S1) (purple up-pointing triangle) and N N(1S0) (green down-
pointing triangle) [37] in experiments.

a0 = 5.30(0.44)(+0.16
!0.01) fm, reff = 1.26(0.01)(+0.02

!0.01) fm, (8)

where the central values and the statistical errors are estimated at 
t/a = 12, while the systematic errors in the last parentheses are 
estimated from the central values for t/a = 11, 13 and 14.

In Fig. 5, the ratio reff/a0 as a function of reff for N!(5S2)
is plotted together with the experimental values for N N(3S1)
(deuteron) and N N(1S0) (di-neutron) as well as lattice QCD value 
for !!(1S0) (di-Omega) [7]. Small values of |reff/a0| in all these 
cases indicate that these systems are located close to the unitary 
limit.9

The binding energy B and the root mean square distance 
(
!

"r2#) of N!(5S2) are obtained by solving the Schrödinger equa-
tion with the potential fitted to our lattice results:

B = 1.54(0.30)(+0.04
!0.10) MeV,

"
"r2# = 3.77(0.31)(+0.11

!0.01) fm. (9)

Although the N-! is attractive everywhere, the binding energy is 
as small as $ 1 MeV due to the short range nature of the potential. 
Accordingly, the root mean square distance is comparable to the 
scattering length, indicating that the system is loosely bound like 
the deuteron and the di-Omega.

In our pilot study [10], we found B = 18.9(5.0)(+12.1
!1.8 ) MeV

for heavy pion mass m" = 875 MeV. The larger magnitude of B
than the present result in Eq. (9) originates partly from the heavy 
masses of N and ! in [10] which reduce the kinetic energy and 
thus increase the binding energy. Another reason is that the short-
range attraction for heavy pion is relatively stronger.

So far, we have not considered extra attraction in the p!!

system due to Coulomb attraction. By taking into account the cor-
rection V C(r) % V C(r) ! #/r with # & e2/(4") = 1/137.036, we 
obtain the observables,

B p!! = 2.46(0.34)(+0.04
!0.11) MeV,

"
"r2#

p!! = 3.24(0.19)(+0.06
!0.00) fm. (10)

These results for p!!(5S2) are summarized in Fig. 6 together with 
n!!(5S2) without Coulomb correction.

Before ending this section, let us briefly discuss other possible 
systematic errors in Eqs. (8), (9) and (10). The first one is the finite 
volume effect whose typical error would be exp(!2m" (L/2)) '

9 The values in the fm unit are (a0, reff)N N(3S1) = (5.4112(15), 1.7463(19)), 
(a0, reff)N N(1S0) = (!23.7148(43), 2.750(18)) from the experiment [37], and 
(a0, reff)!!(1S0) = (4.6(6)(+1.2

!0.5), 1.27(3)(+0.06
!0.03)) from the lattice QCD calculation [7].

Fig. 6. The binding energy B and the root mean square distance 
!

"r2# for n!!

(red circle) and for p!! (blue square). In both figures, inner bars correspond to 
the statistical errors, while the outer bars are obtained by the quadrature of the 
statistical and systematic errors.

exp(!6) ' 0.25% and is much smaller than the statistical er-
rors in our simulation. The second one is the finite cutoff effect, 
which is also expected to be small assuming the naive order es-
timate ($a)2 ( 1% with the non-perturbative O(a) improvement. 
The third systematic error is due to the slightly heavy hadron 
masses (m" = 146 MeV, mN = 955 MeV and m! = 1712 MeV). 
By using the same parameter set for t/a = 12 in Table 1 with 
m" = 146 MeV kept fixed but with physical baryon masses (mp =
938 MeV and m!! = 1672 MeV), we find less binding than Eq. (10)
as expected: B p!! ' 2.18(32) MeV and 

!
"r2#p!! ' 3.45(22) fm. 

On the other hand, if we additionally employ m±
" = 140 MeV for 

the potential (see Eq. (6)), we find more binding than Eq. (10)
due to smaller pion mass: B p!! ' 3.00(39) MeV and 

!
"r2#p!! '

3.01(16) fm.

5. Summary

In this paper, we have studied the N-! system in the 5S2
channel, which is one of the promising candidates for quasi-stable 
dibaryon, from the (2+1)-flavor lattice QCD simulations with nearly 
physical quark masses (m" ' 146 MeV and mK ' 525 MeV). The 
N-! central potential in the 5S2 channel obtained by the time-
dependent HAL QCD method is found to be attractive in all dis-
tances. The scattering length and the effective range obtained 
by solving the Schrödinger equation using the resultant potential 
show that N!(5S2) is close to unitarity similar to the cases of the 
deuteron (pn) and di-Omega (!!). The binding energy of p!!

without (with) the Coulomb attraction is about 1.5 MeV (2.5 MeV), 
which indicates the existence of a shallow quasi-bound state below 
the N! threshold. In our simulation, we did not find a signature 
of the strong coupling between N!(5S2) and $% or &% in the D-
wave state, while it remains to be an important future problem to 
analyze the coupled channel system with octet baryons, $% and 
&%.

The N!(5S2) in the unitary regime can be studied in the 
two-particle correlation measurements in p-p and p-nucleus and 
nucleus-nucleus collisions as suggested theoretically in [12] and 
experimentally reported by the STAR Collaboration at RHIC [16]. 
Phenomenological analyses along this line on the basis of the re-
sults in the present paper will be reported elsewhere [38].
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 interaction D̄(c̄l)N (C = − 1) a0 ≡ ℱ(E = Eth)
+ : attractive w/o bound  
- : repulsive  
    or attractive w/ bound 

• Not well determined due to lack of scat. data
• One model predicts bound state in  channelI = 0

• Bound state case —> dip structure 

Y. Kamiya, T. Hyodo, and  A. Ohnishi in prep.

• Can be tested by experimental data in future

• Construct effective potential  from models V

• Coulomb attractive 

DN and D̄N correlation function
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ALICE がDNとDbarNの相関をはかろうとしていることを受けて何ができるか考えてみる。測れるのはD+pとD!pと思われる。DN interaction も D̄N interaction も相互作用を決める実験データはほとんどなく、これらのチャネルのモデルはフレーバー SU(3)を SU(4)に拡張するなどした類推から構築されている。DN(I=1)　チャネルは引力的であろうといった、統一的な予測もあるが、その強さはモデルごとにバラバラである。従って、散乱長の正負を決めるだけでも価値があるのではないかと思う。
1 D̄N interaction and D!p correlation function

1.1 D̄N scattering length

The scattering length parameters for the D̄N model are summarized in Table 1.1. Here we use the
notation of scattering length as a0 " F(

#
s =

#
sth) with threshold of referenced channel

#
sth. The

positive scattering length corresponds to

model aD̄N(I=0)
0 [fm] aD̄N(I=1)

0 [fm] aD
!p

0 [fm] boutnd state (I=0) bound state (I=1)
1 [1] -0.16 -0.26 -0.21 None None
2 [2] 0.07 -0.45 -0.19 None None
3 [3] -4.38 -0.07 -2.23 2804 None
4 [4] 0.03-0.16 0.20-0.25 0.12-0.22 None None

Table 1: I = 0 and I = 1 D̄N scattering length. D!p scattering length aD
!p

0 is given by taking the

average of aDN(I=0)
0 and aDN(I=1)

0 . The pole positions of the bound state are listed.

1.2 potential construction

V (r) = V0 exp(!(mr)2) (1)

m = m!. V0 is the depth of the potential at r = 0. V0 is real for D̄N interaction.

model V D̄N(I=0)
0 [MeV] V DN(I=1)

0 [MeV] V D!p
0 [MeV]

1 1317 4202
2 -244 65699
3 -1380 381
4 (-117)-(-452) (-520) - (-592)

Table 2: Fitted potential potential depth of ! meson exchange potential for I = 0 and I = 1.
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• Depending on the interaction (scattering length), 
   shows enough enhancement, suppression. CD+p

2.3 correlation function

To calculate the D+p wave function with the out-going boundary condition using the e!ective complex
potential, we solve the Schrödinger equation with V !. With this technique, we can take the coupled-
channel e!ect on the D+p wave function into account, while the contribution from the coupled-channel
sources are neglected.
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Figure 4: D+p correlation function with R=1 fm.
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  interaction and  correlation function DN D+p

  interaction D(cl̄)N (C = 1)

• Analogue of  in charm sector 
• Complex value of  due to decay channels 
• Large uncertainty for pole position

K̄(sl̄)N
a0

Y. Kamiya, T. Hyodo, and  A. Ohnishi in prep.

• Coulomb repulsive

• Coupled-channel effect to the decay channel is 

  handled by  trick ( ).V* V → V*

• Construct effective potential  from modelsV

2 DN interaction and D+p correlation function

2.1 DN scattering length

model aDN(I=0)
0 [fm] aDN(I=1)

0 [fm] bound state (I = 0) bound state (I = 1)
1 [1] !0.43 !0.41 2620! i1
2 [5] !0.07 + i0.001 !1.47 + i0.65 2695! i77
3 [6] 0.004 + i0.02 0.33 + i0.05 2637! i40
4 [7] !0.41 + i0.04 !2.07 + i0.57 2793! i6
5 [8] - !0.764 + i0.615(D0n) 2806! i72

Table 3: I = 0 and I = 1 D̄N scattering length. The pole positions of the (quasi) bound state (closest
to DN threshold) are also listed.

2.2 potential construction

V (r) = V0 exp(!(mr)2) (2)

m = m!. V0 is the depth of the potential at r = 0. V0 is complex for the DN interaction to introduce
the coupled-channel e!ect to the lower channels.

model V DN(I=0)
0 [MeV] V DN(I=1)

0 [MeV]
1 !3086 !3235
2 381! i7 !1527! i127
3 !687! i50
4 !1476! i58
5 - !1588! i359
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Summary

The vigorous and challenging theoretical and experimental works on the 
correlation function for various hadron systems are ongoing. 
(In this talk: )K−p, pΩ−, ΛΛ, pΞ−, dΞ−, D+p, D−p

Careful treatment on the coupled-channel, and Coulomb interaction is 
mandatory for the detailed comparison with experimental data. 

Femtoscopic correlation function in high energy nuclear collisions is a 
powerful tool to investigate the hadron-hadron interaction.

Summary

Thank you for your attention!

Direct determination of amplitude from correlation function 

Determination of source function 

3-body system and 3-body correlation function from theoretical 
calculations

Future works



Thank you!
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 dibaryon and  correlation NΩ pΩ

 source for AA collisionspΩ
PROBING !! AND P! DIBARYONS … PHYSICAL REVIEW C 101, 015201 (2020)

FIG. 5. The S-wave N! potential with J = 2 from lattice QCD
simulations [13]. The lattice data are fitted by the form Vfit(r) =
b1e!b2r2 + b3(1 ! e!b4r2

)(e!m" r/r)2 with m" = 146 MeV.

respectively, so that a weakly bound N! appears with the
binding energy EB " 1.54 MeV.

Table III shows the low-energy-scattering parameters and
binding energies obtained by solving the Schrödinger equa-
tion in the presence of the attraction from the strong inter-
action and the extra attraction from the Coulomb interaction.
The value of the resultant scattering length is compatible with
the expected effective system size in heavy-ion collisions,
thus one can expect characteristic depletion of the correlation
function and its variation for the system with bound state,
against system size as seen from Fig. 1.

B. Correlation function

In addition to the J = 2 channel, the N! system has the
J = 1 channel which is expected to couple strongly with
low-lying octet-octet states due to fall apart decay in the
S-wave. In the same way as Ref. [17], we consider a limiting
case where the J = 1 p! pairs are perfectly absorbed into
low-lying states through the potential V J=1(r) = !i# (r0 !
r)V0. The strength V0 is taken to be infinity and r0 is set to
2 fm where Coulomb interaction dominates over the J = 1
LQCD potential. Accordingly, the wave function is written
as $J (q, r) = $C (q, r) ! $C

0 (r) + %C
0 (r), where the scattering

wave function in the S-wave, %C
0 (r), receives the effects of the

interactions.

TABLE III. S-wave scattering length a0, effective range reff, and
binding energy of the p! pair with the lattice QCD potential for
different t/a and the Coulomb attraction.

t/a a0 (fm) reff (fm) EB (MeV)

11 3.45 1.33 2.15
12 3.38 1.31 2.27
13 3.49 1.31 2.08
14 3.40 1.33 2.24

FIG. 6. p! correlation function from central (0–10%) to periph-
eral (60–80%) Pb-Pb collisions (a), as well as from peripheral to
central collisions and the small-to-large ratio (b).

Then the total probability density reads

|$p!(q, r)|2 =
2!

J=1

2J + 1
8

|$J (q, r)|2. (21)

Here the J = 2 contribution which is of our interest, is
weighted by a large factor 5/8. The number of the low-
momentum pairs decrease due to the absorption in the J = 1
channel and the resultant correlation function C(q) tends to
decrease but not with significant amount as discussed in in
Ref. [17].

Figure 6 shows the p! correlation functions from periph-
eral to central collisions. Since the N! potential in Fig. 5
is nearly independent of t/a, the same holds for C(q), too.
Thus we display only results of t/a = 12. The enhancement
of C(q) above 1 for small q is due to the Coulomb attraction,
whereas the suppression of C(q) below 1 is due to the positive

015201-7

dN
dypT2dpTπ

=
d

(2π)3
2mTV∫

∞

0
dρe−ρ2/2I0 ( pT

T sinh yT) K1 ( mT

T cosh yT)

B. B. Abelev et al. (ALICE), PLB 728, 216 (2014).   
B. Abelev et al. (ALICE), PRC 88, 044910 (2013). 

For quantitative analyses, detailed source function is required.

KENJI MORITA et al. PHYSICAL REVIEW C 101, 015201 (2020)

one of the indispensable ingredients in quantitative analyses.
Here we employ a thermal source model with hydrodynamic
expansion in which parameters are so tuned as to reproduce
relevant particle yields and spectra.

We assume that the baryon production takes place
at chemical and thermal freeze-out temperature Tf
from a cylindrically expanding boost-invariant fireball,
where the flow velocity uµ(x) is parameterized as uµ =
(cosh !s cosh yT , sinh yT cos ", sinh yT sin ", sinh !s cosh yT )
with !s = tanh!1(z/t ) being the space-time rapidity. The
transverse rapidity yT is parameterized as yT = #(rT /RT )$ ,
where # are $ are the fitting parameters and RT denotes the
transverse source size. Then the emission function of particle
species i can be written as [23]

d4xSi(x, p) = %0d!sd2rT
d

(2& )3
nF (u · p, T ) exp

!
! r2

T

2R2
T

"
,

(15)
where p is the on-shell momentum, x is the space-time emis-
sion point, d denotes the spin degeneracy, and nF denotes
the Fermi distribution function. We assume that hadrons are
produced at a constant proper time % =

"
t2 ! z2 = %0 with

a Gaussian profile in the transverse direction. The use of
azimuthally symmetric profile is an oversimplification since
it does not account for the significant anisotropic flow in
noncentral events, but we retain it in order to reduce the
number of parameters. In fact, the one-dimensional baryon-
baryon correlation functions are not expected to be strongly
sensitive to detailed source shape in the transverse plane, since
it can be expressed in terms of relative source distribution (9).
By integrating over !s and rT , one obtains the single-particle
spectrum, EdN/d3 p. In the Boltzmann approximation m #
T , the thermal spectrum is proportional to the volume factor
V = 2&%0R2

T , so that we have

dN
dypT d pT 2&

= d
(2& )3

2mT V
# $

0
d'e!'2/2

% I0

!
pT

T
sinh yT

"
K1

!
mT

T
cosh yT

"
, (16)

where I0 and K1 are the modified Bessel functions.
The parameters in our model are determined by the

following procedure. First, we fix the freeze-out temperature
to Tf = 155 MeV from the fit to the various particle
multiplicity data at the Large Hadron Collider (LHC) [29].
We perform a fit to the experimental transverse-momentum
spectra of each species by varying three parameters (V ,
#, and $). Finally, we fix %0 = 10 fm/c from a freeze-out
temperature in a hydrodynamic model calculation [30] for the
most central event bin (5–10%) in ( production analyses [27].
We take the relation %0 & (dN/dy)1/3 which is expected from
the property of longitudinal HBT radii Rlong & %0

$
Tf /mT

[31] and well-established relation between the HBT radii and
multiplicity. Then R is obtained from the fitted values of the
volume factor V .

Figure 2 displays the fitted transverse-momentum spectra
for (s and protons. The obtained parameter sets are sum-
marized in Table I. We take into account two-body decay
contributions from resonances with mass mR < 2 GeV to the
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FIG. 2. Transverse-momentum spectra of (a) ( and (b) p. Exper-
imental data are taken from Refs. [27] and [28] for ( and protons,
respectively. Two most central events are scaled by factor 3 and 1.5
for better comparison.

proton spectra. We note that those resonance contributions
are important to fit the total yield of protons with reasonable
system sizes. Note also that there is so-called thermal proton
yield anomaly at LHC [29]. (See Ref. [32] for a possible
resolution.) The proton spectra have more detailed centrality
bins than those of the (, such that fits are made for those
data. In the calculations of the correlation function below, we

TABLE I. Parameters in the emission function (15) for different
centralities and particle species.

Centrality %0 (fm/c) R(
T (fm) Rp

T #( $( #p $ p

0–10% 10.0 8.0 6.8 0.584 0.628 0.759 0.421
10–20% 9.085 6.75 6.23 0.618 0.579 0.750 0.425
20–40% 7.5 5.88 5.2 0.546 0.692 0.707 0.466
40–60% 5.5 4.38 3.92 0.444 0.858 0.604 0.6
60–80% 3.62 2.12 2.66 0.456 0.812 0.456 0.82
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where I0 and K1 are the modified Bessel functions.
The parameters in our model are determined by the

following procedure. First, we fix the freeze-out temperature
to Tf = 155 MeV from the fit to the various particle
multiplicity data at the Large Hadron Collider (LHC) [29].
We perform a fit to the experimental transverse-momentum
spectra of each species by varying three parameters (V ,
#, and $). Finally, we fix %0 = 10 fm/c from a freeze-out
temperature in a hydrodynamic model calculation [30] for the
most central event bin (5–10%) in ( production analyses [27].
We take the relation %0 & (dN/dy)1/3 which is expected from
the property of longitudinal HBT radii Rlong & %0
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Tf /mT

[31] and well-established relation between the HBT radii and
multiplicity. Then R is obtained from the fitted values of the
volume factor V .

Figure 2 displays the fitted transverse-momentum spectra
for (s and protons. The obtained parameter sets are sum-
marized in Table I. We take into account two-body decay
contributions from resonances with mass mR < 2 GeV to the
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proton spectra. We note that those resonance contributions
are important to fit the total yield of protons with reasonable
system sizes. Note also that there is so-called thermal proton
yield anomaly at LHC [29]. (See Ref. [32] for a possible
resolution.) The proton spectra have more detailed centrality
bins than those of the (, such that fits are made for those
data. In the calculations of the correlation function below, we

TABLE I. Parameters in the emission function (15) for different
centralities and particle species.

Centrality %0 (fm/c) R(
T (fm) Rp

T #( $( #p $ p

0–10% 10.0 8.0 6.8 0.584 0.628 0.759 0.421
10–20% 9.085 6.75 6.23 0.618 0.579 0.750 0.425
20–40% 7.5 5.88 5.2 0.546 0.692 0.707 0.466
40–60% 5.5 4.38 3.92 0.444 0.858 0.604 0.6
60–80% 3.62 2.12 2.66 0.456 0.812 0.456 0.82
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Transverse momentum spectra  (ALICE Pb-Pb)
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Coupled-channel boundary condition (b.c.)

 correlation with Koonin-Pratt FormulaK−p

 R. Lednicky, et. al. Phys. At. Nucl. 61 (1998)

• Correlation fcn. Outgoing wave b.c.

K−p outgoingK−

p

K−p K̄0n π0Σ0⋯

• Scattering problem; Incoming wave b.c.

K−p K̄0n π0Σ0⋯K−p incoming K−

p

|aK−p | = 1, |aj≠K−p | = 0

χ(C)
j (r, q) → aj(outgoing wave) + bj(incoming wave)

• Asymptotic waves

open channels :

closed channels : χ(C)
j (r, q) → aj(diverg . solution) + bj(converg . solution)

|bK−p | = 1, |bj≠K−p | = 0
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Comparison with ALICE data
 contribution Λ(1520)

 • Fit the remnant part of data (  )  by Breit-Wigner functionCdata − Cfit

Cres(q) =
bΓ2

(q2/2μK−p + mp + mK− − ER)2 + Γ2/4

 • Result
ER = 1520.9 MeV
Γ = 9.7 MeV

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018) and 2019 update

!(1520) 3/2! I (JP ) = 0(3
2
!) Status: """"

Discovered by FERRO-LUZZI 62; the elaboration in WATSON 63
is the classic paper on the Breit-Wigner analysis of a multichannel
resonance.

The measurements of the mass, width, and elasticity published be-
fore 1975 are now obsolete and have been omitted. They were last
listed in our 1982 edition Physics Letters 111B111B111B111B 1 (1982).

Production and formation experiments agree quite well, so they are
listed together here.

!(1520) POLE POSITION!(1520) POLE POSITION!(1520) POLE POSITION!(1520) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

1517 +4
!41517 +4
!41517 +4
!41517 +4
!4

1 KAMANO 15 DPWA Multichannel

• • • We do not use the following data for averages, fits, limits, etc. • • •

1518 ZHANG 13A DPWA Multichannel

1518.8 QIANG 10 SPEC e p " e#K+ X (fit to X )

1 From the preferred solution A in KAMANO 15.

!2#IMAGINARY PART!2#IMAGINARY PART!2#IMAGINARY PART!2#IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

15 +10
! 815 +10
! 815 +10
! 815 +10
! 8

1 KAMANO 15 DPWA Multichannel

• • • We do not use the following data for averages, fits, limits, etc. • • •

16 ZHANG 13A DPWA Multichannel

17.2 QIANG 10 SPEC e p " e#K+ X (fit to X )

1 From the preferred solution A in KAMANO 15.

!(1520) POLE RESIDUES!(1520) POLE RESIDUES!(1520) POLE RESIDUES!(1520) POLE RESIDUES

The normalized residue is the residue divided by !pole/2.

Normalized residue in N K $ !(1520) $ N KNormalized residue in N K $ !(1520) $ N KNormalized residue in N K $ !(1520) $ N KNormalized residue in N K $ !(1520) $ N K
MODULUS PHASE (%) DOCUMENT ID TECN COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •

0.431 !11 1 KAMANO 15 DPWA Multichannel

1 From the preferred solution A in KAMANO 15.

Normalized residue in N K $ !(1520) $ " !Normalized residue in N K $ !(1520) $ " !Normalized residue in N K $ !(1520) $ " !Normalized residue in N K $ !(1520) $ " !

MODULUS PHASE (%) DOCUMENT ID TECN COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •

0.435 !10 1 KAMANO 15 DPWA Multichannel

1 From the preferred solution A in KAMANO 15.
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Discovered by FERRO-LUZZI 62; the elaboration in WATSON 63
is the classic paper on the Breit-Wigner analysis of a multichannel
resonance.

The measurements of the mass, width, and elasticity published be-
fore 1975 are now obsolete and have been omitted. They were last
listed in our 1982 edition Physics Letters 111B111B111B111B 1 (1982).

Production and formation experiments agree quite well, so they are
listed together here.

!(1520) POLE POSITION!(1520) POLE POSITION!(1520) POLE POSITION!(1520) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

1517 +4
!41517 +4
!41517 +4
!41517 +4
!4

1 KAMANO 15 DPWA Multichannel

• • • We do not use the following data for averages, fits, limits, etc. • • •

1518 ZHANG 13A DPWA Multichannel

1518.8 QIANG 10 SPEC e p " e#K+ X (fit to X )

1 From the preferred solution A in KAMANO 15.

!2#IMAGINARY PART!2#IMAGINARY PART!2#IMAGINARY PART!2#IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN COMMENT

15 +10
! 815 +10
! 815 +10
! 815 +10
! 8

1 KAMANO 15 DPWA Multichannel

• • • We do not use the following data for averages, fits, limits, etc. • • •

16 ZHANG 13A DPWA Multichannel

17.2 QIANG 10 SPEC e p " e#K+ X (fit to X )

1 From the preferred solution A in KAMANO 15.

!(1520) POLE RESIDUES!(1520) POLE RESIDUES!(1520) POLE RESIDUES!(1520) POLE RESIDUES

The normalized residue is the residue divided by !pole/2.

Normalized residue in N K $ !(1520) $ N KNormalized residue in N K $ !(1520) $ N KNormalized residue in N K $ !(1520) $ N KNormalized residue in N K $ !(1520) $ N K
MODULUS PHASE (%) DOCUMENT ID TECN COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •

0.431 !11 1 KAMANO 15 DPWA Multichannel

1 From the preferred solution A in KAMANO 15.

Normalized residue in N K $ !(1520) $ " !Normalized residue in N K $ !(1520) $ " !Normalized residue in N K $ !(1520) $ " !Normalized residue in N K $ !(1520) $ " !

MODULUS PHASE (%) DOCUMENT ID TECN COMMENT

• • • We do not use the following data for averages, fits, limits, etc. • • •

0.435 !10 1 KAMANO 15 DPWA Multichannel

1 From the preferred solution A in KAMANO 15.

HTTP://PDG.LBL.GOV Page 1 Created: 5/22/2019 10:04

PDG PRD98 (2018)

 • PDG pole position 
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Vstrong
ij (r, E) = e−(bi/2+bj/2)r2

∑ αmax
α=0 Kα,ij (E/100 MeV)α

Chiral SU(3) based - -  potentialK̄N πΣ πΛ Miyahara, Hyodo, Weise, PRC 98 (2018) 

• Constructed based on the amplitude with NLO chiral SU(3) dynamics 

• Coupled-channel, energy dependent as 

• Constructed to reproduce the chiral SU(3) amplitude around the  sub-threshold regionK̄N

Ikeda, Hyodo, Weise, NPA881 (2012)

CONSTRUCTION OF A LOCAL K̄N -!!- … PHYSICAL REVIEW C 98, 025201 (2018)

FIG. 6. Deviations "fij (z) [see Eq. (26)] of the I = 0 amplitudes in the complex energy plane relative to the original chiral SU(3)
amplitudes, visualized as contours. Upper and lower figures represent the results for "fij computed with first- and second-order polynomial
parametrizations of the potential strengths, respectively. From the left, each figure displays "f!!,!! , "f!!,K̄N , and "fK̄N,K̄N . Crosses denote
positions of the two poles of the original amplitude in the complex plane. The sequence of contour lines are given in steps of 0.2.

FIG. 7. Scattering amplitudes F
equiv,g
ij (dotted lines) resulting from the equivalent potential (20) in comparison with the original chiral SU(3)

dynamics amplitudes (denoted by F , sold lines) in the I = 1 channel. The real (imaginary) parts are shown by the thick (thin) lines.
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• Two pole structure of : well reproduced  Λ(1405)

CONSTRUCTION OF A LOCAL K̄N -!!- … PHYSICAL REVIEW C 98, 025201 (2018)

TABLE I. Results of computations using the equivalent coupled-channel potentials, V
equiv,g
ij of Eq. (20) and V

equiv
ij of Eq. (25). Shown are,

in this sequence, the polynomial order of V
equiv
ij , the energy range used for parameter fixing, the “accuracy measure” given by the percentage

P , and the pole positions in the I = 0 scattering amplitude. The theoretical uncertainties of the original chiral SU(3) dynamics pole positions
are taken from Ref. [51].

Potential (polynomial in E) Energy range [MeV] P High-mass pole [MeV] Low-mass pole [MeV]

V equiv,g 32 1425 ! 23i 1336 ! 69i

V equiv (first order) 1403–1440 84 1423 ! 26i 1378 ! 80i

V equiv (second order) 1362–1511 99 1424 ! 27i 1380 ! 81i

Original poles [51] 1424+3
!23 ! 26+3

!14i 1381+18
!6 ! 81+19

!8 i

Not surprisingly, the potential strengths seen in Fig. 4
reflect qualitatively the trends already expected from the
leading-order (LO, Tomozawa-Weinberg) terms of the chi-
ral SU(3) meson-baryon Lagrangian. For example, the LO
I = 0 K̄N diagonal potential at threshold, when integrated
over volume, gives UK̄N"K̄N # !3/(4f 2) # !3.4 fm2, with
the pseudoscalar meson decay constant f # 92 MeV. The
corresponding LO I = 0 !! diagonal potential is slightly
stronger and gives U!!"!! # !1/f 2 # !4.5 fm2. Next-to-
leading-order terms are important, of course, and contribute to
the more detailed quantitative behavior of the Uij .

The smooth energy dependence of U
equiv,"V
ij (

$
s) in Fig. 4

justifies terminating the polynomial expansion (25) of the
parametrized potential V

equiv
ij at low orders (i.e., first or second

order, "max = 1, 2). The energy range of validity for this
parametrization is determined by maximizingP as discussed in
Sec. II B. The lower boundary of this energy window is varied
in steps of one MeV upward from 1200 MeV, while the upper
boundary is chosen below 1660 MeV in order to avoid the
nonanalytic behavior at the threshold of the (eliminated) ##
channel. By this procedure, the energy window of optimized

FIG. 4. Solid lines: volume integrals of equivalent potentials
including the adjustment term "Vij (

$
s), U

equiv,"V
ij (

$
s) of Eq. (32),

in the isospin I = 0 channels (K̄N " K̄N,!! " !!, and K̄N "
!!). Shown for comparison are the parametrizations U

equiv
ij (

$
s )

according to Eq. (25) with first- and second-order polynomial ex-
pansions (dotted and dashed lines, respectively). The energy range
for fitting the first-order (second-order) polynomial representations
of V

equiv
ij is 1403–1440 MeV (1362–1511 MeV).

fitting is determined as 1403–1440 MeV (1362–1511 MeV)
for the first-order (second-order) polynomial. The resulting
polynomial coefficients, K",ij , are summarized in Table II.
They display excellent convergence in the following sense: The
K2 coefficients are an order of magnitude smaller than K0 and
K1. The latter do not change significantly when including the
K2 terms. This indicates the dominance of the linear energy
dependence and justifies the truncation of the expansion at
the second order. The volume integral U

equiv
ij (

$
s) is shown

in Fig. 4 by dashed (first-order parametrization) and dotted
(second-order parametrization) lines.

The scattering amplitudes calculated using the optimized
potential V

equiv
ij of Eq. (25), with first- and second-order

polynomials, are compared with the original chiral SU(3)
dynamics amplitudes in Fig. 5. The results of both the first- and
second-order parametrizations are now significantly improved
from those of F equiv,g in Fig. 2, thanks to the added adjustment
term. It is worth noting that the potential with the first-
order polynomial properly extrapolates the amplitude down
to the region near the !! threshold even though the lower
boundary of the energy range for parameter adjustment is
around 1400 MeV, far above the !! threshold at %1330 MeV.
This can be understood by the almost linear energy dependence
of the potential strength seen in Fig. 4.

In order to investigate the pole structure of the #(1405), the
scattering amplitudes are analytically continued into the region
of complex energies. In Fig. 6, we plot the deviations of the
amplitudes, "fij (z) of Eq. (26), in the complex energy plane.
With both the first- and second-order polynomial potentials,
each component of the original chiral SU(3) amplitude matrix
is reproduced with 20% accuracy, including the energy region
of the high-mass (K̄N -dominated) pole of the #(1405). The
low-mass pole can likewise be covered when the second-order
polynomial is used. For a more quantitative assessment, the
pole positions and the accuracy measure P defined in Eq. (28)
are summarized in Table I. The first-order polynomial potential
reproduces the pole positions within the theoretical uncertain-
ties given in Ref. [51]. The second-order polynomial version of
the potential further improves these pole positions, which are
then reproduced to an accuracy of 1 MeV. The value of P is as
high as 84 (99) with the first-order (second-order) potential.
This result is comparable with or better than that of the
single-channel K̄N potential in Ref. [18], which givesP = 96.
Recalling that the complete set of available experimental data
for K!p scattering and reactions is reproduced accurately by
the original amplitude of chiral SU(3) dynamics, the equivalent

025201-7

High-mass pole : 1424 - 27i 
Low-mass pole  : 1380 - 81i

Original chiral SU(3) : 1424 - 26i 
                                     1381 - 81i

 interaction and  correlationK̄N K−p
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Comparison with ALICE data

Cfit(q) = 𝒩[1 + λ{CK−p(q) − 1}]

Fitting result

CK−p(q) = ∑
j

ωj ∫ d3r S(r) |ΨC,(−)
j (q, r) |2 ]

 • Fitting function

 • Fitting range:  q < 120 MeV/c

•  ALICE data has been well reproduced with the reasonable values of parameters.

• Coupled-channel source contribution is essential to reproduce the data.
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