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1. Introduction
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Neutron stars

Phase diagram (cartoon) for the strong interactions.
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Introduction
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Columbia plot: quark-mass dependence of the thermal transition
[de Forcrand, arXiv:1702.00330].
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Introduction
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Quark mass thresholds in QCD thermodynamics
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We discuss radiative corrections to how quark mass thresholds are crossed, as a function of the
temperature, in basic thermodynamic observables such as the pressure, the energy and entropy densities,
and the heat capacity of high temperature QCD. The indication from leading order that the charm quark
plays a visible role at surprisingly low temperatures, is confirmed. We also sketch a way to obtain
phenomenological estimates relevant for generic expansion rate computations at temperatures between the
QCD and electroweak scales, pointing out where improvements over the current knowledge are
particularly welcome.

DOI: 10.1103/PhysRevD.73.085009 PACS numbers: 11.10.Wx, 11.15.Bt, 1238 Bx, 98.80.Cq

Quark-mass dependence of the QCD EoS at T # 0 and 14 = 0.
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Introduction
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Theoretical neutron star interiors [Weber, 1999].
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2. Strongly-interacting matter at extreme conditions

In principle: Calculate the QCD thermodynamic potential in medium:
- /
Qqop(T, {wi},{m}) = —TIog/szDwDAue_f‘ﬁXfol "drLEep

where
Léep = %Fﬁu’:ﬁu + i(Yu Dy + mi — pivo) i,
and
F2, = 0uA3 — 0, A% + gaf P AL AS,
D, =0, —iggAu, Au=ALT
* Asymptotic Freedom: Allows perturbative calculations of Qqcp
(pQCD) and the renormalization group (RG) equations.
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Quark matter model:

Cold and dense perturbative QCD (pQCD)

State-of-the-art result: NNLO QCD thermodynamic potential of

[Kurkela et al., 2010] for (u,d,s) quarks, with RG improvements in the

strange mass “ms" and strong coupling “as” parameters:

Q3 on (g}, ms(A). as(R)) = Q=0 4 (" + Dy + ring)

which considered the calculation of the following Feynman diagrams

(ORI

for a gas of “N," massless (Q2™=9) plus “1" massive (Q™ + Qou + Qring)
contributions. Originally, th|s case was called “Nf =2+ 1"
* Note: This formalism works perfectly also for “Nf = N; 4+ 1".
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State-of-the-art pQCD EoS for cold quark matter

= Free quarks 4
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Total pressure of (u,d,s) quarks in 3 equilibrium with electrons and
electrically neutral normalized by a Stefan-Boltzmann gas
[Fraga et al., 2014].
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3. Beyond Ny = N, + 1: Cold heavy QCD matter

The pQCD thermodynamic potential Q for “N,” massless and “N,,"
massive quarks can be written as

Nim . Nim . '
AN = > QaenlV] = > {@Iv1+ en]} .
i=1 i=1

*Ilmmediate application: Charm quark matter representing a total flavor
sum over massless u, d, and massive s, ¢ as

Ne=2+42=(u+c) Y+ (d+)P =1+1)D 4+ (1+1)?,

where N,(i) =1 and N,, = 2. Thus, one obtains:

QINF=2+2] = {Q[N,(l) =1]+ Q[l(l)]} + {Q[Nl(z) = 1]+ Q[1(2)]} .
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Above the charm threshold (i.e. Ny =2+ 2): How?

When ps crosses the charm quark threshold, the following weak
equilibrium reaction is allowed to take place:

ut+d<+<c+d,
yielding the condition

He = Hu -

Thus, the electric charge neutrality condition to be solved is

2 2 1 1
gnu—i-gnc—gnd—gns—ne—nuzm
where we have included muons, which appear when y,, > m,(105.7 MeV).
Again, this allows us to express the quark and lepton chemical potentials
only in terms of yis.
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Above the charm threshold (i.e. Ny =2+ 2): When?

We assume that charm quarks are allowed in the system when

0

fic = s — fre > mzedim > ;0

Then, the renormalization scale parameter below and above the charm
threshold is given by

R T L T
N =

X+ (Hu + prd + prs =+ fic)
3 b

ps 2 m, (1b)
where the approximations in the last inequalities represent that just before

the threshold point the p. takes its lowest value compared to s, thus
allowing us to make the approximation pc =~ ps.
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Charm matter: Thermodynamics for N =2+ 1+1
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Normalized total pressure for a system of Ny =2+ 1+ 1 quarks plus
leptons in 3 equilibrium and electrically charge neutral
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[J. C. J. and Fraga, 2020].
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4. Can interacting charm quark stars exist in

Nature?

o Kettner et al. (1995) used the non-interacting MIT bag model with
constant quark masses to prove that charm stars are dynamically

unstable.
@ This model is given by

p= Z

gi 1 1 Wi+ ki
€= Zﬁ [Miki (M,?— 2”",2) - 2m?|0g< 'mi ')] + B.

@ In this model the “B" is a free parameter and the particle masses
m;" (i =u,d,s,c,e”,u”) are constants, being u? = k? + m?.
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Can interacting charm quark stars exist in Nature?
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Cartoon of mass-radius diagram for quark star families
[J. C. J. and Fraga, 2020]
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Can interacting charm quark stars exist in Nature?
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Maximal-mass measurements of neutron stars in binary systems
[Demorest, 2010].
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Tolman-Oppenheimer-Volkov (TOV) Equations

o Einstein's field equations + perfect-fluid star's interior + spherical
symmetry [Glendenning, 2000]:

dP A (r)e(r) [1 (r)] [ W_p(,)] [1_ 2///(r)]_17

dr r? e(r) A(r) r
d
d_/r/l = 4rre(r),
w_ 2
dr P+edr’

@ To solve these equations consistently, one needs the equation of state
(EoS): P = P(e), plus boundary conditions.
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Charm quark matter in hydrostatic equilibrium

10

15
R [Km]

Mass-radius diagram for quark stars made of Ny = 2 + 1+ 1 quarks plus
electrons and muons [J. C. J. and Fraga, 2020].
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Charm matter: Necessary equilibrium condition

Usually, only the necessary condition for the stability, i.e 9M/0e. > 0, is
considered.

0.5

0.1 1 10 100 1000 104
€.[GeV /fm *]

Total gravitational mass vs central energy density for a system with
Nf =2+ 1+ 1 quarks plus leptons [J. C. J. and Fraga, 2020].
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Radial stability analysis: Sufficient equilibrium condition

Defining Ar/r = & and AP as the independent variables for the pulsation
problem, one gets the coupled differential equations [Gondek et al., 1997]:

d¢ 1 AP\ dP ¢
ar r<3f+rp) dr (P+e)’
and

dAP dP
ar —f{wQG)\_V(P+€)r—4d}+

r

3 { (‘:ﬁ)z ﬁ — 8reM(P + e)Pr} +

dP 1
4P+ )re
{drP—i—e m( +e)re},

where w is the oscillation frequency.
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Dynamical stability analysis of charm stars

A general-relativistic analysis of complex frequencies (through w2 — —w?)
in the pulsation equations allow us to choose stable self-bound stars.
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Imaginary part of the fundamental mode frequency, fy, as a function of the
central energy densities for X =3 [J. C. J. and Fraga, 2020].
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6. Summary and final conclusions

@ Our novel method deals with more than one heavy quark in the
equation of state for cold quark matter. This opens a window to study
heavy flavors at high densities where pQCD offer reliable observables.

@ In particular, charm quark matter was studied in detail and applied to
probe the stability of charm stars. It was shown that these stars are
unstable against radial oscillations and cannot exist in Nature.

@ The developed framework can be improved at T # 0 by using
gravitational-wave data from neutron-star mergers where charm
quarks might left some imprints.
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The pQCD equation of state

*Usual thermodynamics: Pressure obtained from P = —Qqcp/V, but
this leads to thermodynamic inconsistiencies of the form njdu; # V~"1dP
coming from terms like 6%043.

*KRV prescription: Instead, we calculate the n;, imposing
thermodynamic consistency together with S-equilibrium and electric

charge neutrality simultaneously, truncating terms up to NNLO:

{nU(U7 X)v nd(lu‘a X)? nS(,uv X)}

We build the total pressure from

® d e e
P(MaX):/ dﬁ[nu<1—d” )+nd+ns+ne Hel
Mo(X) /'1/5

and the energy density
e(u, X) = =P+ p(ny + ng + ns) — pe(ny — ne),

then obtaining numerically P = P(e).



Charm matter: Relative particle number densities

For a given X, the total quark number density for charm matter is defined
as ng({pr} , X)=ny+ng+ns+nc, n=nqg+n;, n.=ne+ny,.

—_——

n;/n

lO—lO L

Hs[GeV ]

Relative particle fractions for quarks and leptons present
in charm quark matter for X =3 [J. C. J. and Fraga, 2020].



Radial stability analysis: Boundary conditions

* Physical smoothness at the center of the star requires that

(AP)center - _3(§I_P)center-

* The condition P(r — R) — 0 implies that

(AP)surface =0.

Recipe:
@ Solve the TOV equations to calculate the I'(r), P(r), e(r), A(r), and
v(r) for a given central pressure.

@ After solving the oscillation equations, obtain an oscillating behavior
of AP and £ as functions of w.

@ Only the discrete values of the frequency that satisfy AP(w?) = 0 are
considered eigenfrequencies of the system.



RG running of the strong coupling

The RG equations can be solved in the MS scheme for the strong
coupling, for which one gets [Fraga and Romatschke, 2005]

as(R) = 2T (1 - 25;'“) ,

where B = 11 — 2N¢ /3, f1 = 51 — 19N;/3, L = 2In (A/Asgg).



RG running of the strange quark mass

The RG equations for the strange quark mass produce the running solution
of the form [58]

o (0;)4/9 (1 +0.895062 (O‘?) +1.37143 (i)2> ,

where since “as" depends on “N¢", fixing the massive quark at some

uA o n

energy scale to get “ms", will also depend on “N¢".

ms(N)



Boundary condition and solution for the metric functions

* In order to solve the equation for v, we use the boundary condition

u(r:R):|n<1—2M>,

R

which ensures that this metric function v(r) will match continuously the
Schwarzschild metric outside the star (r > R)

1
e (1 _ 22)/’) g <1 _ 2/’:’) dr® — r3(d6? + sin 0d¢?).

* Additionally, the solution for the metric function A(r) is

A1) = - in (1200,

r



Cold Heavy QCD Matter: Beyond N = N, + 1

If we want to add N, massive flavors, it is convenient to to do it in the

following way
Nm

Ne = Z(N/ + 1)(i),
i=1
the sum being the total number of flavors present in the system, which in
the end will respect the constraint N; + N,, = N¢. This forces us to add at
least one massless quark for each massive flavor included.
Example: Charm quark matter would represent the sum

Ne=(1+1)04+1+1)? =(u+ )Y+ (d+5)P =242,

where N,(i) =1 and N, = 2. Of course additional physical conditions are
needed in order to control when a heavy partner appears actively.



Cold Heavy QCD Matter: Beyond N = N, + 1

Then, the pQCD thermodynamic potential Qqcp can be written for N,
massless and N, massive quarks as

N N . _
QN =S QqenlNi] =Y {Q[N,(’)] n 9[1(:)]} ,

i=1 i=1

where one must choose the number of massless flavors first when adding a
massive one, so that _ '
Q] = (@=0()

is the massless contribution and
QO] = (27 + Ly + ing) )

the mixed massive contribution, where i) = (1, ..., i1;) is the massless
vector chemical potential, ﬁ(’) the massive (heavy) quark chemical
potentials, and m(") their corresponding masses.



Immediate application: Charm quark matter

As we already know, this case is represented by the sum
Ne=(1+1)D 4+ 1+1)? =(u+ )Y 4 (d+5).

So, in the above formalism this would be the case of heavy pQCD with
Nf =2 42 with NV = 1 for the up, N®) = 1 for the down, and Ny, = 2
for the strange and charm quarks. Thus, we have the following
thermodynamic potential:

QINF =2+1+1] = {Q[N,(l) — 1+ Q[l(l)]} n {Q[,\,l(z) 1+ Q[l(z)]} 7

From this point on, we follow the same strategy of the KRV prescription
to derive the associated thermodynamics.



Charm Quark Matter EoS: Total pressure

Now we are able to define the total pressure of the system as
Plus, X)= S PO+ S PP+ S P,
f=u,c f=d,s L=e, u

where we have separated the contributions coming from
Nf = (u+ c)® + (d + 5)?), defining each quark term as

Hs d
Pﬁl)(ﬂs,x):/ ) djis [”f (1_ dgi>:| )
Ko

(2) Hs _
Pf (,LLS)X): ( )d,us nf,
po(X

and the lepton contributions as

Hs

_ o du
PL(jis. X) = / diis m SHL
10(X) diis

including strange quarks even at zero pressure.



Charm Quark Matter EoS: Total energy density

We define the energy density as

e(pus, X) = —P+ Z 65;1)4— Z €$2)+ Z €r,

f=u,c f=d,s L=e,u

where the quark and lepton contributions are

M (s, X) = [1s — pe(pas)] neps)
( )(/'L57X) = Nsnf(,us) s

€L(NSaX) = ML(NS)”L(MS) .
Finally, we can build the EoS, P = P(e).
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