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adjustable parameters

 


lattice spacing: 

 


finite volume, time: 

  


quark masses (mf): 
  tune using hadron masses 
  extrapolations/interpolations

Lattice QCD Introduction

L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc… 
 


finite spatial volume (L)

 


finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb
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Lattice QCD calculations of simple quantities (with at most one stable 
meson in initial/final state) that quantitatively account for all systematic  
effects (discretization, finite volume, renormalization,…) , in some cases 
with 


• sub percent precision.  

•  total errors that are commensurate (or smaller) than corresponding 

experimental uncertainties.

Scope of LQCD calculations is increasing due to continual development of 
new methods: 


• nucleons and other baryons   

• nonleptonic decays (                , …)

• resonances, scattering, long-distance effects, … 

• QED effects 

• radiative decay rates …

The State of the Art

L 

a 

x Lattice QCD Introduction

K ! ⇡⇡
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Complexity

✓

[inspired by A. Kronfeld]
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�MK , ✏K

LQCD 
flagship 
results

Complete 
LQCD results, 
large(ish) errors 

First results, 
physical params, 
incomplete 
systematics

new methods,

pilot projects,

unphysical 
kinematics

hD̄0
|O

�C=2
i |D0

i

…

…

…

K+ ! ⇡+⌫⌫̄

K+ ! ⇡+`+`�

K+ ! `+⌫ (�) …

…

fB!D
+,0 (q2), . . .

B ! K⇤`` ! K⇡ ``

…

Λb → p, Λc, Λ

other inclusive 
decay rates,

…

new ideas,

first studies

B → Xcℓν,

aHVP LO
µ aHLbL

µ
gA, gT, gS

nucleon form factors, ..

MEs for light nuclei

Lattice QCD: Overview
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Form factors for  and B → π ℓνℓ |Vub |
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d
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W

µ+

⌫µ

d�(B!⇡`⌫)
dq2 = (known)⇥ |Vub|2 ⇥

��f+(q2)
��2

★ calculate the form factors in the low recoil (high q2) range. 

★ use model-independent parameterization of q2 dependence. 


★ calculate the complete set of form factors,                    and           .


★ for            compare shape between experiment and lattice. 

f+(q
2), f0(q

2) fT (q
2)

f+(q
2), f0(q

2)

q2 = (pB � p⇡)
2

Vub
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Form factors for  and B → π ℓνℓ |Vub |
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shape of f+  agrees with experiment and uncertainties are commensurate

fit lattice form factors together with experimental data to determine 

 and obtain form factors ( ) with improved precision…

similar analysis for  from  decay with LHCb [arXiv:1503.01421, 

PRD 2015; arXiv:1504.01568, Nature 2015]. 

|Vub | f+, f0
|Vub/Vcb | Λb

S. Aoki et al   
FLAG 2019 review, 1902.08191  
webupdate: flag.unibe.ch/2019/

Ongoing work by 
HPQCD, FNAL/MILC, 
JLQCD, RBC/UKQCD,… 

RBC [arXiv:1501.05373, PRD 2015]

FNAL/MILC [arXiv:1503.07839, PRD 2015]

http://arxiv.org/abs/arXiv:1902.08191
http://flag.unibe.ch/2019/
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Form factors for Bs → K ℓνℓ
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Lattice results for  and  form factors can be combined 
with new LHCb results for  decay rates

Ongoing work by FNAL/MILC, RBC/UKQCD, JLQCD, HPQCD

Bs → K Bs → Ds
Bs

S. Aoki et al   
FLAG 2019 review, 1902.08191  
webupdate: flag.unibe.ch/2019/

HPQCD [arXiv:1406.2279, PRD 2014]

RBC/UKQCD [arXiv:1501.05373, PRD 2015]

FNAL/MILC [arXiv:1901.02561, PRD 2019]

http://arxiv.org/abs/arXiv:1902.08191
http://flag.unibe.ch/2019/
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★The form factors obtained from the combined exp/lattice fit are well determined 
over entire recoil range.


★Can be used for an improved SM prediction of R(D). 

★Ongoing work by FNAL/MILC, JLQCD, RBC/UKQCD, HPQCD

Form factors for  and B → D ℓνℓ |Vcb |

S. Aoki et al   
FLAG 2019 review, 1902.08191  
webupdate: flag.unibe.ch/2019/

HPQCD [arXiv:1406.2279, PRD 2014]

FNAL/MILC [arXiv:1505.03925, PRD 2015]

http://arxiv.org/abs/arXiv:1902.08191
http://flag.unibe.ch/2019/
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Form factors for Bs → Ds ℓνℓ

15

FIG. 10: Results for fs

0,+(q2) against q2 at the physical
point, comparing the ratio method (from Appendix B) and
the direct method (from Section III 2).
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FIG. 11: Our final result for fs

0,+(q2) compared to form fac-
tors calculated using an NRQCD action for the b quark [35].
Part of the NRQCD band is shaded darker than the rest
(q2 ' 9.5GeV2) to signify the region where lattice results
were directly calculated. The NRQCD form factors in the
rest of the q2 range are the result of an extrapolation using a
BCL parameterization.

tion (1) from [28] and ⌘EW = 1.011(5) [23]. The distribu-
tion in the ⌧ case is cut o↵ at q

2 = m
2
⌧

and so, although
there is enhancement from m

2
`
/q

2 terms in Equation (1)
that reflect reduced helicity suppression, the integrated
branching fraction for the ⌧ case is smaller than for the
µ.

The ratio of branching fractions for semileptonic B de-
cays to ⌧ and to e/µ is being used as a probe of lepton
universality with an interesting picture emerging [36, 37].
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FIG. 12: Di↵erential decay rates for the Bs ! Dsµ⌫µ and
Bs ! Ds⌧⌫⌧ decays, calculated using the form factors deter-
mined in this work.

Here we provide a new SM prediction for the quantity

R(Ds) =
B(Bs ! Ds⌧⌫⌧ )

B(Bs ! Dsl⌫l)
, (35)

where l = e or µ (the di↵erence between e and µ is neg-
ligible in comparison to our precision on R(Ds)). Our
result is

R(Ds)|SM = 0.2987(46), (36)

in which we averaged over the l = e and l = µ cases.
Note that |Vcb| and ⌘EW cancel in this ratio. We give
an error budget for this result in terms of the uncertain-
ties from our lattice QCD calculation in Table VII. Our
result agrees with, but is more accurate than, the previ-
ous lattice QCD value of R(Ds) (0.301(6)) from [35]. An
experimental result for R(Ds) would allow a new test of
lepton universality.

We expect very little di↵erence between R(Ds) and
the analogous quantity R(D) because the mass of the
spectator quark has little e↵ect on the form factors [34].
Lattice QCD calculations that involve light spectator
quarks have larger statistical errors, however, which is
why the process Bs ! Ds is under better control. Pre-
vious lattice QCD results for R(D) are 0.300(8) [23] and
0.299(11) [22], in which any di↵erence with our result for
R(Ds) is too small to be visible with these uncertainties.

IV. COMPARISON TO HQET

In Figure 13 we show our form factor results at two
key values of q

2, the zero recoil point and q
2 = 0, as a

function of heavy quark mass, given by M⌘h
. The plot

demonstrates how f+ at zero-recoil increases as the heavy

combination of a smaller Bs → Klν form factor, as shown
in Fig. 14, and a larger reconstructed Bs → Dslν form
factor at q2 ¼ 0 leads to the difference shown in Fig. 21.

E. Comparison with prior results

We very briefly compare our results for a number of
quantities calculated in previous subsections with those
based on the form factors calculated by the HPQCD

Collaboration [30] and by the RBC and UKQCD
Collaborations [31].
We have already seen in Figs. 13 and 14 that our form

factors agree well with those in Ref. [31] but not with those
in Ref. [30]. This is reflected in Table XI where we find
quite reasonable agreement with the RBC/UKQCD results

FIG. 19. Form factor ratios, f2012þ;0 ðBs → DsÞ=f2012þ;0 ðB → DÞ, calculated by Fermilab Lattice and MILC Collaborations in Ref. [13] in
2012 (left) and B → Dlν form factors, f2015þ;0 ðB → DÞ, calculated by the same collaborations in Ref. [15] in 2015 (right). These are the
ingredients to reconstruct the Bs → Dslν form factors frecoþ;0 ðBs → DsÞ.

FIG. 20. The reconstructed form factors frecoþ;0 ðBs → DsÞ ob-
tained from Eq. (7.12).

FIG. 21. Form factor ratios, fþ;0ðBs → KÞ=frecoþ;0 ðBs → DsÞ, as
functions of the momentum transfer q2. The result provided by
HPQCD [85] at q2 ¼ 0 is plotted for comparison.

FIG. 22. Form factor ratios, fþ;0ðBs → KÞ=frecoþ;0 ðBs → DsÞ, as
functions of the recoil parameter w.

FIG. 23. The kinematically allowed region for Bs → Klν
(upper solid line) and Bs → Dslν (lower solid line) decays in
terms of q2 and w. The solid lines are the relation between q2

and w as defined in Eq. (7.13). The green and purple areas are the
corresponding Bs → Klν regions used to construct the form
factor ratios as shown in Fig. 21 and Fig. 22, respectively.

A. BAZAVOV et al. PHYS. REV. D 100, 034501 (2019)

034501-20

★Can be used to prediction . 

★New: experimental measurements of differential decay rate by LHCb  

★Ongoing work by FNAL/MILC, JLQCD, RBC/UKQCD, HPQCD

R(Ds)

FNAL/MILC [arXiv:1901.02561, PRD 2019]

Reconstructed from  form factors 
[1505.03925]  and  ratio [1403.0635]

B → D
Bs /B

HPQCD [arXiv:1906.00701, PRD 2020]
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Form factors for  and B → D* ℓνℓ |Vcb |

w = vB · vD⇤

<latexit sha1_base64="EK+kLsVbYP8ChpERlkVQwoQU0ng=">AAACAHicbZC7SgNBFIZnvcZ4i1pY2AwGwSrsSkQbIUQLywjmAtk1zE5mkyGzO8vM2UhY0vgqNhaK2PoYdr6Nk2QLTfxh4OM/53Dm/H4suAbb/raWlldW19ZzG/nNre2d3cLefkPLRFFWp1JI1fKJZoJHrA4cBGvFipHQF6zpD64n9eaQKc1ldA+jmHkh6UU84JSAsTqFw0d8hYedqku7EgykNw8u0TDuFIp2yZ4KL4KTQRFlqnUKX25X0iRkEVBBtG47dgxeShRwKtg47yaaxYQOSI+1DUYkZNpLpweM8YlxujiQyrwI8NT9PZGSUOtR6JvOkEBfz9cm5n+1dgLBpZfyKE6ARXS2KEgEBoknaeAuV4yCGBkgVHHzV0z7RBEKJrO8CcGZP3kRGmclp1w6vysXK9Usjhw6QsfoFDnoAlXQLaqhOqJojJ7RK3qznqwX6936mLUuWdnMAfoj6/MHtOWV3Q==</latexit>

d�

dw
= (known) ⇥ |Vcb|2 ⇥ (w2 � 1)1/2 ⇥ �(w)|F(w)|2

<latexit sha1_base64="8M8+e+U2qJboHw9/D8XKJtnbd80="></latexit>

★  

★ results for form factor at zero recoil: 

FNAL/MILC [J. Bailey et al, arXiv:1403.0635, 2014 PRD] 
HPQCD [Harrison et al, arXiv:1711.11013, 2018 PRD]


★ result for                    : HPQCD [McLean et al, arXiv:1904.02046]

★ Non-zero recoil form factors: ongoing efforts by  

FNAL/MILC [A. Vaquero @ IPPP workshop ``Beyond Flavor Anomalies’’] 
JLQCD [T. Kaneko @APLAT 2020 conference, arXiv1912.11770]  
LANL/SWME [Bhattacharya et al, arXiv:2003.09206]

F(w) = f [hA1(w), hV (w), hA2(w), hA3(w)]

<latexit sha1_base64="SSt4508HKJxRFPDv0mzkfuKeErk=">AAACJHicbZDLSgMxFIYz9VbrbdSlm2ARKkiZqRUFEaqCuKxgLzAdhkyaaUMzF5KMUoY+jBtfxY0LL7hw47OYaQfU1gMhX/5zDifndyNGhTSMTy03N7+wuJRfLqysrq1v6JtbTRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyB5dpvnVHuKBhcCuHEbF91AuoRzGSSnL006SDEYNXo9L9PjyDntV3knPHTJ8HsO80s1tpldEPH6ZsO3rRKBvjgLNgZlAEWdQd/a3TDXHsk0BihoSwTCOSdoK4pJiRUaETCxIhPEA9YikMkE+EnYyXHME9pXShF3J1AgnH6u+OBPlCDH1XVfpI9sV0LhX/y1mx9E7shAZRLEmAJ4O8mEEZwtQx2KWcYMmGChDmVP0V4j7iCEvla0GZYE6vPAvNStmslo9uqsXaRWZHHuyAXVACJjgGNXAN6qABMHgAT+AFvGqP2rP2rn1MSnNa1rMN/oT29Q2olaEi</latexit>

F(1) = 0.906(4)(12)

F(1) = 0.895 (10)(24)
<latexit sha1_base64="INWBEFbTUkmlfvBbts6D3uo47HI=">AAACCHicbZDLSgMxFIbPeK31NurShcEitCBlplSsC6EoiMsK9gKdoWTStA3NXEgyQhm6dOOruHGhiFsfwZ1vY9rOQlt/CHz5zzkk5/cizqSyrG9jaXlldW09s5Hd3Nre2TX39hsyjAWhdRLyULQ8LClnAa0rpjhtRYJi3+O06Q2vJ/XmAxWShcG9GkXU9XE/YD1GsNJWxzxKHII5uhmjvF1Al8gqVi7OnFN9swr5UrnQMXNW0ZoKLYKdQg5S1Trml9MNSezTQBGOpWzbVqTcBAvFCKfjrBNLGmEyxH3a1hhgn0o3mS4yRifa6aJeKPQJFJq6vycS7Es58j3d6WM1kPO1iflfrR2rXsVNWBDFigZk9lAv5kiFaJIK6jJBieIjDZgIpv+KyAALTJTOLqtDsOdXXoRGqWhrvivnqldpHBk4hGPIgw3nUIVbqEEdCDzCM7zCm/FkvBjvxsesdclIZw7gj4zPH0WnlP8=</latexit><latexit sha1_base64="INWBEFbTUkmlfvBbts6D3uo47HI=">AAACCHicbZDLSgMxFIbPeK31NurShcEitCBlplSsC6EoiMsK9gKdoWTStA3NXEgyQhm6dOOruHGhiFsfwZ1vY9rOQlt/CHz5zzkk5/cizqSyrG9jaXlldW09s5Hd3Nre2TX39hsyjAWhdRLyULQ8LClnAa0rpjhtRYJi3+O06Q2vJ/XmAxWShcG9GkXU9XE/YD1GsNJWxzxKHII5uhmjvF1Al8gqVi7OnFN9swr5UrnQMXNW0ZoKLYKdQg5S1Trml9MNSezTQBGOpWzbVqTcBAvFCKfjrBNLGmEyxH3a1hhgn0o3mS4yRifa6aJeKPQJFJq6vycS7Es58j3d6WM1kPO1iflfrR2rXsVNWBDFigZk9lAv5kiFaJIK6jJBieIjDZgIpv+KyAALTJTOLqtDsOdXXoRGqWhrvivnqldpHBk4hGPIgw3nUIVbqEEdCDzCM7zCm/FkvBjvxsesdclIZw7gj4zPH0WnlP8=</latexit><latexit sha1_base64="INWBEFbTUkmlfvBbts6D3uo47HI=">AAACCHicbZDLSgMxFIbPeK31NurShcEitCBlplSsC6EoiMsK9gKdoWTStA3NXEgyQhm6dOOruHGhiFsfwZ1vY9rOQlt/CHz5zzkk5/cizqSyrG9jaXlldW09s5Hd3Nre2TX39hsyjAWhdRLyULQ8LClnAa0rpjhtRYJi3+O06Q2vJ/XmAxWShcG9GkXU9XE/YD1GsNJWxzxKHII5uhmjvF1Al8gqVi7OnFN9swr5UrnQMXNW0ZoKLYKdQg5S1Trml9MNSezTQBGOpWzbVqTcBAvFCKfjrBNLGmEyxH3a1hhgn0o3mS4yRifa6aJeKPQJFJq6vycS7Es58j3d6WM1kPO1iflfrR2rXsVNWBDFigZk9lAv5kiFaJIK6jJBieIjDZgIpv+KyAALTJTOLqtDsOdXXoRGqWhrvivnqldpHBk4hGPIgw3nUIVbqEEdCDzCM7zCm/FkvBjvxsesdclIZw7gj4zPH0WnlP8=</latexit><latexit sha1_base64="INWBEFbTUkmlfvBbts6D3uo47HI=">AAACCHicbZDLSgMxFIbPeK31NurShcEitCBlplSsC6EoiMsK9gKdoWTStA3NXEgyQhm6dOOruHGhiFsfwZ1vY9rOQlt/CHz5zzkk5/cizqSyrG9jaXlldW09s5Hd3Nre2TX39hsyjAWhdRLyULQ8LClnAa0rpjhtRYJi3+O06Q2vJ/XmAxWShcG9GkXU9XE/YD1GsNJWxzxKHII5uhmjvF1Al8gqVi7OnFN9swr5UrnQMXNW0ZoKLYKdQg5S1Trml9MNSezTQBGOpWzbVqTcBAvFCKfjrBNLGmEyxH3a1hhgn0o3mS4yRifa6aJeKPQJFJq6vycS7Es58j3d6WM1kPO1iflfrR2rXsVNWBDFigZk9lAv5kiFaJIK6jJBieIjDZgIpv+KyAALTJTOLqtDsOdXXoRGqWhrvivnqldpHBk4hGPIgw3nUIVbqEEdCDzCM7zCm/FkvBjvxsesdclIZw7gj4zPH0WnlP8=</latexit>

FBs!D⇤
s (1)

<latexit sha1_base64="CxtUeVQsCBdi4xF7VSJIa3geAFU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahuiiJVHRZqojLCvYBTRom02k7dDIJMxOhhIAbf8WNC0Xc+hPu/BunbRbaemDgcM693DnHjxiVyrK+jdzS8srqWn69sLG5tb1j7u41ZRgLTBo4ZKFo+0gSRjlpKKoYaUeCoMBnpOWPriZ+64EISUN+r8YRcQM04LRPMVJa8syDxMGIwZu0m9Q86agQXnuye5qW7BPPLFplawq4SOyMFEGGumd+Ob0QxwHhCjMkZce2IuUmSCiKGUkLTixJhPAIDUhHU44CIt1kmiGFx1rpwX4o9OMKTtXfGwkKpBwHvp4MkBrKeW8i/ud1YtW/dBPKo1gRjmeH+jGDOuqkENijgmDFxpogLKj+K8RDJBBWuraCLsGej7xImmdlu1I+v6sUq7Wsjjw4BEegBGxwAargFtRBA2DwCJ7BK3gznowX4934mI3mjGxnH/yB8fkDIB+Wig==</latexit>
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Bs ! Ds, D
⇤
s`⌫

<latexit sha1_base64="uQft1iwGzP4YSMyAF4gJ41uXpTQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRZBRMqMVHRZqguXFewDOnXIpHfa0ExmSDJCKQU3/oobF4q49Sfc+Tem7Sy0euDC4Zx7Sc4JEs6UdpwvK7ewuLS8kl8trK1vbG7Z2zsNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQwuJ37zHqRisbjVwwQ6EekJFjJKtJF8e6/qK+zpGF/56sTM3TH2gHPsidS3i07JmQL/JW5GiihDzbc/vW5M0wiEppwo1XadRHdGRGpGOYwLXqogIXRAetA2VJAIVGc0zTDGh0bp4jCWZoTGU/XnxYhESg2jwGxGRPfVvDcR//PaqQ4vOiMmklSDoLOHwpRjk3lSCO4yCVTzoSGESmb+immfSEK1qa1gSnDnI/8ljdOSWy6d3ZSLlWpWRx7towN0hFx0jiroGtVQHVH0gJ7QC3q1Hq1n6816n63mrOxmF/2C9fENpJaWQg==</latexit>

CLN

BGL

12

Implications for |Vub|

[LHCb, arXiv:2001.03225]



A. El-Khadra SM@LHC, 26-30 Apr 2021 13

Implications for |Vub/Vcb |

ranges is related to the difference in the theoretical
calculations of the form factors. To illustrate this, the
LQCD calculation in Ref. [31] gives FFK ¼ 0.94"
0.48 ps−1 at low q2, which can be compared to the chosen
LCSR value, 4.14" 0.38 ps−1 [32]. Figure 2 depicts the
jVubj=jVcbjmeasurements of this Letter, jVubj=jVcbjðlowÞ ¼
0.061" 0.004 and jVubj=jVcbjðhighÞ ¼ 0.095" 0.008,
with the uncertainties combined. The jVubj=jVcbj measure-
ment obtained with the Λ0

b baryon decays [7], for which a
form factor model based on a LQCD calculation [33] was
used, is also shown.
In conclusion, the decay B0

s → K−μþνμ is observed for
the first time. The branching fraction ratios in the two q2

regions reported in this Letter represent the first exper-
imental ingredient to the form factor calculations of the
B0
s → K−μþνμ decay. Moreover, the jVubj=jVcbj results

will improve both the averages of the exclusive measure-
ments in the ðjVcbj; jVubjÞ plane and the precision on the
least known side of the CKM unitarity triangle.
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First observation by LHCb! 


Measured rates in two large bins 
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Need smaller bins for shape 
comparison between experiment 
and LQCD

q2 > 7 GeV2
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Exclusive vs. inclusive |Vcb| and |Vub|

⇤b ! p`⌫/⇤b ! ⇤c`⌫

B ! ⇡`⌫

B ! D`⌫

B ! D⇤`⌫

HFLAV (spring 2019)

zero recoil

~3𝜎 tension between inclusive and exclusive |Vcb| and |Vub|

Need LQCD 
calculations of the 

 form 
factors at nonzero 
recoil

B → D*
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★Results for .


★Can be used to calculate  (lattice-only) 

★Can be used in joint fits with experimental data from BaBar and Belle 

to determine  and  (lattice + exp)

hA1
(w), hA2

(w), hA3
(w), hV(w)

R(D*)

|Vcb | R(D*)

Form factors for B → D* ℓνℓChiral-continuum fits

1.000 1.025 1.050 1.075 1.100 1.125 1.150 1.175
0.70
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0.95 Extrapolation
MILC 2014

 fm
 fm
 fm
 fm
 fm

Preliminary results, combined fit p� value = 0.96

hA1(1) = 0.909(17)

Alejandro Vaquero (University of Utah) B̄ ! D⇤`⌫̄ at non-zero recoil April 21st, 2021 11 / 22

A. Vaquero @ IPPP workshop ``Beyond Flavor Anomalies’’ [FNAL/MILC, in preparation] 

Available lattice data and simulations

Using 15 Nf = 2 + 1 MILC ensembles of sea asqtad quarks

The heavy quarks are treated using the Fermilab action
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h

Alejandro Vaquero (University of Utah) B̄ ! D⇤`⌫̄ at non-zero recoil April 22st, 2021 6 / 19
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R(D(⇤)) =
B(B ! D(⇤)⌧⌫⌧ )

B(B ! D(⇤)`⌫)

BSM phenomenology:  LFU  τ/𝓁
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BSM phenomenology:  LFU  τ/𝓁
R(D⇤) results in context

No constraint wMax: R(D⇤)Lat = 0.266(14) R(D⇤)Lat+Exp = 0.2484(13)
W/ constraint wMax: R(D⇤)Lat = 0.274(10) R(D⇤)Lat+Exp = 0.2492(12)

Phys.Rev.D 100 (2019), 052007; Phys.Rev.D 103 (2021), 079901; Phys.Rev.Lett. 123 (2019), 091801

'/"-�.*-$�-BUUJDF -BUUJDF��&YQ

Alejandro Vaquero (University of Utah) B̄ ! D⇤`⌫̄ at non-zero recoil April 21st, 2021 21 / 22
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Lattice QCD Introduction


Semileptonic B meson decay form factors 


•  and 


•  LFU


muon g-2 


Summary and Outlook

|Vub | |Vcb |

18
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= (�i e) ū(p0)


�µF1(q

2) +
i�µ⌫q⌫
2m

F2(q
2)

�
u(p)

The magnetic moment of charged leptons (e, µ, τ): ~µ = g
e

2m
~S

At leading order, g = 2: = (�ie) ū(p0)�µu(p)

Quantum effects (loops):

Anomalous magnetic moment: 

Note:                    and g = 2 + 2F2(0)F1(0) = 1

a ⌘ g � 2

2
= F2(0)
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Muon g-2: history of experiment vs theory
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aµ = aµ(QED) + aµ(Weak) + aµ(Hadronic)
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1. Dispersive data-driven approach: 


Use experimental data together with dispersion theory. For example: 


HVP:  
Many experiments (over 20+ years) have measured the cross sections for 
the different channels over the needed energy range with increasing 
precision. The combined data + dispersion theory yield HVP with a current 
error ~ 0.6%. 


HLbL: 
New dispersive approach now also allows for data-driven evaluations of HLbL, 
currently ~20% error   ➠  theory error is (almost) completely quantified. 


Replaces previous results obtained using simplified models of QCD. 

e+e−

hadrons

e+

e−
➠
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2. Euclidean Lattice QCD: 

ab-initio method to quantify QCD effects

already used for simple hadronic quantities with high precision

requires large-scale computational resources

allows for entirely SM theory based evaluations

Lattice HVP: ~2% error

• Complete calculations by ~6 different lattice collaborations

• Uncertainties are still larger than data-driven approach, but first lattice 

result with 0.8% uncertainty [Borsanyi et al, arXiv:2002.12347, 2021 Nature]

• Improved calculations a high priority for the lattice community

Lattice HLbL: ~45% error

• first complete calculation by RBC/UKQCD [T. Blum et al, arXiv:1911.08123, PRL2020]


• New: complete calculation by Mainz  [E.H. Chao et al, arXiv:2104:02632]


• expect improvements from continued computational effort

https://arxiv.org/abs/2002.12347
https://doi.org/10.1038/s41586-021-03418-1
http://arxiv.org/abs/arXiv:1911.08123
https://arxiv.org/abs/2104.02632
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[B. Abi et al (Muon g-2 Collaboration), Phys. Rev. Lett. 124, 141801 (2021)] 

https://doi.org/10.1103/PhysRevLett.126.141801
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Contribution Section Equation Value ⇥1011 References

Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]

HVP LO (e+e�) Sec. 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Sec. 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Sec. 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) Refs. [18–30, 32]
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website: https://muon-gm2-theory.illinois.edu 
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https://muon-gm2-theory.illinois.edu
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Summary and Outlook

Lattice QCD calculations of semi-leptonic  meson form factors are 
very mature, including (almost) complete sets for  final states  
-also true for rare decay form factors (e.g.  ) 
-4 groups working on  form factors 

➠ meeting the growing precision needs of the experimental program  
➠ more information on incl. vs excl. puzzle 


                           difference between exp and SM at  
precision will improve in experiment and theory  


scope of LQCD calculations continues to increase (new methods, new 
formulations, new quantities)


The next few years will be very exciting!

 

B(s)
π, K, D, Ds

B → Kℓℓ
B(s) → D*(s)

|Vub | , |Vcb |
4.2σ�aµ = 251 (59)
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Heavy Quarks

• For light quark ( ) quantities, the leading discretization errors 
  — if the fermion action is  improved.  


• Using the same action for heavy quarks ( ) results in leading 
discretization errors . The effects are large, if , which is true 
for b quarks on most available ensembles. 

mq ≪ ΛQCD
∼ (aΛ)2 O(a)

mQ > ΛQCD
∼ (amQ)2 amq ≮ 1

➠Two classes of solutions:

1. avoid  effects using EFT (HQET, NRQCD) 
but: nontrivial matching and renormalization

•  rel. heavy quarks (Fermilab, Columbia,..): matching rel. lattice action via 

HQET to continuum

•  lattice NRQCD, HQET: use EFT to construct lattice action 


2. brute force: use the same lattice action for heavy quarks as for light quarks

• generate gauge ensembles with  small enough so that 

• supplement with HQET inspired extrapolation and/or static limit

∼ (amQ)2

a (amb) < 1
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The z-expansion

for kinematic 

range: |z| < 1. 

z
t

z(t, t0) =

p
t+ � t�

p
t+ � t0p

t+ � t+
p
t+ � t0

t = q2

t± = (mB ±m⇡)
2

f(t) =
1

P (t)�(t, t0)

X

k=0

ak(t0)z(t, t0)
k

The form factor can be expanded as:  

• P(t) removes poles in [t-,t+]

• The choice of outer function 𝜙 affects the unitarity bound on the ak. 

• In practice, only first few terms in expansion are needed.  

q2max = t�

kinematic range [m2
` , q

2
max]

Bourrely at al (Nucl.Phys. B189 (1981) 157)

Boyd, Grinstein, Lebed (hep-ph/9412324, PRL 
95; hep-ph/9504235, PLB 95; hep-ph/9508211, 
NPB 96; hep-ph/9705252, PRD 97)

Lellouch (arXiv:hep- ph/9509358, NPB 96)

Boyd & Savage (hep-ph/9702300, PRD 97)

Bourrely at al ( arXiv:0807.2722, PRD 09)
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Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the hadronic 
corrections


summarize the theory status and assess reliability of uncertainty estimates


organize workshops to bring the different communities together: 
First plenary workshop @ Fermilab: 3-6 June 2017 
HVP workshop @ KEK: 12-14 February 2018 
HLbL workshop @ U Connecticut: 12-14 March 2018 
Second plenary workshop @ HIM (Mainz): 18-22 June 2018 
Third plenary workshop @ INT (Seattle): 9-13 September 2019 
Lattice HVP at high precision workshop (virtual): 16-20 November 2020 
Fourth plenary workshop @ KEK (virtual): 28 June - 02 July 2021


White Paper posted 10 June 2020:  
 [T. Aoyama et al, arXiv:2006.04822, Phys. Repts. 887 (2020) 1-166.] 

132 authors, 82 institutions, 21 countries  

Muon g-2 Theory Initiative
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https://indico.fnal.gov/event/13795/
http://www-conf.kek.jp/muonHVPws/index.html
https://indico.phys.uconn.edu/event/1/
http://www.apple.com
https://sites.google.com/uw.edu/int/programs/upcoming-programs
https://indico.cern.ch/event/956699/
https://www-conf.kek.jp/muong-2theory/
https://arxiv.org/abs/2006.04822
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Muon g-2 Theory Initiative
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ.  
Our aµ,win

light  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 
and ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.

0 0.005 0.01 0.015 0.02
a2[fm2]

SRHO(>0.4fm)
SRHO(>1.3fm)

SRHO(0.4-1.3fm)+NNLO(>1.3fm)
none

540

560

580

600

620

640

660

50k100k150k200k

alig
ht

!

#fits
Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

Small statistical errors and large discretization effects (before corrections) 

Intermediate window : 
-3.7 σ tension with data-driven evaluation (KNT) 
-2.2 σ tension with RBC/UKQCD18 

Need to quantify the differences between data-driven evaluations and 
the BMW results for the various energy/distance scales

aW
μ

[Borsanyi et al, arXiv:2002.12347, 2021 Nature]

https://arxiv.org/abs/2002.12347
https://doi.org/10.1038/s41586-021-03418-1
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Cs:  from Berkeley group [Parker et al, Science 360, 6385 (2018)] 

Rb:  from Paris group [Morel et al, Nature 588, 61–65(2020)]

α
α

aNP
` ⇠ m2

`

⇤2

(mµ/me)
2 ⇠ 4⇥ 104

Sensitivity to heavy 
new physics:

aSM` � aExp
`
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107 ⇥ a⌧

<latexit sha1_base64="u1CXJwd+NttJOeWrhruTwDfsaIE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIUo9FLx4r2A9oYthsN+3SzSbsTsQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W6W19Y3NrfJ2ZWd3b//APqx2dJIpyto0EYnqhUQzwSVrAwfBeqliJA4F64bjm5nffWRK80TewyRlfkyGkkecEjBSYFdd56GBPeAx05gEHpAssGtO3ZkDrxK3IDVUoBXYX94goVnMJFBBtO67Tgp+ThRwKti04mWapYSOyZD1DZXE7PLz+e1TfGqUAY4SZUoCnqu/J3ISaz2JQ9MZExjpZW8m/uf1M4iu/JzLNAMm6WJRlAkMCZ4FgQdcMQpiYgihiptbMR0RRSiYuComBHf55VXSOa+7F/XLu4ta87qIo4yO0Qk6Qy5qoCa6RS3URhQ9oWf0it6sqfVivVsfi9aSVcwcoT+wPn8Ajb6TgQ==</latexit>

1011 ⇥ aµ

<latexit sha1_base64="BfLgIFaszH0E+/loq5MxqlAaYzM=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVSZS0WXRjcsK9gGdccikmTY0yQxJRqhD8VfcuFDErf/hzr8xbWehrQcuHM65l3vviVLOtPG8b2dpeWV1bb20Ud7c2t7Zdff2WzrJFKFNkvBEdSKsKWeSNg0znHZSRbGIOG1Hw+uJ336gSrNE3plRSgOB+5LFjGBjpdA9RN59jtAY+oYJqiEOfZGFbsWrelPARYIKUgEFGqH75fcSkgkqDeFY6y7yUhPkWBlGOB2X/UzTFJMh7tOupRLbVUE+vX4MT6zSg3GibEkDp+rviRwLrUcisp0Cm4Ge9ybif143M/FlkDOZZoZKMlsUZxyaBE6igD2mKDF8ZAkmitlbIRlghYmxgZVtCGj+5UXSOquiWvX8tlapXxVxlMAROAanAIELUAc3oAGagIBH8AxewZvz5Lw4787HrHXJKWYOwB84nz8A8JRQ</latexit>

1014 ⇥ ae

<latexit sha1_base64="TBreW3qNS/UFPdZz4lEewXPZEN0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIRY9FLx4r2A9oY9hsJ+3SzSbsbsQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IOFMacf5tkpr6xubW+Xtys7u3v6BfVjtqDiVFNo05rHsBUQBZwLammkOvUQCiQIO3WByM/O7jyAVi8W9nibgRWQkWMgo0Uby7arrPGRuI8cDzSJQmPjg2zWn7syBV4lbkBoq0PLtr8EwpmkEQlNOlOq7TqK9jEjNKIe8MkgVJIROyAj6hgpiFnnZ/PYcnxpliMNYmhIaz9XfExmJlJpGgemMiB6rZW8m/uf1Ux1eeRkTSapB0MWiMOVYx3gWBB4yCVTzqSGESmZuxXRMJKHaxFUxIbjLL6+SznndbdQv7hq15nURRxkdoxN0hlx0iZroFrVQG1H0hJ7RK3qzcuvFerc+Fq0lq5g5Qn9gff4AZf+TZg==</latexit>
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