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dark matter 𝜈-DM interaction

by medium-induced mass-squared

general dispersion relations



Neutrino oscillations in vacuum

• Propagation Hamiltonian:

• Two-flavor evolution:
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Wolfenstein potential

• “Oscillations for massless neutrinos can occur as a result of coherent 
forward scattering provided that this scattering is off-diagonal in ne
utrino flavor”:

• “In the standard model, vacuum oscillations are modified by the cha
rged current scattering”:
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𝑉𝑊 = 2 𝐺𝐹𝑁𝑒(𝑡)𝐻𝜈/ഥ𝜈 ≈
Δ𝑚2

4p

−𝑐2𝜃 𝑠2𝜃
𝑠2𝜃 𝑐2𝜃

±
𝑉𝑊 0
0 0

ℋ𝑒𝑓𝑓= 𝐺𝛼𝛽 ҧ𝜈𝛼𝛾
𝜇𝑃𝐿 ҧ𝜈𝛽 ҧ𝑓𝛾𝜇𝑓 ⇒ 𝐻 ∼ 𝐺𝛼𝛽 𝑁𝑓 (momentum-independent)

MSW effect



Generalizing the Wolfenstein effect

• In a medium with arbitrary 𝑁𝑒 and 𝑁 ҧ𝑒
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ℋ𝑒𝑓𝑓 = 2 2 𝐺𝐹𝑚𝑊
2
𝜈𝑒𝐿𝛾

𝜇𝑒𝐿 𝑒𝐿 𝛾𝜇𝜈𝑒𝐿

𝑚𝑊
2 − 𝑞2

〈ℋ𝜈〉 = 𝑘 2𝐺𝐹𝑚𝑊
2

𝑁𝑒/𝑚𝑒

𝑚𝑊
2 − 𝑝 − 𝑘 2

−
𝑁 ҧ𝑒/𝑚𝑒

𝑚𝑊
2 − 𝑝 + 𝑘 2

〈ℋഥ𝜈〉 = 𝑘 2𝐺𝐹𝑚𝑊
2

𝑁 ҧ𝑒/𝑚𝑒

𝑚𝑊
2 − 𝑝 − 𝑘 2

−
𝑁𝑒/𝑚𝑒

𝑚𝑊
2 − 𝑝 + 𝑘 2

𝑁𝑒 , 𝑁 ҧ𝑒 |𝑒 ҧ𝑒|𝑁𝑒 , 𝑁 ҧ𝑒 =

−
1

2
σ𝑠 𝑢𝑠 𝑘 ത𝑢𝑠 𝑘

𝑁𝑒

2𝑘0

+
1

2
σ𝑠 𝑣𝑠 𝑘 ҧ𝑣𝑠(𝑘)

𝑁ഥ𝑒

2𝑘0

𝑝

𝑝𝑘

𝑘

𝑘 𝑘

𝑝 𝑝

𝑝 − 𝑘

𝑝 + 𝑘
𝜈 ⇒ ҧ𝜈

⇒



“Free” neutrinos in a medium

• Self-energy correction by the coherent forward scattering:

• Dispersion of Weyl neutrino in the high-momentum limit (𝐸 ≈ p):
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ℒ𝑘𝑖𝑛 ⇒ 𝜈𝐿 𝑝𝜇 − 𝑘𝜇Σ𝑊 𝛾𝜇𝜈𝐿

Σ𝑊 = 𝑔𝜈
2
𝑁𝑒+ ҧ𝑒

𝑚𝑒

−2𝑚𝑒𝐸 + 𝜖 𝑚𝑊
2 − 𝑝2 −𝑚𝑒

2

𝑚𝑊
2 − 𝑝2 −𝑚𝑒

2 2 − 4𝑚𝑒
2𝐸2

𝑝𝜇 = 𝐸, p

𝑘𝜇 = (𝑚𝑒 , 0)

𝑝 − 𝑘Σ𝑊
2 = 𝐸 −𝑚𝑒Σ𝑊

2 − p2 = 0
𝑚𝑊
2 ≫ 2𝑚𝑒p

2𝑚𝑒p ≫ 𝑚𝑊
2

𝐸𝜈/ഥ𝜈≈ p ± 𝜖 𝑔𝜈
2
𝑁𝑒+ ҧ𝑒

𝑚𝑊
2 +⋯

𝐸𝜈/ഥ𝜈≈ p + 𝑔𝜈
2
𝑁𝑒+ ҧ𝑒/𝑚𝑒

2p
+ ⋯

Potential

Oscillation

𝜖 ≡
𝑁𝑒 − 𝑁 ҧ𝑒

𝑁𝑒 + 𝑁 ҧ𝑒

𝑔𝜈
2 ≡ 2𝐺𝐹𝑚𝑊

2

𝑝2 = 𝐸2 − p2

(For Majorana neutrino, p.11)



Dispersion of neutrinos in a medium
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General formulation

• Eqs. of motion in a Lorenz invariant 
medium:

• For 𝑣-spinors:
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𝑝 − 𝑝Σ1𝐿
𝑢 − 𝑘Σ2𝐿

𝑢 𝑢𝐿 𝑝 = (𝑀++Σ0
+ )𝑢𝑅(𝑝)

𝑝 − 𝑝Σ1𝑅
𝑢 − 𝑘Σ2𝑅

𝑢 𝑢𝑅 𝑝 = (𝑀 + Σ0 )𝑢𝐿 𝑝

/

/

/ /

/ /

(5)(3,4) (1,2,3,4)

Σ1,2
+ = Σ1,2

ℒ′ = 𝑔𝛼𝑖 𝑓𝑖𝐿𝛾
𝜇𝜈𝛼𝐿 𝑋𝜇 + ℎ. 𝑐. (1)

𝑔𝛼𝑖 ഥ𝑓𝑅𝜈𝛼𝐿 𝜙𝑖 + ℎ. 𝑐. (2)

𝑔𝛼𝑖 𝑓𝑖𝑅𝜈𝛼𝐿 𝜙 + ℎ. 𝑐. (3)

𝑔𝛼𝛽 𝜈𝛽𝑅
𝑐 𝜈𝛼𝐿 𝜙 + ℎ. 𝑐. 4

𝑔𝛼𝛽 𝜈𝛽𝑅
𝑐 𝜈𝛼𝐿 𝜙 + 𝑦 𝜙 ҧ𝑓𝑅𝑓𝐿 + ℎ. 𝑐. (5)

• Neutrinos interacting with dark 
matter and mediator

Σ2
𝑣 𝑝 = −Σ2

𝑢 −𝑝

Σ1
𝑣 𝑝 = Σ1

𝑢 −𝑝



General eqs. for dispersion

• For 𝑘 = 𝑚𝜙, 0 & 𝑝 = (𝐸, Ƹ𝑧p), EoM (for 𝜈𝐿/𝜈𝑅) is solved by

• Approximate solutions for Σ1 ≪ 1 &𝑚𝜙 Σ2 ≪ 𝑚𝜈 , p
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𝐸2 ≈ p2 +𝑚𝜈
2 1 + Σ1𝐿

(0)
+ Σ1𝑅

(0)

−𝑚𝜙 𝐸0[Σ2𝐿
0
+Σ2𝑅

0
] ± p[Σ2𝐿

0
−Σ2𝑅

0
]

Σ 0 = Σ 𝐸0, p ;

𝐸0 = 𝑝2 +𝑚𝜈
2

0 = 𝐸2 − p2 1 − Σ1𝐿 1 − Σ1𝑅 −𝑚𝜈
2 +𝑚𝜙

2 Σ2𝐿Σ2𝑅

−𝑚𝜙 𝐸 ± p Σ2𝐿 1 − Σ1𝑅 −𝑚𝜙 𝐸 ∓ p Σ2𝑅 1 − Σ1𝐿
𝐸→p

2p 𝑚𝜙 ቊ
Σ2𝐿(1 − Σ1𝑅)
Σ2𝑅(1 − Σ1𝐿)

𝐿 ⋅ 𝑅 − 𝑚𝜈
2 ±𝐻 = 0

𝐻 ≡ 𝐿𝑧𝑅0 − 𝑅𝑧𝐿0

𝐿 ≡ 𝑝 − Σ𝐿 ≡ 𝐿0, Ƹ𝑧𝐿𝑧
𝑅 ≡ 𝑝 − Σ𝑅 ≡ 𝑅0, Ƹ𝑧𝑅𝑧

Wolfenstein:

(Σ1𝐿,𝑅 = 0; 𝑚𝜙Σ2𝐿,𝑅 = ±𝑉𝑊)

𝐸𝜈,ഥ𝜈
2 = p2 +𝑚𝜈

2 + 𝑉𝑊
2 ± 2p 𝑉𝑊

(Sun: 𝑚𝜈
2 ∼ 2p𝑉𝑊)



Application to different types of neutrinos

• Weyl (𝑚𝜈 = 0): 𝑢𝐿 𝑢𝑅 for 𝜈 ҧ𝜈

• Majorana (𝜈 = 𝜈𝑐): 𝑢𝐿 𝑢𝑅 for 𝜈 ҧ𝜈 for 𝐸 → p

• Dirac (𝜈 ≠ 𝜈𝑐 , 𝑚𝜈 ≠ 0) with Σ𝑅 = 0: 
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𝐸𝜈,ഥ𝜈 − p 1 − Σ1𝐿,𝑅 −𝑚𝜙Σ2𝐿,𝑅 = 0

𝐸𝜈,ഥ𝜈 ≈ 𝐸0 +
𝑚𝜈
2

2𝐸0
Σ1𝐿

0
+ Σ1𝑅

0

+
𝑚𝜙

2
Σ2𝐿

0
+ Σ2𝑅

0
±

p

𝐸0
Σ2𝐿

0
− Σ2𝑅

0

𝐸𝜈𝐿,𝜈𝑅 ≈ 𝐸0 +
𝑚𝜈
2

2𝐸0
Σ1𝐿

0
+
𝑚𝜙

2
Σ2𝐿

0
1 ±

p

𝐸0

𝜖→−𝜖
𝐸ഥ𝜈𝐿,ഥ𝜈𝑅

⇒ 𝐸𝜈,ഥ𝜈 ≈ p +𝑚𝜙Σ2𝐿,𝑅
(0)

(𝑢𝑅 = 𝑣𝐿
𝑐 , 𝑣𝑅 = 𝑢𝐿

𝑐)

Σ𝑅
𝑢 𝑝 = [Σ𝐿

𝑣 𝑝 ]∗ = −[Σ𝐿
𝑢 −𝑝 ]∗

= [Σ𝐿
𝑢 𝑝 ]𝜖→−𝜖

∗

𝐸2 − p2 1 − Σ1𝐿 −𝑚𝜈
2

−𝑚𝜙Σ2𝐿 𝐸 ± p = 0

asymmetric



Neutrinos in a medium of complex scalar
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ℒ′ = 𝑔 ഥ𝑓𝑅𝜈𝐿𝜙 + 𝑔∗ ҧ𝜈𝐿𝑓𝑅𝜙
∗



Modified neutrino propagator
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• Finite temperature/density calculation

𝜈𝐿 (𝑝) 𝜈𝐿 (𝑝)𝑓𝑅 (𝑝 + 𝑘)

𝜙 (𝑘)

𝑔 𝑔⟊

S𝜈
−1 𝑝 = 𝑝 − Σ = 𝑝 − 𝑝Σ1 − 𝑘Σ2/ / / / /

Σ = 𝑖 𝑔𝑔⟊ ∫
𝑑4𝑘

2𝜋 4 Δ𝜙 𝑘 𝑆𝑓(𝑝 + 𝑘)/

Δ𝜙 𝑘 =
1

𝑘2
− 2𝜋𝑖 𝛿 𝑘2 −𝑚𝜙

2 𝑓𝜙(𝑘)

S𝑓 𝑞 = 𝑞 +𝑚𝑓

1

𝑞2 −𝑚𝑓
2 + 2𝜋𝑖 𝛿 𝑞2 −𝑚𝑓

2 𝑓𝑓 𝑞/

𝑘 = 𝑘0, 𝑘 ≃ (𝑚𝜙, 0)

𝑓𝑓 𝑞 = 0

𝑓𝜙 𝑘 = 𝜃 𝑘0 𝑛𝜙 + 𝜃 −𝑘0 𝑛ഥ𝜙 2𝜋 3𝛿3(𝑘)

Medium 4-momentum:

Distribution functions:



Self-energy corrections
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𝑆 𝑝 = 𝛿𝑚2
𝑝2 +𝑚𝜙

2 −𝑚𝑓
2

𝑝2 +𝑚𝜙
2 −𝑚𝑓

2 2
− 4𝑚𝜙

2𝐸2

𝐴(𝑝) = 𝛿𝑚2
−2𝑚𝜙𝐸

𝑝2 +𝑚𝜙
2 −𝑚𝑓

2 2
− 4𝑚𝜙

2𝐸2

Σ1𝐿
𝑢,𝑣 𝑝 , Σ1𝐿,𝑅 = 𝑆 𝑝 ± 𝜖𝐴 𝑝

Σ2𝐿
𝑢,𝑣 𝑝 , Σ2𝐿,𝑅 = 𝐴 𝑝 ± 𝜖𝑆 𝑝

𝜖 ≡
𝑁𝜙 − 𝑁ഥ𝜙

𝑁𝜙 + 𝑁ഥ𝜙

𝛿𝑚2 ≡ 𝑔 2
𝑁𝜙+𝑁ഥ𝜙

2𝑚𝜙

𝐸2 = 𝑝2 − p2

Modified dispersion relations 
𝐸 = 𝐸(p; 𝑚𝜈

2, 𝛿𝑚2, 𝑚𝑓
2, 𝑚𝜙

2 )

depending on the parameter hierarchies:

1. Decoupling limit: 𝑚𝑓
2 ≫ 𝛿𝑚2, 𝑚𝜈

2, 2𝑚𝜙p ≫ 𝑚𝜙
2

2. Heavy neutrino limit: 𝑚𝜈
2 ≫ 𝛿𝑚2, 𝑚𝑓

2, 2𝑚𝜙p

3. High momentum limit: 2𝑚𝜙p ≫ 𝑚𝑓
2, 𝛿𝑚2, 𝑚𝜈

2

4. High density limit: 𝛿𝑚2 ≫ 𝑚𝑓
2, 𝑚𝜈

2, 2𝑚𝜙p

nb) Consistent with the diagrammatic calculation.

S𝜈
−1 𝑝 = 𝑝 − 𝑝Σ1 − 𝑘Σ2/ / /



Dispersion of Weyl/Majroana neutrinos
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1. Decoupling limit

2. Heavy neutrino limit

3. High momentum limit

𝐸𝜈,ഥ𝜈 ≈ p +
𝑚𝜈
2 + 𝛿𝑚2

2p
∓ 𝜖

𝛿𝑚2(𝑚𝜈
2 −𝑚𝑓

2)

4𝑚𝜙p
2

4. High density limit

i) p → ∞: 𝐸𝜈,ഥ𝜈 ≈ p +
𝑚𝑀
2

2p
± 𝜖𝑚𝜙

𝛿𝑚2

𝑚𝑀
2 + 𝛿𝑚2

ii) p → 0: 𝐸𝜈,ഥ𝜈 ≈ 𝑚𝑀

i) p → ∞: 𝐸𝜈,ഥ𝜈 ≈ p +
𝑚𝜈
2

2p
1 − 2

𝛿𝑚2

𝑚𝑓
2 ∓ 𝜖𝑚𝜙

𝛿𝑚2

𝑚𝑓
2

ii) p → 0: 𝐸𝜈,ഥ𝜈 ≈ 𝑚𝜈 1 −
𝛿𝑚2

𝑚𝑓
2

i) p → ∞: 𝐸𝜈,ഥ𝜈 ≈ p +
𝑚𝜈
2

2p
1 + 2

𝛿𝑚2

𝑚𝜈
2 ± 𝜖𝑚𝜙

𝛿𝑚2

𝑚𝜈
2

ii) p → 0: 𝐸𝜈,ഥ𝜈 ≈ 𝑚𝜈 1 +
𝛿𝑚2

𝑚𝜈
2

𝑚𝑀 ≡
1

2
𝑚𝜈 + 𝑚𝜈

2 + 4𝛿𝑚2

Rest mass correction!

∗) Weyl: 𝑚𝜈 = 0



Dispersion of Dirac neutrinos
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1. Decoupling limit

2. Heavy neutrino limit

3. High momentum limit

4. High density limit

𝑚𝐷 ≡ 𝑚𝜈
2 + 𝛿𝑚2 ≠ 𝑚𝑀!!

𝐸𝜈𝐿,ഥ𝜈𝐿 ≈ p +
𝑚𝜈
2 + 𝛿𝑚2

2p
± 𝜖

𝛿𝑚2𝑚𝑓
2

4𝑚𝜙p
2

𝐸𝜈𝑅,ഥ𝜈𝑅 ≈ p +
𝑚𝜈
2

2p
± 𝜖

𝛿𝑚2𝑚𝜈
2

4𝑚𝜙p
2

i) p → ∞: 𝐸𝜈𝐿,𝜈𝐿 ≈ p +
𝑚𝐷
2

2p
+
𝛿𝑚2

2p

𝑚𝑓
2

𝑚𝐷
2

ii) p → 0: 𝐸𝜈,ഥ𝜈 ≈ 𝑚𝐷

𝐸𝜈𝑅,𝜈𝑅 ≈ p +
𝑚𝐷
2

2p
+
𝛿𝑚2

2p

𝑚𝑓
2

𝑚𝐷
2 ∓ 𝜖𝑚𝜙

𝛿𝑚2

𝑚𝐷
2

𝐸𝜈𝐿,𝜈𝐿 (𝐸𝜈𝑅,𝜈𝑅) ≈ p +
𝑚𝜈
2

2p
1 −

𝛿𝑚2

𝑚𝑓
2 ∓ 0 𝜖𝑚𝜙

𝛿𝑚2

𝑚𝑓
2

ii) p → 0: 𝐸𝜈,ഥ𝜈≈ 𝑚𝜈 1 −
𝛿𝑚2

2𝑚𝑓
2 ∓ 𝜖𝑚𝜙

𝛿𝑚2

2𝑚𝑓
2

i) p → ∞:

𝐸𝜈𝐿,𝜈𝐿 𝐸𝜈𝑅,𝜈𝑅 ≈ p +
𝑚𝜈
2 + 𝛿𝑚2

2p
+
𝛿𝑚2

2p

𝑚𝑓
2

𝑚𝜈
2 ∓𝜖𝑚𝜙

𝛿𝑚2

𝑚𝜈
2

ii) p → 0: 𝐸𝜈,ഥ𝜈 ≈ 𝑚𝜈 1 +
𝛿𝑚2

2𝑚𝜈
2

i) p → ∞:



Implications
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Effective mass in a medium 

• L-conserving mass-squared 
without chirality-flip:

• Affecting neutrino oscillations:
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𝐸
p→0

𝑚𝑀,𝐷

𝛿𝑚2 =
𝑔𝑔+

2

𝜌𝜙+ഥ𝜙

2𝑚𝜙

𝑚𝐷 = 𝑚𝜈
2 + 𝛿𝑚2

𝑚𝑀 =
1

2
𝑚𝜈 + 𝑚𝜈

2 + 4𝛿𝑚2

p2 ≫ 2𝑚𝜙p ≫ 𝛿𝑚2, 𝑚𝜈
2 ⟹ 𝐸~

𝑚𝜈
2 + 𝛿𝑚2

2p

p2 ≫ 𝛿𝑚2, 𝑚𝜈
2 ≫ 2𝑚𝜙p ⟹ 𝐸~

𝑚𝑀,𝐷
2

2p



Oscillation as a dark medium effect

• Solar and Atmospheric neutrino oscillations: 𝐸𝜈 ≈ p

• Weyl neutrinos can oscillates due to 

• CPV may also appear:
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𝜌DM
𝑙𝑜𝑐 ≈ 0.3 GeV/cm3 ≈ 2.3 × 10−6 eV4

psol = 0.1 − 10 MeV , patm = 0.1 − 100 GeV

Δ𝑚sol
2 = 7.5 × 10−5 eV2 , Δ𝑚atm

2 = 2.5 × 10−3 eV2

Δ𝑚2

2p
= 3.8 × 10−10:−12 eV

1.2 × 10−11:−14 eV

𝐸𝜈 ∋ ±𝜖
𝑚𝑓
2

2𝑚DMp

𝛿𝑚2

2p
; ±𝜖𝑚DM

⟹𝑚𝜙 ≈ 0.03𝑔 eV
2.5 × 10−3 eV2

𝛿𝑚𝑙𝑜𝑐
2

1
2

𝛿𝑚𝑙𝑜𝑐
2 = 𝑔2

𝜌𝐷𝑀
𝑙𝑜𝑐

2𝑚𝐷𝑀
2 ~ Δ𝑚sol, atm

2



Cosmological limitation

• Neutrinos were heavier at earlier time.

• Around the CMB decoupling, neutrinos cannot be too heavy:

• To explain the neutrino oscillations as an local DM effect, the current 
DM component needs to be generated well after the decoupling.
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𝛿𝑚2 𝑧 = 𝛿𝑚𝑙𝑜𝑐
2 𝜌𝐷𝑀

0

𝜌𝐷𝑀
𝑙𝑜𝑐 1 + 𝑧 3 ≈ 6650

𝑧

1100

3

𝛿𝑚𝑙𝑜𝑐
2

𝛿𝑚2 𝑧 ≲ 0.1eV 2 ⇒ 𝛿𝑚𝑙𝑜𝑐
2 < 10−6eV2



Astrophysical bounds

• The present neutrino-DM scattering cross-section is constrained by 
SN1987A (𝐸𝜈 ∼ 10 MeV) and IceCube-170922A (𝐸𝜈 ∼ 300TeV) neutrino 
observations:

• Combined with the condition for the “massless” oscillation
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⟹𝑚𝜙 ≳ 2 × 106𝑔2 eV
𝜎𝜈−𝜙

𝑚𝜙
≈

𝑔4

32𝜋 𝑚𝜙
2𝐸𝜈

≲ 10−22 cm2/GeV

𝑚𝜙 ≲ 4.5 × 10−10 eV
2.5 × 10−3 eV2

𝛿𝑚𝑙𝑜𝑐
2

1
2

𝑔 ≲ 1.5 × 10−8
2.5 × 10−3 eV2

𝛿𝑚𝑙𝑜𝑐
2

1
2



Conclusion

• General dispersion relations of neutrinos propagating in a medium are f
ound up to first order in perturbation considering the four limiting situa
tions. 

• Effective mass is generated and the neutrino oscillations may be due to  
the medium effect (partly or totally even for Weyl neutrinos).

• The scenario is limited by the cosmological mass generation and the ne
utrino-DM interaction is constrained by the astrophysical neutrino obser
vations.

• Sensible UV-completion for the origin of scalar DM?

Dark sector coupling only to neutrinos; late generation of ultra-light cold DM
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