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4 Exercises/Discussion

4.1 A toy example

Suppose our instrument has collected N = 1000 observations which appear to suggest that an
excess of events at 125 Gey is present. For simplicity, we assume that the background was
completely resolved and the goal is to understand what is the exact location of these signal
events. The mass distribution is assumed to be a Gaussian with mean B and variance 02 (both
unknown). We want to test the hypotheses

Hg p= 125 versus Hy:p#125
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3. The asymptotic distribution of A, when Hj is true.

Aies) Nxzi

4. Suppose Ay = 2, specify a formula for the p-value.

P( X% >2) =087

5. The p-value is 0.157, can we claim that p = 125GeV is likely to be the correct location of
the signal?
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4.2 Discussion: Identifying situations of non-regularity

Suppose X is the number of events detected by our instrument (e.g., photon emissions over a
given range of energy) and let’s assume that the resolution of the latter is sufficiently high to
allow us to treat the data as a continuous stream of data (no binning). The probability density
function of X specifies as follows:

ot/ Flam,8,6) = (1= n)b(a, ) 4]z, 0) SR

e

where b(z, ¢) is the distribution of the background an'd¢ is a parameter characterizing it. For
instance, if b is a power-law, ¢ is its slope. Whereas, s(zx, 0) is the distribution of the signal and
¢ the parameter characterizing it. For instance, if s is a Gaussian with_variance 1, 6 is the mean.
Finally,  is the intensity of the signal, i.e., the proportion of events that we expect to come from
the signal and it is assumed to be non-negative. Finally, you are given a sample of N = 10000
observations which you may use to assess the validity of the model in (4).

A few questions for you...

1. How would you specify your hypotheses in order to assess if a signal is present or not?

ly: M7= Hy:™ >0

2 Suppose 0 is known to be 125. Which among the necessary conditions needed for the
Xx*-approximation of the LRT fail (see Section 3.4)7 Why? under lto
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3. Suppose § is unknown. Which among the necessary conditions needed for the x’-approximation
of the LRT fail (see Section 3.4)? Why?
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4. Suppose you decided to test Hp : b(z,¢) versus Hi : s(z,0). Which among the necessary
conditions needed for the x?-approximation of the LRT fail?
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You can find a self-contained review on solutions for the problems above in

Algeri et al., 2020. Searching for new phenomena with profile likelihood ratio tests. Na-
ture Reviews Physics. https://wuw.nature.com/articles/s42254-020-0169-5
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