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Perturbative QCD at colliders

Hard hadron-hadron scattering
constituent partons from each incoming hadron interact at short
distance (large momentum transfer Q2 )
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QCD factorization
separate sensitivity to dynamics from different scales

σpp→X =
X

ijk

fi(µ
2)⊗ fj(µ

2)⊗ σ̂ij→k

“

αs(µ
2), Q2, µ2

”

⊗ Dk→X (µ2)

factorization scale µ, subprocess cross section σ̂ij→k for parton
types i, j and hadronic final state X
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Parton luminosity at LHCParton luminosity at LHC

(at 14 TeV)LHC at 7 TeV
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LHC will run at 7 TeV until end of
2011 years, up to 1 fb−1

SM cross sections at ≃ 1/4 rate
with respect to run at 14 TeV

larger PDF uncertainties

Parton kinematics restricted to
larger effective 〈x〉 = M/

√
S

100 GeV physics: small-x,
sea partons
TeV scales: large-x

Limited discovery reach
less phase space available
for heavy mass states
use 7 TeV for accurate SM
benchmarking
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Plan

Treatment of heavy-quarks

Strong coupling constant αs(MZ)

Heavy-quark masses

Standard Model cross sections at LHC
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ABKM parton distributions

ABKM in a nut shell Alekhin, Blümlein, Klein, S.M. ‘09

Parton evolution to NNLO in QCD

Consistent scheme for matching of heavy quark structure functions

Determination of strong coupling to NNLO αs = 0.1135± 0.0014

Data considered in the fit
Global fit to inclusive neutral current DIS world data from HERA and
fixed-target experiments

neutrino-nucleon DIS di-muon data CCFR/NuTeV
analysis in nf = 3 fixed-flavour scheme, including NLO QCD
corrections
fixed target Drell-Yan data
analysis in nf = 5 fixed-flavour scheme, obtained with NNLO
matching conditions
NNLO QCD corrections of partonic cross section included
currently no Tevatron data included
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ABKM ansatzABKM ansatz

PDFs are parameterized at the scale Q0 = 3GeV in the 3-flavor
scheme

ansatz for valence quark, gluon, and sea-quark
strange quark is taken in charge-symmetric form

xqV (x, Q0) =
2δqu + δqd

NV
q

xaq (1− x)bq xPq,V (x), Pq,V = γ1,qx + γ2,qx2, q = u, d

xG(x, Q0) = AGxaG(1− x)bGxPG(x), PG = γ1,Gx

xuS(x, Q0) = xūS(x, Q0) = Auxaus(1− x)busxPu,s(x), Pu,s = γ1,usx

x∆(x, Q0) = xdS(x, Q0)− xuS(x, Q0) = A∆xa∆(1− x)b∆xP∆(x), P∆ = γ1,∆x

xs(x, Q0) = xs̄(x, Q0) = Asx
as(1− x)bs

22 parameters

3 additional fit parameters
αs(nf = 3, 3 GeV), mc ± 0.1 GeV, mb ± 0.5 GeV
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ABKM (I)
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Alekhin, Blümlein, Klein, S.M. ‘09

ABKM PDFs compared to MSTW (dashed line) at different scales
Q = 2, 10, 100 GeV
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ABKM (I)
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Alekhin, Blümlein, Klein, S.M. ‘09

ABKM PDFs compared to MSTW (dashed line) at different scales
Q = 2, 10, 100 GeV
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Treatment of heavy-quarks

Light quarks: mu, md ≪ ΛQCD, ms < ΛQCD

neglect “light quark” masses in hard scattering process
mass singularities, scale-dependent u, d, s, g PDFs

Heavy quarks: mc,mb, mt ≫ ΛQCD
no mass singularities, no (evolving) PDFs

Charm structure function F c
2 at HERA (assume no “intrinsic charm”)

Q /≫ mc: Fixed flavor-number scheme FFNS
u, d, s, g partons and massive charm coeff. fcts.

Q≫≫ mc: Zero-mass variable flavor-number scheme ZM-VFNS
terms mc/Q→ 0, nf = 4 PDFs (matching), mc = 0 coeff. fcts.

Q≫ mc: General-mass variable flavor-number scheme GM-VFNS
terms mc/Q 6= 0, but quasi-collinear logs ln(Q/mc) large
nf = 4 PDFs, “interpolating” coeff. fcts. (matching prescriptions)
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NS/VFNS@

FFNS

Complete NLO QCD predictions for F c
2 and F c

L (neutral current)
Laenen, Riemersma, Smith, van Neerven ‘92

NLO parton level Monte Carlo HVQDIS Harris, Smith ‘95

VFNS

Variable flavor number schemes −→ matching of two distinct theories
Aivazis, Collins, Olness, Tung ‘94; Buza, Matiounine, Smith, van Neerven ‘98

−→ nf light flavors + heavy quark of mass m at low scales
−→ nf + 1 light flavors at high scales

Important aspects of variable flavor number schemes
mass factorization to be carried out before resummation
−→ mass factorization involves both heavy and light component of
structure function
matching conditions required through NNLO
Chuvakin, Smith, van Neerven ‘00

Details of implementation matter in global fits
Tung, Thorne ‘08; Alekhin, Blümlein, Forte, Huston, S.M., Nadolsky, Nason, Olness, Rojo,

Thorne, Watt [in progress]
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VFNS in ABKMVFNS implementation

GM-VFNS implementation in ABKM using BSMN
Buza, Matiounine, Smith, van Neerven ‘96

DIS structure function Fh
2 for heavy-quark h

Fh,BMSN
2 (Nf + 1, x, Q2) =

= Fh,exact
2 (Nf , x, Q2) + Fh,ZMVFN

2 (Nf + 1, x, Q2)− Fh,asymp
2 (Nf , x, Q2)

Fh,exact
2 : massive heavy-quark structure function (m 6= 0)

Fh,ZMVFN
2 : DIS structure function with zero mass (m = 0)

Fh,asymp
2 : asymptotic expansion of heavy-quark structure function

(logarithms ln(Q2/m2))
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ABKM (II) O(α
2

s)
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Alekhin, Blümlein, Klein, S.M. ‘09

F c
2 in different schemes compared to H1- and ZEUS-data

GMVFN scheme in BMSN prescription (solid lines)
3-flavor scheme (dash-dotted lines)
4-flavor scheme (dashed lines)
charm-quark mass mc = 1.43 GeV (vertical dotted line)
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ABKM (II) O(α
2

s)
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Alekhin, Blümlein, Klein, S.M. ‘09

F b
2 in different schemes compared to H1- and ZEUS-data

GMVFN scheme in BMSN prescription (solid lines)
3-flavor scheme (dash-dotted lines)
4-flavor scheme (dashed lines)
charm-quark mass mb = 4.30 GeV (vertical dotted line)
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Charm structure functionCharm structure function F c
2

Sudakov logarithms (recall perturbative QCD):
calculation of observables as series in αs ≪ 1

but: large logarithmic corrections, ln(. . . )≫ 1

double logarithms (Sudakov)

Parton cross section close to threshold s ≃ 4m2

Sudakov-type logarithms ln(β) with velocity of heavy quark
β =

p

1− 4m2/s at nth-order: αn
s ln2n(β)←→ αn

s ln2n(N)

resummation in Mellin space (renormalization group equation)

σ̂ N
ij = (1 + αs g01 + . . .) · exp (GN ) + O(N−1 lnn N)

Resummed GN predicts fixed orders in perturbation theory
generating functional for towers of large logarithms
approximate expressions to NNLO
Laenen, S.M. ‘98; Alekhin, S.M. ‘08
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LO coeff fcts@

Approximate coefficient functions at NNLO
ξ=1

(a)c
2,g

(2,0)

c
2,g

(2,1)

c
2,g

(2,2)

η

(b)
c

2,g(lowx)

(2,0)

c
2,g(Thorne)

(2,0)

c
2,g(Thorne,nosup)

(2,0)

c
2,g(Thorne,nosub)

(2,0)

η
Distance from threshold η = s/(4m2)− 1

Sudakov logarithms dominant for η ≪ 1 known to NNLL
Laenen, S.M. ‘98; Alekhin, S.M. ‘08

high-energy behavior for η ≫ 1 with small-x inspired model
Thorne ‘06
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ConvolutionConvolution with gluon PDF
Recal QCD factorization

x−1F c
2 (x, Q2,m2) =

αs e2
q

π2

X

i=q,q̄,g

ηmax
Z

0

dη fi

“

z(η), µ2
”

ci,k

“

η, ξ, µ2
”

gluon PDF gives large weight to parton dynamics near threshold
for Q2 <

∼ 10− 30 GeV2
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F2c fitComparision to F c
2 data

Global NNLO fit of PDFs Alekhin, S.M. ‘08

(variant of fit Alekhin, Melnikov, Petriello ‘06)

Comparison with ZEUS data shows improvements in low Q2-region at
small values of x
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F2b dataComparision to F bb̄
2 data
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CTEQ6.6 NLO

Recent ZEUS analysis for F bb̄
2

as function of Q2 ZEUS coll. ‘10

statistical uncertainty (inner
error bars)
statistical and systematical
uncertainty added in
quadrature (outer error bars)
previous measurements
(open symbols)

Comparison with different QCD
predictions: MSTW, ABKM, CTEQ,
. . .

Sven-Olaf Moch News from ABKM – p.16

http://www-zeuthen.desy.de/~moch


Strong coupling constant

αs(MZ) = 0.1135± 0.0014 in ABKM 09

αs(MZ) = 0.1142± 0.0012 (preliminary)
more recent NNLO fit, including the combined HERA data
Alekhin, Blümlein, S.M. [to appear]

Compilation of αs(MZ) values Blümlein, Böttcher ‘10
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alphas chi2Sensitivity of fit
Illustration of χ2-dependence of αs(MZ)

(variant of fit at NLO QCD with DIS data only) Alekhin [unpublished]

dependence of χ2 on shift of αs is parabolic

change of χ2 approximately 9 units for αs(MZ) = 0.1135
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Heavy-quark masses

Choice of value for heavy-quark masses part of uncertainty

PDF fits assume pole mass scheme for heavy-quarks
numerical values differ from PDG values (systematically lower)

mc [GeV] mb [GeV]
ABKM 1.43+0.1

−0.1 4.3+0.5
−0.5

MSTW 1.40 4.75
CTEQ6.6 1.3 4.5

GJR 1.3 4.2
PDG 1.66+0.09

−0.15 4.79+0.19
−0.08
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Heavy-quark masses

Choice of value for heavy-quark masses part of uncertainty

PDF fits assume pole mass scheme for heavy-quarks
numerical values differ from PDG values (systematically lower)

mc [GeV] mb [GeV]
ABKM 1.43+0.1

−0.1 4.3+0.5
−0.5

MSTW 1.40 4.75
CTEQ6.6 1.3 4.5

GJR 1.3 4.2
PDG 1.66+0.09

−0.15 4.79+0.19
−0.08

Pole mass scheme
Based on (unphysical) concept of top-quark being a free parton

/p−mq − Σ(p, mq)

˛

˛

˛

˛

p2=m2
q

heavy-quark self-energy Σ(p,mq) receives contributions from
regions of all loop momenta – also from momenta of O(ΛQCD)

q

g
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The top-quark mass
Illustration for top-quark mass
ILC

Pole mass measurements are strongly order-dependent
e.g. threshold scan of
cross section in
e+e− collision
Beneke, Signer, Smirnov ‘99;
Hoang, Teubner ‘99;
Melnikov, Yelkhovsky ‘98;
Penin, Pivovarov ‘99;

Yakovlev ‘99

LO (dotted), NLO (dashed),
NNLO (solid) 344 345 346 347 348 349 350 351 352

"#####q2 HGeVL

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

R
g

Sven-Olaf Moch News from ABKM – p.20

http://www-zeuthen.desy.de/~moch


The top-quark mass
Illustration for top-quark mass
Tevatron

Total cross section and different channels of Tevatron analyses
(theory uncertainty band from scale variation)

Determination of mt from total cross section (slope dσ/dmt)

e.g. DZero ‘09: NLO mt = 165.5+6.1
−5.9; NNLO mt = 169.1+5.9

−5.2; . . .
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Cacciari et al., JHEP 09, 127 (2008)
Moch and Uwer, PRD 78, 034003 (2008)
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Running quark massesRunning quark masses
MS mass definition m(µR) realizes running mass (scale dependence)

short distance mass probes at scale of hard scattering

conversion between pole mass and MS mass definition in

perturbation theory: m = m(µR)
“

1 + as(µR)d(1) + as(µR)2d(2)
”

PDG running masses:
charm: mc(mc) = 1.27+0.07

−0.11 GeV, bottom: mb(mb) = 4.20+0.17
−0.07 GeV

Charm structure function Alekhin, S.M. [in progress]

F2 
charm (ABKM_3 NLO)
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comparison
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Running quark massesRunning quark masses
MS mass definition m(µR) realizes running mass (scale dependence)

short distance mass probes at scale of hard scattering

conversion between pole mass and MS mass definition in

perturbation theory: m = m(µR)
“

1 + as(µR)d(1) + as(µR)2d(2)
”

PDG running masses:
charm: mc(mc) = 1.27+0.07

−0.11 GeV, bottom: mb(mb) = 4.20+0.17
−0.07 GeV

Charm structure function Alekhin, S.M. [in progress]
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Standard Model cross sections at LHC
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Gluon at large-xGluon PDF at large- x (absolute)
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Impact of Tevatron jet data on high-x gluon PDF at NLO
Martin, Roberts, Stirling, Watt ‘09

Additional constraint O(few) % at highest x

e.g. at
√

S = 7 TeV LHC
〈x〉 ∼ O(0.3) corresponds to mass scales M = O(1− 2) TeV
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Gluon at large-xGluon PDF at large- x (relative)
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Benchmark input

EXERCISE: W,Z PRODUCTION

X Calculations performed in zero-width approximation

X Z/γ interference included, M2

ℓ+ℓ−
> 1GeV

2 to avoid photon pole

X EW parameter taken from PDG 2009:

◮ Masses MZ = 91.188 GeV, MW = 80.398 GeV

◮ Total widths ΓZ = 2.4952 GeV, ΓW = 2.1054 GeV

◮ Branching ratios Br(Z → ℓ+ℓ−) = 0.03366, Br(W → ℓνℓ) = 0.1080

◮ GF = 0.11663710−4
GeV

−2

◮ CKM matrix elements, unitary assumed

Vud = 0.97419, Vus = 0.22570, Vub = 0.00359
Vcd = 0.22560, Vcs = 0.97334, Vcb = 0.04150

Simone Alioli (DESY) DESY-Zeuthen 26 / 3 / 2010 7 / 22

Alioli (PDF4LHC march 2010)
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Drell-Yan rapidityW±, Z rapidity distributions
PDF benchmarking exercise using a MCFM version 5.7 at NLO

massless calculation in the nf = 5 flavour MS scheme in pp

collisions at
√

S = 7 TeV LHC
results for best fit prediction and errors at ±68% CL (or ±90% CL)

Observables under inspection:
e.g. W±, Z rapidity distributions in range |y| ≤ 4
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Drell-Yan rapidityDrell-Yan rapidity at NNLO
Z, γ∗-boson rapidity distribution

NNLO QCD corrections (scale variation
mZ

2
≤ µ ≤ 2mZ )

Anastasiou, Dixon, Petriello, Melnikov ‘03 [update courtesy of L.Dixon]
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bar production@

Top-quark pair-production

Comparision of NLO and NNLOapprox

Theoretical uncertainty from scale variation: µR, µF ∈ [mt/2, 2mt]

uncertainties: scale (left) and scale + PDF (right)

Sizeable difference between the ABKM/MSTW sets at NNLO well outside
the PDF uncertainty

due to value of αs and shape of gluon PDFs at 〈x〉 = 2mt/
√

s

can only be settled with first LHC data

σpp → tt(pb) at NLO          -
LHC at √s = 7 TeV
scale unc.

mt(GeV)
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σpp → tt(pb) at NLO          -
LHC at √s = 7 TeV
scale + pdf unc.
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Higgs ggHiggs cross sections: gg → H

10
-1

1

10

100 120 140 160 180 200 220 240 260 280 300

MH (GeV)

σ H
 (

pb
)

pp(14 TeV)

pp(10 TeV)

p
-
p(1.96 TeV)

pp(7 TeV)

Alekhin, Blümlein, Klein, S.M. ‘09

Higgs-boson production cross sections in gg-fusion at NNLO

Comparison to MSTW (dash-dotted lines)
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Higgs VBFHiggs cross sections: VBF

σ (pb) at LHC
√s = 7 TeV

scale choice:
Q/4 ≤ µR,µF ≤ 4Q

LO
NLO
NNLO

10
-1

1

10
-1

1

σ(µR,µF)/σNNLO(Q)

0.92

0.96

1

1.04

1.08

100 150 200 250 300 350 400 450 500

mH(GeV)

Bolzoni, Maltoni, S.M., Zaro ‘10

QCD corrections at second order
small

NNLO results very stable at 2%

against QCD scales variation
(uniformly over the full mass range)
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Higgs VBFHiggs cross sections: VBF

σ (pb) at LHC

√s = 7 TeV

µR = µF = Q

MSTW08

ABKM

JR09VF

mH(GeV)

0.96

0.98

1

1.02

1.04

1.06

100 150 200 250 300 350 400
0.96

0.98

1

1.02

1.04

1.06

100 150 200 250 300 350 400

Bolzoni, Maltoni, S.M., Zaro ‘10

QCD corrections at second order
small

NNLO results very stable at 2%

against QCD scales variation
(uniformly over the full mass range)

Upshot
apparent convergence

scale stability

reduction of theoretical uncertainty
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Summary

Global high precision PDF fit
PDF fit to NNLO accuracy in QCD

consistent treatment of heavy quarks in fixed flavor number
scheme

Precision determination of αs

Impact on SM cross sections at LHC and Tevatron
high precision prediction at NNLO

Outlook
Continue investigation of heavy-quark treatment

Update of PDF fits with combined HERA data

Differences with other sets to be addressed with first LHC data
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Extra slides

Sven-Olaf Moch News from ABKM – p.31

http://www-zeuthen.desy.de/~moch


Top quark mass dependence MSbarTop quark’s MS mass dependence
Total top-quark cross section as function of m
Langenfeld, S.M., Uwer ‘09

theoretical uncertainity (band) due to variation of µR ∈ [m/2, 2m]

for fixed set µF ∈ m/2, m, 2m
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W-asymmetry (I)

As expected, the agreement with the data is poor

In the higher#ET region the inclusion of NLO and NNLO corrections 
improves the situation but a substantial disagreement persists

Lepton asymmetry and new DØ data

Grazzini (HO TH institu
te CERN june 2010)
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W-asymmetry (II)

The agreement is even worse by using ABKM09 PDFs

Lepton asymmetry and new DØ data

Grazzini (HO TH institu
te CERN june 2010)
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