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BSM	search

Dynamics	of	QCD	at	higher	energy:	
perturbaTve	calculaTon	
alphaS	determinaTon	

parton	shower	
hadronizaTon/power	correcTons	

quantum	nature	of	jet

Laboratory	for	QFT:	
ScaZering	amplitudes	
Feynman	integrals	

Wilson	loops	
integrability	of	twist	operators	

light-ray	operator

Jet	and	its	substructure
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• Numerous	substructure	observable	proposed	in	the	last	decades.	These	
observables	are	designed	to	achieve	different	goals:	maximizing	BSM	signal,	
reducing	so`	hadron	contaminaTon,	……	

• For	deciphering	the	dynamics	of	QCD,	guiding	principles	are	(subject	to	theorists	
own	tastes):	

• beZer	perturbaTve	behavior	

• nice	factorizaTon	properTes	

• simple	operator	definiTon
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Energy	CorrelaBons	
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EEC:	CorrelaTon	of	energy	deposiTon	between	two	detector	at	an	angle	χ
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N-point	energy	correlator	and	celesBal	sphere
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collider	celesTal	sphere astronomy	celesTal	sphere

collinear	limit	
jet	substructure
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Place	N	energy	detector	at	N	
marked	point	on	the	celesTal	
sphere	
Weighted	cross	secTon	
parameterized	by	N(N-1)/2	
angles	on	the	celesTal	sphere



Simplicity	of	perturbaBve	energy	correlators

66
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jet substructure = H ⌦ J ⌦ S
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For	energy	correlators,	many	of	the	complicaBons	absent:

1. Absent	of	algorithm	

2. No	so`	contribuTon	at	leading	power,	S=1	

3. SimplificaTon	in	collinear	phase	space

NGLs

jet	boundary
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complete	factorizaBon	of	bulk	variables	and	celesBal	variables



AnalyBc	results	for	a	three-prong	substructure
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three-point	energy	correlator
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factorizaTon	of	bulk	
and	celesTal	variables

“almost”	2D	euclidean	correlators

N=4	SYM
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Plan	for	the	remaining	talk

• Light-ray	operator	and	its	OPE	in	QCD	

• Two-point	energy	correlator	(EEC)	from	Light-ray	OPE;	reciprocity	

• Squeeze	limit	of	three-point	energy	correlator	

• Hidden	conformal	symmetry	on	the	celesTal	sphere
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FactorizaBon	v.s.	OPE
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convenTonal	observables Weighted	cross	secTon

1. Weighted	cross	secTon	convert	factorizaTon	convoluTon	to	ordinary	RG	equaTon	

2. EvoluTon	kernels	are	Mellin	moment	of	Tme-like	splirng	kernels.	Through	
(generalized)	Gribov-Lipatov	reciprocity	converts	to	anomalous	dimension	of	local	
Wilson	operators	

3. Both	properTes	are	realized	by	energy	correlators	automaTcally



Energy	flow	operator

• Energy	flow	operator	measures	the	Tme-integrated	energy	recorded	by	a	
detector	placed	at	a	point	n	on	celesTal	sphere.
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1. Proposed	as	a	operator	definiTon	of	measurement	

2. Used	to	study	non-perturbaTve	power	correcTons	

3. ApplicaTon	in	conformal	collider	

4. CalculaTons	with	Mellin	amplitude	technique	

5. Non-perturbaTve	convergent	OPE	in	CFT	

6. PerturbaTve	OPE	in	QCD

E(~n) = lim
r!1

r2
Z 1

0
dt ~niT

0i(t, r~n)
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Energy	flow	operator

• Energy	flow	operator	measures	the	Tme-integrated	energy	recorded	by	a	
detector	placed	at	a	point	n	on	celesTal	sphere.
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)
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x~n
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null-integrated	operator

light-transform	of	local	operator
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EEC	as	correlator	of	energy	flow	operator
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jµem(x) = eq q̄�
µq(x)
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d4xe�iq·xh⌦|j†em,µ(x)E(~n1)E(~n2)j

µ
em(0)|⌦i

small	angle	limit
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~n2 ! ~n1 OPE	of	
<latexit sha1_base64="EVc0BYQQSrYpFJExJT1kp06B8A4="></latexit>

E(~n1)E(~n2)

To	make	sense	of	the	OPE,	the	two	energy	flow	operator	
beZer	be	space-like	separated.	

Then	one	can	try	to	do	light-transform	on	both	side,	and	
then	establish	the	light-ray	OPE.	CauTous:	not	all	light-ray	
operators	can	be	wriZen	as	light-transform	of	local	
operator.

<latexit sha1_base64="cS+Pbnv4HmV9hAwV08iV9WaosSg="></latexit>

lim
~n2!~n1

E(~n1)E(~n2) =
X

i

✓�i
12Oi(~n1)
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It’s	convenient	to	write	energy	flow	operator	as	light-transform	of	local	twist	2	
(collinear)	spin	2	traceless	symmetric	tensor

E(~n) = lim
r!1

r2
Z 1

0
dt ~niT

0i(t, r~n)
<latexit sha1_base64="TKR00qqAYvrTrfp9A9/C2aVzqF4="></latexit>
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E(~n) = lim
r!1

r
2

Z 1

0
dt [Oµ1µ2

q (t, r~n) +O
µ1µ2
g (t, r~n)]n̄µ1 n̄µ2
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n̄µ = (1,�~n)

<latexit sha1_base64="JlavnJD8vbZKxgfbhM5ixp8K8rc="></latexit>

O
µ⌫
g = �1

4
F

⇢µ
F⇢

⌫

<latexit sha1_base64="uIj06/hVqb/wr2UmYzMP1o4kTNc="></latexit>

O
µ⌫
q =

1

4
q̄�

µ(iD⌫)q

Therefore,	for	the	local	OPE,	we	need	local	Wilson	operator	label	by	various	
twist	and	spin.	For	twist	2	even	spin,	there	are	three	different	family	in	QCD

twist	τ	=	dimension	Δ	-	(collinear)	spin	J

O
[J]
q =

1

2J
 ̄�+(iD+)J�1 

<latexit sha1_base64="bzrhnYiS5fjuLCPnVCUb9seJGZc="></latexit>

O
[J]
g = �

1

2J
Fµ+
a (iD+)J�2Fµ+

a
<latexit sha1_base64="AEvjn0Pes8kaAGh8rMd97KkcE+k="></latexit>

O
[J]
g̃,� = �

1

2J
Fµ+
a (iD+)J�2F ⌫+

a ✏�,µ✏�,⌫
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helicity	±

transverse	
spin-0	

transverse	
spin-2	
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✏± = (0, 1,±i, 0)
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FD3F = D3(FF )� (D3F )F �D(DF )2
odd	spin	vanishes However,	under	light-transform,	one	can	

analyTc	conTnue	even	spin	to	odd	spin.
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O(~n) = lim
r!1

r
��J

Z 1

0
dt O

µ1...µJ (t, r~n)n̄µ1 . . . n̄µJ
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Light-transform	of	O(Δ,J)

dimension

collinear	spin

ensure	finite,	non-vanishing	light	transform
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<latexit sha1_base64="rdazPQAm+B+76lU7QK9w3SZCemA=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoPgxbArih6DXsRTFPOAZAmzk9lkyOzMMtMrxCV/4EnQb/EmXv0DP8Wbk2QPJrGgoajqprsriAU34LrfTm5peWV1Lb9e2Njc2t4p7u7VjUo0ZTWqhNLNgBgmuGQ14CBYM9aMRIFgjWBwPfYbj0wbruQDDGPmR6QnecgpASvdn9x2iiW37E6AF4mXkRLKUO0Uf9pdRZOISaCCGNPy3Bj8lGjgVLBRoZ0YFhM6ID3WslSSiBk/nVw6wkdW6eJQaVsS8ET9O5GSyJhhFNjOiEDfzHtj8T+vlUB46adcxgkwSaeLwkRgUHj8Nu5yzSiIoSWEam5vxbRPNKFgw5nZAnzwNPNFGvfCWCgwI5uVN5/MIqmflr3zsnt3VqpcZanl0QE6RMfIQxeogm5QFdUQRSF6Rq/ozXlx3p0P53PamnOymX00A+frF2mIngg=</latexit>

�J
<latexit sha1_base64="nfd2UmHSHOhsTawrvzy2sCIvFyQ=">AAACGnicbVA9SwNBEN2LXzF+RS1tFoNgY7gTRRshqIVlBPMBuRD2NnvJkr29ZXdOiEf+hpWgv8VObG38KXZukitM4oOBx3szzMwLlOAGXPfbyS0tr6yu5dcLG5tb2zvF3b26iRNNWY3GItbNgBgmuGQ14CBYU2lGokCwRjC4GfuNR6YNj+UDDBVrR6QnecgpASv5V9jDJ9i/ZQJIp1hyy+4EeJF4GSmhDNVO8cfvxjSJmAQqiDEtz1XQTokGTgUbFfzEMEXogPRYy1JJImba6eTmET6ySheHsbYlAU/UvxMpiYwZRoHtjAj0zbw3Fv/zWgmEl+2US5UAk3S6KEwEhhiPA8BdrhkFMbSEUM3trZj2iSYUbEwzW4APnma+SFUvVCIGM7JZefPJLJL6adk7L7v3Z6XKdZZaHh2gQ3SMPHSBKugOVVENUaTQM3pFb86L8+58OJ/T1pyTzeyjGThfv5FpoTY=</latexit>

= 1��

<latexit sha1_base64="cS+Pbnv4HmV9hAwV08iV9WaosSg="></latexit>

lim
~n2!~n1

E(~n1)E(~n2) =
X

i

✓�i
12Oi(~n1)

dimension

collinear	spin

<latexit sha1_base64="6S7z2uWTcRvvOjaEohn6nWiPpek=">AAACD3icbVDLSgMxFM34rPVVdekmWARBKDOi6LLoxmUL9gFtKZk004ZmkpDcEerQL3Al6Le4E7d+gp/izrSdhW09cOFwzr3ce0+oBbfg+9/eyura+sZmbiu/vbO7t184OKxblRjKalQJZZohsUxwyWrAQbCmNozEoWCNcHg38RuPzFiu5AOMNOvEpC95xCkBJ1XPu4WiX/KnwMskyEgRZah0Cz/tnqJJzCRQQaxtBb6GTkoMcCrYON9OLNOEDkmftRyVJGa2k04PHeNTp/RwpIwrCXiq/p1ISWztKA5dZ0xgYBe9ifif10oguumkXOoEmKSzRVEiMCg8+Rr3uGEUxMgRQg13t2I6IIZQcNnMbQE+fJr7ItX9SAsFduyyChaTWSb1i1JwVfKrl8XybZZaDh2jE3SGAnSNyugeVVANUcTQM3pFb96L9+59eJ+z1hUvmzlCc/C+fgHFfZ2y</latexit>

+

<latexit sha1_base64="6S7z2uWTcRvvOjaEohn6nWiPpek=">AAACD3icbVDLSgMxFM34rPVVdekmWARBKDOi6LLoxmUL9gFtKZk004ZmkpDcEerQL3Al6Le4E7d+gp/izrSdhW09cOFwzr3ce0+oBbfg+9/eyura+sZmbiu/vbO7t184OKxblRjKalQJZZohsUxwyWrAQbCmNozEoWCNcHg38RuPzFiu5AOMNOvEpC95xCkBJ1XPu4WiX/KnwMskyEgRZah0Cz/tnqJJzCRQQaxtBb6GTkoMcCrYON9OLNOEDkmftRyVJGa2k04PHeNTp/RwpIwrCXiq/p1ISWztKA5dZ0xgYBe9ifif10oguumkXOoEmKSzRVEiMCg8+Rr3uGEUxMgRQg13t2I6IIZQcNnMbQE+fJr7ItX9SAsFduyyChaTWSb1i1JwVfKrl8XybZZaDh2jE3SGAnSNyugeVVANUcTQM3pFb96L9+59eJ+z1hUvmzlCc/C+fgHFfZ2y</latexit>

+

<latexit sha1_base64="iifDFBNA489l5DRQy6DqM0vh+4E=">AAACI3icbVDLSsNAFJ3UV62vaJduBotQF5akKLosunFZwT6gDWUymbRDJw9mboQY+i2uBP0Wd+LGhR/iziTNwrYeGDicc++cmWOHgiswjC+ttLa+sblV3q7s7O7tH+iHR10VRJKyDg1EIPs2UUxwn3WAg2D9UDLi2YL17Olt5vcemVQ88B8gDpnlkbHPXU4JpNJIrybD/JJEMmdWx81z82w20mtGw8iBV4lZkBoq0B7pP0MnoJHHfKCCKDUwjRCshEjgVLBZZRgpFhI6JWM2SKlPPKasJM+d4dNUcbAbyPT4gHP170ZCPKViz04nPQITtexl4n/eIAL32kq4H0bAfDoPciOBIcBZE9jhklEQcUoIlTx9K6YTIgmFtK+FFODTp4VfJOHYDUUAKuvKXG5mlXSbDfOyYdxf1Fo3RWtldIxOUB2Z6Aq10B1qow6iKEbP6BW9aS/au/ahfc5HS1qxU0UL0L5/AfOapRM=</latexit>

(2� 1)
<latexit sha1_base64="iifDFBNA489l5DRQy6DqM0vh+4E=">AAACI3icbVDLSsNAFJ3UV62vaJduBotQF5akKLosunFZwT6gDWUymbRDJw9mboQY+i2uBP0Wd+LGhR/iziTNwrYeGDicc++cmWOHgiswjC+ttLa+sblV3q7s7O7tH+iHR10VRJKyDg1EIPs2UUxwn3WAg2D9UDLi2YL17Olt5vcemVQ88B8gDpnlkbHPXU4JpNJIrybD/JJEMmdWx81z82w20mtGw8iBV4lZkBoq0B7pP0MnoJHHfKCCKDUwjRCshEjgVLBZZRgpFhI6JWM2SKlPPKasJM+d4dNUcbAbyPT4gHP170ZCPKViz04nPQITtexl4n/eIAL32kq4H0bAfDoPciOBIcBZE9jhklEQcUoIlTx9K6YTIgmFtK+FFODTp4VfJOHYDUUAKuvKXG5mlXSbDfOyYdxf1Fo3RWtldIxOUB2Z6Aq10B1qow6iKEbP6BW9aS/au/ahfc5HS1qxU0UL0L5/AfOapRM=</latexit>

(2� 1)
<latexit sha1_base64="I75K+iUzO9VHD/CQOnF5RJGQYgU=">AAACI3icbVDLSsNAFJ3UV62vaJduBotQF5bEB7osunFZwT6gDWUymbRDJw9mboQa8i2uBP0Wd+LGhR/iziTNwrYeGDicc++cmWOHgiswjC+ttLK6tr5R3qxsbe/s7un7Bx0VRJKyNg1EIHs2UUxwn7WBg2C9UDLi2YJ17clt5ncfmVQ88B9gGjLLIyOfu5wSSKWhXo0H+SWxZE5Sx+en5kky1GtGw8iBl4lZkBoq0BrqPwMnoJHHfKCCKNU3jRCsmEjgVLCkMogUCwmdkBHrp9QnHlNWnOcm+DhVHOwGMj0+4Fz9uxETT6mpZ6eTHoGxWvQy8T+vH4F7bcXcDyNgPp0FuZHAEOCsCexwySiIaUoIlTx9K6ZjIgmFtK+5FOCTp7lfxOHIDUUAKuvKXGxmmXTOGuZlw7i/qDVvitbK6BAdoToy0RVqojvUQm1E0RQ9o1f0pr1o79qH9jkbLWnFThXNQfv+BfVJpRQ=</latexit>

(3� 1)<latexit sha1_base64="2ciD1kkBBAXyrPPH59WWlKk1LDU=">AAACD3icbVDLSgMxFM34rPVVdekmWARXZUYU3QhFNy5bsA9oS8mkmTY0k4TkjlCHfoErQb/Fnbj1E/wUd6btLGzrgQuHc+7l3ntCLbgF3//2VlbX1jc2c1v57Z3dvf3CwWHdqsRQVqNKKNMMiWWCS1YDDoI1tWEkDgVrhMO7id94ZMZyJR9gpFknJn3JI04JOKl60y0U/ZI/BV4mQUaKKEOlW/hp9xRNYiaBCmJtK/A1dFJigFPBxvl2YpkmdEj6rOWoJDGznXR66BifOqWHI2VcScBT9e9ESmJrR3HoOmMCA7voTcT/vFYC0XUn5VInwCSdLYoSgUHhyde4xw2jIEaOEGq4uxXTATGEgstmbgvw4dPcF6nuR1oosGOXVbCYzDKpn5eCy5JfvSiWb7PUcugYnaAzFKArVEb3qIJqiCKGntErevNevHfvw/ucta542cwRmoP39Qvjg53E</latexit>=
<latexit sha1_base64="fFGv+PDOcBVaqctczVbjrERA6T4=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUL9gFtKZk004ZmkpDcEerQL3Al6Le4E7d+gp/izrSdhW09cOFwzr3ce0+oBbfg+99ebm19Y3Mrv13Y2d3bPygeHjWsSgxldaqEMq2QWCa4ZHXgIFhLG0biULBmOLqb+s1HZixX8gHGmnVjMpA84pSAk2p+r1jyy/4MeJUEGSmhDNVe8afTVzSJmQQqiLXtwNfQTYkBTgWbFDqJZZrQERmwtqOSxMx209mhE3zmlD6OlHElAc/UvxMpia0dx6HrjAkM7bI3Ff/z2glEN92US50Ak3S+KEoEBoWnX+M+N4yCGDtCqOHuVkyHxBAKLpuFLcBHTwtfpHoQaaHATlxWwXIyq6RxUQ6uyn7tslS5zVLLoxN0is5RgK5RBd2jKqojihh6Rq/ozXvx3r0P73PemvOymWO0AO/rF83Unbc=</latexit>

0
<latexit sha1_base64="6S7z2uWTcRvvOjaEohn6nWiPpek=">AAACD3icbVDLSgMxFM34rPVVdekmWARBKDOi6LLoxmUL9gFtKZk004ZmkpDcEerQL3Al6Le4E7d+gp/izrSdhW09cOFwzr3ce0+oBbfg+9/eyura+sZmbiu/vbO7t184OKxblRjKalQJZZohsUxwyWrAQbCmNozEoWCNcHg38RuPzFiu5AOMNOvEpC95xCkBJ1XPu4WiX/KnwMskyEgRZah0Cz/tnqJJzCRQQaxtBb6GTkoMcCrYON9OLNOEDkmftRyVJGa2k04PHeNTp/RwpIwrCXiq/p1ISWztKA5dZ0xgYBe9ifif10oguumkXOoEmKSzRVEiMCg8+Rr3uGEUxMgRQg13t2I6IIZQcNnMbQE+fJr7ItX9SAsFduyyChaTWSb1i1JwVfKrl8XybZZaDh2jE3SGAnSNyugeVVANUcTQM3pFb96L9+59eJ+z1hUvmzlCc/C+fgHFfZ2y</latexit>

+
Only	J=3	local	operator	
appear	in	the	OPE

for	energy	flow	operator
<latexit sha1_base64="K33HtT4yZy0v/D0zKDPCqNe2SOM=">AAACI3icbVDLSgNBEJyNrxhfqzl6GQyChxB2Q0QvgaAexFME84BsCLOT2WTI7IOZXiEu+RZPgn6LN/HiwQ/x5iTZg0ksaCiquunuciPBFVjWl5FZW9/Y3Mpu53Z29/YPzMOjpgpjSVmDhiKUbZcoJnjAGsBBsHYkGfFdwVru6Hrqtx6ZVDwMHmAcsa5PBgH3OCWgpZ6Zd26YAIKrFewUi/gOV3G5ZxaskjUDXiV2SgooRb1n/jj9kMY+C4AKolTHtiLoJkQCp4JNck6sWEToiAxYR9OA+Ex1k9nxE3yqlT72QqkrADxT/04kxFdq7Lu60ycwVMveVPzP68TgXXYTHkQxsIDOF3mxwBDiaRK4zyWjIMaaECq5vhXTIZGEgs5rYQvw0dPCF0k08CIRgprorOzlZFZJs1yyz0vWfaVQu0pTy6JjdILOkI0uUA3dojpqIIrG6Bm9ojfjxXg3PozPeWvGSGfyaAHG9y+8QaMw</latexit>

� = 4 , J = 2

<latexit sha1_base64="2ciD1kkBBAXyrPPH59WWlKk1LDU=">AAACD3icbVDLSgMxFM34rPVVdekmWARXZUYU3QhFNy5bsA9oS8mkmTY0k4TkjlCHfoErQb/Fnbj1E/wUd6btLGzrgQuHc+7l3ntCLbgF3//2VlbX1jc2c1v57Z3dvf3CwWHdqsRQVqNKKNMMiWWCS1YDDoI1tWEkDgVrhMO7id94ZMZyJR9gpFknJn3JI04JOKl60y0U/ZI/BV4mQUaKKEOlW/hp9xRNYiaBCmJtK/A1dFJigFPBxvl2YpkmdEj6rOWoJDGznXR66BifOqWHI2VcScBT9e9ESmJrR3HoOmMCA7voTcT/vFYC0XUn5VInwCSdLYoSgUHhyde4xw2jIEaOEGq4uxXTATGEgstmbgvw4dPcF6nuR1oosGOXVbCYzDKpn5eCy5JfvSiWb7PUcugYnaAzFKArVEb3qIJqiCKGntErevNevHfvw/ucta542cwRmoP39Qvjg53E</latexit>=
<latexit sha1_base64="6S7z2uWTcRvvOjaEohn6nWiPpek=">AAACD3icbVDLSgMxFM34rPVVdekmWARBKDOi6LLoxmUL9gFtKZk004ZmkpDcEerQL3Al6Le4E7d+gp/izrSdhW09cOFwzr3ce0+oBbfg+9/eyura+sZmbiu/vbO7t184OKxblRjKalQJZZohsUxwyWrAQbCmNozEoWCNcHg38RuPzFiu5AOMNOvEpC95xCkBJ1XPu4WiX/KnwMskyEgRZah0Cz/tnqJJzCRQQaxtBb6GTkoMcCrYON9OLNOEDkmftRyVJGa2k04PHeNTp/RwpIwrCXiq/p1ISWztKA5dZ0xgYBe9ifif10oguumkXOoEmKSzRVEiMCg8+Rr3uGEUxMgRQg13t2I6IIZQcNnMbQE+fJr7ItX9SAsFduyyChaTWSb1i1JwVfKrl8XybZZaDh2jE3SGAnSNyugeVVANUcTQM3pFb96L9+59eJ+z1hUvmzlCc/C+fgHFfZ2y</latexit>

+
<latexit sha1_base64="EHC3/ZLm3UuKfOyFRTgC+/HTOLc=">AAACLXicbVBJS8NAGJ3UrdYt6lGEwSLUgyVxQY9FLx4r2AXaEiaTSTt0sjDzRaghJ3+NJ0F/iwdBvPobvDltc7DVBwOP975tnhsLrsCy3o3CwuLS8kpxtbS2vrG5ZW7vNFWUSMoaNBKRbLtEMcFD1gAOgrVjyUjgCtZyh9djv3XPpOJReAejmPUC0g+5zykBLTnmftqdDEkl87KKjY9xF0jicE1OjzLHLFtVawL8l9g5KaMcdcf87noRTQIWAhVEqY5txdBLiQROBctK3USxmNAh6bOOpiEJmOqlkwsyfKgVD/uR1C8EPFF/d6QkUGoUuLoyIDBQ895Y/M/rJOBf9lIexgmwkE4X+YnAEOFxJtjjklEQI00IlVzfiumASEJBJzezBfjwYeYXadz3YxGBGmdlzyfzlzRPqvZ51bo9K9eu8tSKaA8doAqy0QWqoRtURw1E0SN6Qi/o1Xg23owP43NaWjDynl00A+PrB7W0qHM=</latexit>

(1� ⌧i � 3)

E(~n1) E(~n2) ⇠
X

i

ci ✓
⌧i�4

Oi(~n2)
<latexit sha1_base64="vrq0J6B1rHqdMfbwXffBHdS65hE="></latexit>

<latexit sha1_base64="ahyfiYs/VKISmaD8nFaakDzfPcY=">AAACJHicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSqeiy6MZlBfuANpTJZNIOnTyYuRHakH9xJei3uBMXbvwPdyZpFrZ6YOBwzr1zZo4dCq7AMD610srq2vpGebOytb2zu6fvH3RUEEnK2jQQgezZRDHBfdYGDoL1QsmIZwvWtSe3md99ZFLxwH+Aacgsj4x87nJKIJWG+lE8yC+JJXOSmonPceMsGepVo27kwH+JWZAqKtAa6t8DJ6CRx3yggijVN40QrJhI4FSwpDKIFAsJnZAR66fUJx5TVpwHJ/g0VRzsBjI9PuBc/b0RE0+pqWenkx6BsVr2MvE/rx+Be23F3A8jYD6dB7mRwBDgrArscMkoiGlKCJU8fSumYyIJhbSwhRTgk9nCL+Jw5IYiAJV1ZS4385d0LurmZd24b1SbN0VrZXSMTlANmegKNdEdaqE2omiGntALetWetTftXfuYj5a0YucQLUD7+gFX76U/</latexit>

(1� 4)
<latexit sha1_base64="ahyfiYs/VKISmaD8nFaakDzfPcY=">AAACJHicbVDLSsNAFJ3UV62v+Ni5GSxCXVgSqeiy6MZlBfuANpTJZNIOnTyYuRHakH9xJei3uBMXbvwPdyZpFrZ6YOBwzr1zZo4dCq7AMD610srq2vpGebOytb2zu6fvH3RUEEnK2jQQgezZRDHBfdYGDoL1QsmIZwvWtSe3md99ZFLxwH+Aacgsj4x87nJKIJWG+lE8yC+JJXOSmonPceMsGepVo27kwH+JWZAqKtAa6t8DJ6CRx3yggijVN40QrJhI4FSwpDKIFAsJnZAR66fUJx5TVpwHJ/g0VRzsBjI9PuBc/b0RE0+pqWenkx6BsVr2MvE/rx+Be23F3A8jYD6dB7mRwBDgrArscMkoiGlKCJU8fSumYyIJhbSwhRTgk9nCL+Jw5IYiAJV1ZS4385d0LurmZd24b1SbN0VrZXSMTlANmegKNdEdaqE2omiGntALetWetTftXfuYj5a0YucQLUD7+gFX76U/</latexit>

(1� 4)
<latexit sha1_base64="RQ8Y2PVlkeb4UBFfRXeeCcqaNeY=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNnJbDJkHstMrxCX/IQnQb/Fm3j16qd4c5LswSQWNBRV3XR3RYngFnz/21tZXVvf2CxsFbd3dvf2SweHDatTQ1mdaqFNKyKWCa5YHTgI1koMIzISrBkNbyd+85EZy7V6gFHCQkn6isecEnBSq9MnUpIu75bKfsWfAi+TICdllKPWLf10epqmkimggljbDvwEwowY4FSwcbGTWpYQOiR91nZUEclsmE3vHeNTp/RwrI0rBXiq/p3IiLR2JCPXKQkM7KI3Ef/z2inE12HGVZICU3S2KE4FBo0nz+MeN4yCGDlCqOHuVkwHxBAKLqK5LcCHT3NfZEk/ToQGO3ZZBYvJLJPGeSW4rPj3F+XqTZ5aAR2jE3SGAnSFqugO1VAdUSTQM3pFb96L9+59eJ+z1hUvnzlCc/C+fgHOkaD0</latexit>�i

Small	angle	expansion	reduce	to	twist	expansion	
of	local	operator	(under	analyTc	conTnuaTon)

<latexit sha1_base64="nonxGTeg/sURHbqGHnM5wzvZVIk=">AAACMXicbZBNSwMxEIazfn9b9eglWgQvll2p6EUQvXhUsSp0S5lNs9vQZLMks0pdevbXeBL0t3gTr/4Cb6a1B6u+EHh4Z4bJvFEmhUXff/XGxicmp6ZnZufmFxaXlksrq1dW54bxGtNSm5sILJci5TUUKPlNZjioSPLrqHPSr1/fcmOFTi+xm/GGgiQVsWCAzmqWNsILkbQRjNF3NExAKWgKekhDhNzBDq02S2W/4g9E/0IwhDIZ6qxZ+gxbmuWKp8gkWFsP/AwbBRgUTPLeXJhbngHrQMLrDlNQ3DaKwSk9uuWcFo21cS9FOnB/ThSgrO2qyHUqwLb9Xeub/9XqOcYHjUKkWY48Zd+L4lxS1LSfC20JwxnKrgNgRri/UtYGAwxdeiNbUHTuR64osiTOpEbbc1kFv5P5C1e7lWCv4p9Xy0fHw9RmyDrZJNskIPvkiJySM1IjjDyQR/JMXrwn79V7896/W8e84cwaGZH38QVURKpQ</latexit>) �i = ⌧i � 4

<latexit sha1_base64="hE33SQ+tQS1eGrFoDvLRHruSnNQ="></latexit>

⌧ = �� J
<latexit sha1_base64="0LAZ3kVBSwNhycofvycUWAWFwfA="></latexit>

O = L[O]

Hofman,	Maldacena	08;	Kologlu,	Kravchuk,	Simmons-
Duffin,	Zhiboedov,	19
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At	small	angle,	leading	contribuTons	from	twist	2	family,	given	below

E(~n1) E(~n2) ⇠
X

i

ci ✓
⌧i�4

Oi(~n2)
<latexit sha1_base64="vrq0J6B1rHqdMfbwXffBHdS65hE="></latexit>

O
[J]
q =

1

2J
 ̄�+(iD+)J�1 

<latexit sha1_base64="bzrhnYiS5fjuLCPnVCUb9seJGZc="></latexit>

O
[J]
g = �

1

2J
Fµ+
a (iD+)J�2Fµ+

a
<latexit sha1_base64="AEvjn0Pes8kaAGh8rMd97KkcE+k="></latexit>

Local	Operators

O
[J]
g̃,� = �

1

2J
Fµ+
a (iD+)J�2F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="wEjMEDlMTkbekD7/zCtoynKHgB8="></latexit>

helicity	±

lim
r!1

r2
Z 1

0
dt

<latexit sha1_base64="Q5dos+xut4a+IHW9WirFM6MprDM="></latexit>

unpolarized

polarized

=

2

6666666664

O
[J]
q (~n)

O
[J]
g (~n)

O
[J]
g̃,+(~n)

O
[J]
g̃,�(~n)

3

7777777775

<latexit sha1_base64="S0Ujhp89aSXWaWQc98OFWWH++s0="></latexit>

~O[J](~n)
<latexit sha1_base64="g1x9qogLUidqQLzFAREA8LP3zIA="></latexit>

transverse	
spin-0	

transverse	
spin-2	

light	transform

To	complete	the	OPE,	we	need	to	calculate	the	OPE	coefficients
<latexit sha1_base64="VeuekxFDKVd90nS4eJsFdbav68E="></latexit>

h⌦|�†E(~n1)E(~n2)�|⌦i ⇠
X

i

ci✓
⌧i�4h⌦|�†

Oi(~n2)�|⌦i



Matching	for	quark	operator
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omit	the	Wilson	line	for	simplicity,	
but	does	not	affect	the	tree	level	matching	

~n1
<latexit sha1_base64="B7+sGjPT0sL1w+PSVjGskhYju7M="></latexit>

~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

~n1
<latexit sha1_base64="B7+sGjPT0sL1w+PSVjGskhYju7M="></latexit>

~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

✓ ! 0
<latexit sha1_base64="DXcZTU15WdNTrAjQTuVA4E0tMSQ=">AAACUXicbVDLTgJBEOxdXwg+QI9eJhITD4bsqokeiV48YiKPZCFkdpiFCbOPzPQSyIbP8Kof5clP8eYAexCwkkkq1d3TXeUnUmh0nG/L3tnd2z8oHBZLR8cnp+XKWUvHqWK8yWIZq45PNZci4k0UKHknUZyGvuRtf/y8qLcnXGkRR284S3gvpMNIBIJRNJLXxRFH2sWYOP1y1ak5S5Bt4uakCjka/YrldAcxS0MeIZNUa891EuxlVKFgks+L3VTzhLIxHXLP0IiGXPey5c1zcmWUAQliZV6EZKn+nchoqPUs9E1nSHGkN2sL8b+al2Lw2MtElKTII7ZaFKSSGI+LAMhAKM5QzgyhTAlzK2EjqihDE9PalsXfSgd6zUmWjGZasHXRG0xEopcGb4ieDHM2dd3c9HTl2mTsbia6TVq3Nfeudvt6X60/5WkX4AIu4RpceIA6vEADmsAghnf4gE/ry/qxwbZXrbaVz5zDGuzSLwpAtGQ=</latexit>

� 1

2⇡

2

✓2
[(�qq(2)� �qq(3)) + (�gq(2)� �gq(3))] h⌦| (x) O[3]

q (~n2) ̄(0)|⌦i
<latexit sha1_base64="AhCChL7+dG8w5dQ3GXPnJbOW4gg="></latexit>

Pqq Pgq

<latexit sha1_base64="K4SByQwmzLRZdWA89pHyh4b19n8="></latexit>

�qq(2) + �gq(2) = 0momentum	conservaTon:	Matching	coefficient

<latexit sha1_base64="JVFLEngHHywW+Bo+cJmn4xqlHcc="></latexit>p2

<latexit sha1_base64="XXW6XSWBwAGHnNA2Yi+EYx2AD+8="></latexit>p1

<latexit sha1_base64="5AppibJarmfr0RD+iTNs/mBh+HE="></latexit>

h0| (x)E(~n1)E(~n2) ̄(0)|0i

= g2CF

Z
E2

1dE1

(2⇡)32E1

E2
2dE2

(2⇡)32E2
e�i(p1+p2)·xE1E2

 
X

�

/p1 + /p2
(p1 + p2)2

/✏�(p2)/p1/✏��(p2)
/p1 + /p2

(p1 + p2)2
+ (2 $ 3)

!

=
1

2⇡

4

✓2S

g2

(4⇡)2
CF

Z 1

0
dz z(1� z)

✓
1 + z2

1� z
+

1 + (1� z)2

z

◆Z
E2dE

(2⇡)32E
/pE

2e�iEn·x



Matching	for	gluon	operator
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h⌦|A⌫
b (x) E(~n1)E(~n2) A

µ
a(0)|⌦i

<latexit sha1_base64="sKNRuVg4/sJT6xyoq174sNNPo10="></latexit>

=

Z
E2

1dE1

(2⇡)32E1

E2
2dE2

(2⇡)32E2
E1E2 e�i(p1+p2)·x

<latexit sha1_base64="w3WwiEwy3eQodcPqaJNViq+H2DE="></latexit>

~n1
<latexit sha1_base64="B7+sGjPT0sL1w+PSVjGskhYju7M="></latexit>

~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

µ, a
<latexit sha1_base64="tjwboObDgmL7+221efI3zdME44I="></latexit>

⌫, b
<latexit sha1_base64="nMMenWsdX4UfYrFT1h2cK2ZbQNg="></latexit>

~n1
<latexit sha1_base64="B7+sGjPT0sL1w+PSVjGskhYju7M="></latexit>

~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

µ, a
<latexit sha1_base64="tjwboObDgmL7+221efI3zdME44I="></latexit>

⌫, b
<latexit sha1_base64="nMMenWsdX4UfYrFT1h2cK2ZbQNg="></latexit>

~n1
<latexit sha1_base64="B7+sGjPT0sL1w+PSVjGskhYju7M="></latexit>

~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

µ, a
<latexit sha1_base64="tjwboObDgmL7+221efI3zdME44I="></latexit>

⌫, b
<latexit sha1_base64="nMMenWsdX4UfYrFT1h2cK2ZbQNg="></latexit>

+
<latexit sha1_base64="2ZtZ4bM/z4jcCUGdkj9lkESElHE=">AAACXHicbVHLSsNAFJ3GqrW+qoIbN4NFEJSSVEGXRRFcKtgH1FImk5t2cPJg7qRYQr/ArX6cG7/FaZqFab0wcDj3ec64sRSobfu7ZK2V1zc2K1vV7Z3dvf3awWEHo0RxaPNIRqrnMgQpQmhroSX0YgUscCV03bf7eb47AYUiCl/0NIZBwEah8AVn2lDPF8Na3W7YWdBV4OSgTvJ4Gh6UHl69iCcBhJpLhth37FgPUqa04BJm1dcEIWb8jY2gb2DIAsBBml06o2eG8agfKfNCTTP2b0fKAsRp4JrKgOkxLufm5H+5fqL920EqwjjREPLFIj+RVEd0Lpt6QgHXcmoA40qYWykfM8W4NuYUtsxnK/SxoCSNx1MUvEj2vYmIMRN4SXEyytG74+Si3xeqC4PQeDYGb2aMd5ZtXgWdZsO5ajSfr+utu/wLKuSEnJJz4pAb0iKP5Im0CSdAPsgn+Sr9WGVr29pdlFqlvOeIFMI6/gXqMbgE</latexit>

✓ ! 0
<latexit sha1_base64="DXcZTU15WdNTrAjQTuVA4E0tMSQ=">AAACUXicbVDLTgJBEOxdXwg+QI9eJhITD4bsqokeiV48YiKPZCFkdpiFCbOPzPQSyIbP8Kof5clP8eYAexCwkkkq1d3TXeUnUmh0nG/L3tnd2z8oHBZLR8cnp+XKWUvHqWK8yWIZq45PNZci4k0UKHknUZyGvuRtf/y8qLcnXGkRR284S3gvpMNIBIJRNJLXxRFH2sWYOP1y1ak5S5Bt4uakCjka/YrldAcxS0MeIZNUa891EuxlVKFgks+L3VTzhLIxHXLP0IiGXPey5c1zcmWUAQliZV6EZKn+nchoqPUs9E1nSHGkN2sL8b+al2Lw2MtElKTII7ZaFKSSGI+LAMhAKM5QzgyhTAlzK2EjqihDE9PalsXfSgd6zUmWjGZasHXRG0xEopcGb4ieDHM2dd3c9HTl2mTsbia6TVq3Nfeudvt6X60/5WkX4AIu4RpceIA6vEADmsAghnf4gE/ry/qxwbZXrbaVz5zDGuzSLwpAtGQ=</latexit> � 1

2⇡

2

✓2

h
cg h⌦|A⌫

b (x) O
[3]
g Aµ

a(0)|⌦i

+cg̃
⇣
e2i� h⌦|A⌫

b (x) O
[3]
g̃,� Aµ

a(0)|⌦i+ e�2i� h⌦|A⌫
b (x) O

[3]
g̃,+ Aµ

a(0)|⌦i
⌘i

<latexit sha1_base64="yBlZ76p85LnSNAKTTD7wdyVkdj8="></latexit>

cg = (�gg(2)� �gg(3)) + 2nf (�qg(2)� �qg(3))
<latexit sha1_base64="6WNfHGDL6HjHTqzUV/oGGKa0cOM="></latexit>

cg̃ = (�gg̃(2)� �gg̃(3)) + 2nf (�qg̃(2)� �qg̃(3))
<latexit sha1_base64="zKLlK4MSDjTjoradHxccj4SPZYg="></latexit>

<latexit sha1_base64="a8q/AQOTW7+x87G52J8fu4m/1nQ=">AAACLnicbZDLSgMxFIYz9VbrrepSkGARKpQyI4puhKIblxXsBTqlZNJMG5qZCckZoQ7d+TSuBH0WwYW49RXcmbazsK0/BD7+cw4n5/ek4Bps+8PKLC2vrK5l13Mbm1vbO/ndvbqOYkVZjUYiUk2PaCZ4yGrAQbCmVIwEnmANb3AzrjcemNI8Cu9hKFk7IL2Q+5wSMFYnf+gyqbkwmLgyGF0V7ZJTMoR5Cdv4pJMv2GV7IrwITgoFlKrayf+43YjGAQuBCqJ1y7EltBOigFPBRjk31kwSOiA91jIYkoDpdjK5Y4SPjdPFfqTMCwFP3L8TCQm0Hgae6QwI9PV8bWz+V2vF4F+2Ex7KGFhIp4v8WGCI8DgU3OWKURBDA4Qqbv6KaZ8oQsFEN7MF+OBx5opE9nwpItAjk5Uzn8wi1E/LznnZvjsrVK7T1LLoAB2hInLQBaqgW1RFNUTRE3pGr+jNerHerU/ra9qasdKZfTQj6/sXvZioZQ==</latexit>

✏± = (0, 1,±i, 0) <latexit sha1_base64="9aqlPPBdtP6Rng8PecrQUByDSV8="></latexit>

✏µ+✏
⌫
� + ✏µ�✏+�⌫ : Og

✏µ+✏
⌫
+ : Og̃,+

✏µ�✏
⌫
� : Og̃,�

transverse	spin	0

transverse	spin	2
transverse	spin	2

<latexit sha1_base64="tKuuhaCZH9AMxo48YU4su3sL7Xg="></latexit>

h1 2i2 = s12e
2i�
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~O[J](n̂1)E(n̂2) = � 1

2⇡

2

✓2

h
bC�(J)� bC�(J + 1)

i
~O[J+1](n̂1) + higher twist

<latexit sha1_base64="WhNWvkBqWZuS36gPP/i7YkwO+YI="></latexit>

bC�(J) =

0

BB@

�qq(J) 2nf�qg(J) 2nf�qg̃(J)e�2i�/2 2nf�qg̃(J)e2i�/2
�gq(J) �gg(J) �gg̃(J)e�2i�/2 �gg̃(J)e2i�/2

�g̃q(J)e2i� �g̃g(J)e2i� �g̃g̃(J) �g̃g̃,±(J)e4i�

�g̃q(J)e�2i� �g̃g(J)e�2i� �g̃g̃,±(J)e�4i� �g̃g̃(J)

1

CCA

<latexit sha1_base64="NBXXrXZQqQEoSuuYVTfVTZHzCl8="></latexit>

E ⇠ O
[2]
q +O

[2]
g

<latexit sha1_base64="OvM4AJKzGS3i2+e+5gajKQIGebo="></latexit>

special	case:

<latexit sha1_base64="HH/DjN1SNF1M2MROk9iw0T6OPTk="></latexit>

~O[J] =

0

BBB@

O
[J]
q

O
[J]
g

O
[J]
g̃,+

O
[J]
g̃,�

1

CCCA
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~O[J](n̂1)E(n̂2) = � 1

2⇡

2

✓2

h
bC�(J)� bC�(J + 1)

i
~O[J+1](n̂1) + higher twist

<latexit sha1_base64="WhNWvkBqWZuS36gPP/i7YkwO+YI="></latexit>

bC�(J) =

0

BB@

�qq(J) 2nf�qg(J) 2nf�qg̃(J)e�2i�/2 2nf�qg̃(J)e2i�/2
�gq(J) �gg(J) �gg̃(J)e�2i�/2 �gg̃(J)e2i�/2

�g̃q(J)e2i� �g̃g(J)e2i� �g̃g̃(J) �g̃g̃,±(J)e4i�

�g̃q(J)e�2i� �g̃g(J)e�2i� �g̃g̃,±(J)e�4i� �g̃g̃(J)

1

CCA

<latexit sha1_base64="NBXXrXZQqQEoSuuYVTfVTZHzCl8="></latexit>

E ⇠ O
[2]
q +O

[2]
g

<latexit sha1_base64="OvM4AJKzGS3i2+e+5gajKQIGebo="></latexit>

special	case:

<latexit sha1_base64="HH/DjN1SNF1M2MROk9iw0T6OPTk="></latexit>

~O[J] =

0

BBB@

O
[J]
q

O
[J]
g

O
[J]
g̃,+

O
[J]
g̃,�

1

CCCA

QCD	4	loops	and	5	loops!	Moch,	Ruijl,	Ueda,	
Vermeresen,	17;	+	Herzog,	18
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~O[J](n̂1)E(n̂2) = � 1

2⇡

2

✓2

h
bC�(J)� bC�(J + 1)

i
~O[J+1](n̂1) + higher twist

<latexit sha1_base64="WhNWvkBqWZuS36gPP/i7YkwO+YI="></latexit>

bC�(J) =

0

BB@

�qq(J) 2nf�qg(J) 2nf�qg̃(J)e�2i�/2 2nf�qg̃(J)e2i�/2
�gq(J) �gg(J) �gg̃(J)e�2i�/2 �gg̃(J)e2i�/2

�g̃q(J)e2i� �g̃g(J)e2i� �g̃g̃(J) �g̃g̃,±(J)e4i�

�g̃q(J)e�2i� �g̃g(J)e�2i� �g̃g̃,±(J)e�4i� �g̃g̃(J)

1

CCA

<latexit sha1_base64="NBXXrXZQqQEoSuuYVTfVTZHzCl8="></latexit>

E ⇠ O
[2]
q +O

[2]
g

<latexit sha1_base64="OvM4AJKzGS3i2+e+5gajKQIGebo="></latexit>

special	case:

<latexit sha1_base64="HH/DjN1SNF1M2MROk9iw0T6OPTk="></latexit>

~O[J] =

0

BBB@

O
[J]
q

O
[J]
g

O
[J]
g̃,+

O
[J]
g̃,�

1

CCCA
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~O[J](n̂1)E(n̂2) = � 1

2⇡

2

✓2

h
bC�(J)� bC�(J + 1)

i
~O[J+1](n̂1) + higher twist

<latexit sha1_base64="WhNWvkBqWZuS36gPP/i7YkwO+YI="></latexit>

bC�(J) =

0

BB@

�qq(J) 2nf�qg(J) 2nf�qg̃(J)e�2i�/2 2nf�qg̃(J)e2i�/2
�gq(J) �gg(J) �gg̃(J)e�2i�/2 �gg̃(J)e2i�/2

�g̃q(J)e2i� �g̃g(J)e2i� �g̃g̃(J) �g̃g̃,±(J)e4i�

�g̃q(J)e�2i� �g̃g(J)e�2i� �g̃g̃,±(J)e�4i� �g̃g̃(J)

1

CCA

<latexit sha1_base64="NBXXrXZQqQEoSuuYVTfVTZHzCl8="></latexit>

E ⇠ O
[2]
q +O

[2]
g

<latexit sha1_base64="OvM4AJKzGS3i2+e+5gajKQIGebo="></latexit>

special	case:

<latexit sha1_base64="HH/DjN1SNF1M2MROk9iw0T6OPTk="></latexit>

~O[J] =

0

BBB@

O
[J]
q

O
[J]
g

O
[J]
g̃,+

O
[J]
g̃,�

1

CCCA

Tme
fixed	by	momentum	conservaTon	sum	rule

interference

Catani,	Grazzini,	99
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~O[J](n̂1)E(n̂2) = � 1

2⇡

2

✓2

h
bC�(J)� bC�(J + 1)

i
~O[J+1](n̂1) + higher twist

<latexit sha1_base64="WhNWvkBqWZuS36gPP/i7YkwO+YI="></latexit>

bC�(J) =

0

BB@

�qq(J) 2nf�qg(J) 2nf�qg̃(J)e�2i�/2 2nf�qg̃(J)e2i�/2
�gq(J) �gg(J) �gg̃(J)e�2i�/2 �gg̃(J)e2i�/2

�g̃q(J)e2i� �g̃g(J)e2i� �g̃g̃(J) �g̃g̃,±(J)e4i�

�g̃q(J)e�2i� �g̃g(J)e�2i� �g̃g̃,±(J)e�4i� �g̃g̃(J)

1

CCA

<latexit sha1_base64="NBXXrXZQqQEoSuuYVTfVTZHzCl8="></latexit>

E ⇠ O
[2]
q +O

[2]
g

<latexit sha1_base64="OvM4AJKzGS3i2+e+5gajKQIGebo="></latexit>

special	case:

<latexit sha1_base64="HH/DjN1SNF1M2MROk9iw0T6OPTk="></latexit>

~O[J] =

0

BBB@

O
[J]
q

O
[J]
g

O
[J]
g̃,+

O
[J]
g̃,�

1

CCCA

Tme interference



Applied	to	EEC
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bC�(J) ' ↵s(1 + ↵s ln ✓ + ↵2
s ln

2 ✓ + · · · )

<latexit sha1_base64="pliySlP6qMZ8soMRpY+LbqD6gNA="></latexit>

Leading	log	series:

O
[J]
q =

1

2J
 ̄�+(iD+)J�1 

<latexit sha1_base64="ZPTYeAAGiBwo2ks41YqMTZflhd0="></latexit>

O
[J]
g = �

1

2J
Fµ+
a (iD+)J�2Fµ+

a
<latexit sha1_base64="L/ybJ1FTwBgv7YEkNeKPN0uL+uw="></latexit>

transverse	
spin-0	


O

[J]
g̃,� = �

1

2J
Fµ+
a (iD+)J�2F ⌫+

a ✏�,µ✏�,⌫

�

<latexit sha1_base64="gPQhIkTo02kSRJid3no4APwJ+cQ="></latexit>

transverse	
spin-2	

CANNOT	
MIX

RG	equaBon:

d

d lnµ2
~O[J] = �b�(J) · ~O[J]

<latexit sha1_base64="cyeKh9p4EAiwSrk89eHJojjjiwk="></latexit>

b�(J) =

0

@
�qq(J) 2nf�qg(J) 0
�gq(J) �gg(J) 0

0 0 �g̃g̃(J)1

1

A

<latexit sha1_base64="q3mfCo7A5M6FODeNuXaUxJicuaQ="></latexit>

<latexit sha1_base64="pX0ZAYXS8jlqziP4+wWlmvAJ3i8="></latexit>

E(~n1)E(~n2)

=�
1

2⇡

2

✓2

n
[(�qq(2)� �qq(3)) + (�gq(2)� �gq(3))]O

[3]
q + [(�gg(2)� �gg(3)) + 2nf (�qg(2)� �qg(3))]O

[3]
g

+
1

2
[(�gg̃(2)� �gg̃(3)) + 2nf (�qg̃(2)� �qg̃(3))]

⇣
e2i�O[3]

g̃,� + e�2i�
O

[3]
g̃,+

⌘�
+O(✓0) .

<latexit sha1_base64="sQpb1xNg6mQWXuc8TY4TOilif+8="></latexit>

E(~n1)E(~n2) ⇠
1

✓2��
Oq,g +

1

✓2��̃
Og̃ + twist corrections
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EEC	->	one	point	correlator
<latexit sha1_base64="u6bozV/7q7wUKwJC3BzbAhKkEJQ="></latexit>Z

d4xe�iq·xh⌦|j†,µem (x)E(~n1)E(~n2)j
⌫
em(0)|⌦i

<latexit sha1_base64="N1mv0YMZ3uOCCntAykw6aclsWhQ="></latexit>

E(~n1)E(~n2) ⇠
1

✓2��
Oq,g +

e±2i�

✓2��̃
Og̃ + twist corrections

1. When	jμ	jν	contain	transverse	polarized	component	(polarized	e+e-,	or	retaining	beam	
direcTon—oriented	event	shape),	the	matrix	element	of	Og	̃does	not	vanish.	

2. If	there	is	no	beam	polarizaTon,	and	average	over	orientaTon,	only	the	first	operator	
survive

one-point	correlator
<latexit sha1_base64="k47qDJjLVQL22Yrp0RUozix9DWQ="></latexit>Z

d2~n

Z
d4xe�iq·xh⌦|j†,µem (x)

✓
1

✓2��
Oq,g(~n) +

e±2i�

✓2��̃
Og̃(~n)

◆
j⌫em(0)|⌦i
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evoluTon	controlled	by	anomalous	dimension	
of	local	spin	J	operator	=	moment	of	space-like	
spliXng	func.

collinear	unsafe	
observable:

<latexit sha1_base64="159Ey+26RUGG8uXYgcH1lxXzutg="></latexit>
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contradicBon:	
evoluBon	mismatched

In	the	OPE,	θ	is	defined	in	the	frame	where	
everything	recoil	against	the	jet	is	back-to-back.	

But	in	reality,	we	measure	angle	in	the	C.M.	
frame	of	the	collision.
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generalized	Gribov-Lipatov	reciprocity
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Interference	Effect
1.	CancellaTon	between	boson	and	fermion	
2.	The	equal	coefficient	due	to	an	effecTve	N=1	
supersymmetry	
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Hierarchy fixed order result needs to be resummed 
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Energy ScaleQ
<latexit sha1_base64="VOHaumLay/GgMV9UtCweUsppoig="></latexit>
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<latexit sha1_base64="ESU7DPXvn8X1ot2VQdaqI7PAMe0=">AAACBHicdVC7SgNBFJ31GeNr1TLNYBCslt245NEFbFJYRDQPSEKYncwmQ2YfzNwVQkhh46/YWChi60fY+TfOJhGi6IELZ865l7n3eLHgCmz701hb39jc2s7sZHf39g8OzaPjpooSSVmDRiKSbY8oJnjIGsBBsHYsGQk8wVre+DL1W3dMKh6FtzCJWS8gw5D7nBLQUt/MObg7HOIujBiQ/tXq46Zv5m2rUi4W3CK2LdsuOQUnJYWSe+FiRysp8miJet/86A4imgQsBCqIUh3HjqE3JRI4FWyW7SaKxYSOyZB1NA1JwFRvOj9ihs+0MsB+JHWFgOfq6sSUBEpNAk93BgRG6reXin95nQT8cm/KwzgBFtLFR34iMEQ4TQQPuGQUxEQTQiXXu2I6IpJQ0LlldQjfl+L/SbNgOa5VuXbz1doyjgzKoVN0jhxUQlVUQ3XUQBTdo0f0jF6MB+PJeDXeFq1rxnLmBP2A8f4FUteXUw==</latexit>
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<latexit sha1_base64="OX5hl8CAZLydi1YuA4kk28LnXUc=">AAAB8XicdVDLSsNAFL3xWeur6tLNYBFclSSGPnYFEbqsYB/YljKZTtqhk0mYmQgl9C/cuFDErX/jzr9x0lZQ0QMXDufcy733+DFnStv2h7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxp1eZ37mnUrFI3OpZTAchHgsWMIK1ke7SPsEcXc+HzrBQtEu1atn1ysgu2XbFcZ2MuBXv0kOOUTIUYYXmsPDeH0UkCanQhGOleo4d60GKpWaE03m+nygaYzLFY9ozVOCQqkG6uHiOzo0yQkEkTQmNFur3iRSHSs1C33SGWE/Uby8T//J6iQ6qg5SJONFUkOWiIOFIRyh7H42YpETzmSGYSGZuRWSCJSbahJQ3IXx9iv4nbbfkeKXajVesN1Zx5OAUzuACHKhAHRrQhBYQEPAAT/BsKevRerFel61r1mrmBH7AevsENyGQqw==</latexit>
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<latexit sha1_base64="HQm0czrNRnAt1MoyYnnL8gG62oU=">AAAB8XicdVDLSsNAFL3xWeur6tLNYBFclSSGPnYFEbqsYB/YhjKZTtuhk0mYmQgl9C/cuFDErX/jzr9x0lZQ0QMXDufcy733BDFnStv2h7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJpleZ37mnUrFI3OpZTP0QjwUbMYK1ke7SPsEcXc8H7qBQtEu1atn1ysgu2XbFcZ2MuBXv0kOOUTIUYYXmoPDeH0YkCanQhGOleo4daz/FUjPC6TzfTxSNMZniMe0ZKnBIlZ8uLp6jc6MM0SiSpoRGC/X7RIpDpWZhYDpDrCfqt5eJf3m9RI+qfspEnGgqyHLRKOFIRyh7Hw2ZpETzmSGYSGZuRWSCJSbahJQ3IXx9iv4nbbfkeKXajVesN1Zx5OAUzuACHKhAHRrQhBYQEPAAT/BsKevRerFel61r1mrmBH7AevsEOKWQrA==</latexit>
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<latexit sha1_base64="nec1zm6qzA4CjJIRxU+vbDQiqaw=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoPgKewmSx63gAg5RjAPTJYwO5kkQ2Znl5lZISz5Cy8eFPHq33jzb5xNIqhoQUNR1U13lx9xprRtf1iZjc2t7Z3sbm5v/+DwKH980lFhLAltk5CHsudjRTkTtK2Z5rQXSYoDn9OuP7tK/e49lYqF4lbPI+oFeCLYmBGsjXSXDAjm6HoxLA/zBbtYr1VKbgXZRduuOiUnJaWqW3aRY5QUBVijNcy/D0YhiQMqNOFYqb5jR9pLsNSMcLrIDWJFI0xmeEL7hgocUOUly4sX6MIoIzQOpSmh0VL9PpHgQKl54JvOAOup+u2l4l9eP9bjmpcwEcWaCrJaNI450iFK30cjJinRfG4IJpKZWxGZYomJNiHlTAhfn6L/SadUdNxi/cYtNJrrOLJwBudwCQ5UoQFNaEEbCAh4gCd4tpT1aL1Yr6vWjLWeOYUfsN4+ATopkK0=</latexit>
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<latexit sha1_base64="OX5hl8CAZLydi1YuA4kk28LnXUc=">AAAB8XicdVDLSsNAFL3xWeur6tLNYBFclSSGPnYFEbqsYB/YljKZTtqhk0mYmQgl9C/cuFDErX/jzr9x0lZQ0QMXDufcy733+DFnStv2h7W2vrG5tZ3bye/u7R8cFo6O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxp1eZ37mnUrFI3OpZTAchHgsWMIK1ke7SPsEcXc+HzrBQtEu1atn1ysgu2XbFcZ2MuBXv0kOOUTIUYYXmsPDeH0UkCanQhGOleo4d60GKpWaE03m+nygaYzLFY9ozVOCQqkG6uHiOzo0yQkEkTQmNFur3iRSHSs1C33SGWE/Uby8T//J6iQ6qg5SJONFUkOWiIOFIRyh7H42YpETzmSGYSGZuRWSCJSbahJQ3IXx9iv4nbbfkeKXajVesN1Zx5OAUzuACHKhAHRrQhBYQEPAAT/BsKevRerFel61r1mrmBH7AevsENyGQqw==</latexit>
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<latexit sha1_base64="3Ieef4sYC5yrdd1G81e2Y9D2vDY=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRp6GNXcNOdFewD2hgm02k7dPJgZiKWkF9x40IRt/6IO//GSVtBRQ8MHM65l3vm+DGjQprmh1bY2Nza3inulvb2Dw6P9ONyT0QJx6SLIxbxgY8EYTQkXUklI4OYExT4jPT9+WXu9+8IFzQKb+QiJm6ApiGdUIykkjy9PAqQnPl+epV59m06rLqZp1dMo9mo2U4NmoZp1i3byoldd6oOtJSSowLW6Hj6+2gc4SQgocQMCTG0zFi6KeKSYkay0igRJEZ4jqZkqGiIAiLcdJk9g+dKGcNJxNULJVyq3zdSFAixCHw1mScVv71c/MsbJnLScFMaxokkIV4dmiQMygjmRcAx5QRLtlAEYU5VVohniCMsVV0lVcLXT+H/pGcblmM0r51Kq72uowhOwRm4ABaogxZogw7oAgzuwQN4As9apj1qL9rrarSgrXdOwA9ob58vG5SW</latexit>
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<latexit sha1_base64="RRq3whz0FQ0tOSV1xz8clGxeKWY=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBFchaSGPnYFN91ZwT4gjWEynbRDJw9mJmIJ+RU3LhRx64+482+ctBVU9MDA4Zx7uWeOnzAqpGl+aGvrG5tb26Wd8u7e/sGhflTpizjlmPRwzGI+9JEgjEakJ6lkZJhwgkKfkYE/uyz8wR3hgsbRjZwnxA3RJKIBxUgqydMroxDJqe9nV7ln3WaO7eaeXjWNVrNes+vQNEyzYdWsgtQa9oUNLaUUqIIVup7+PhrHOA1JJDFDQjiWmUg3Q1xSzEheHqWCJAjP0IQ4ikYoJMLNFtlzeKaUMQxirl4k4UL9vpGhUIh56KvJIqn47RXiX56TyqDpZjRKUkkivDwUpAzKGBZFwDHlBEs2VwRhTlVWiKeIIyxVXWVVwtdP4f+kXzMs22hd29V2Z1VHCZyAU3AOLNAAbdABXdADGNyDB/AEnrVce9RetNfl6Jq22jkGP6C9fQIvF5SW</latexit>
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<latexit sha1_base64="ufn+hzAOdPDXnZBiXspdyaLOqUc=">AAACTnicbVDLTsJAFJ3iC/EFunQzkZi4MKRVE10S3bjEKI8ECJkOU5gwnTYzt4Sm4Sfc6ke59UfcGZ2WLgQ8ySQn5947957jhoJrsO1Pq7CxubW9U9wt7e0fHB6VK8ctHUSKsiYNRKA6LtFMcMmawEGwTqgY8V3B2u7kIa23p0xpHsgXiEPW98lIco9TAkbq9GDMgAyeB+WqXbMz4HXi5KSKcjQGFcvuDQMa+UwCFUTrrmOH0E+IAk4Fm5d6kWYhoRMyYl1DJfGZ7ifZwXN8bpQh9gJlngScqX8nEuJrHfuu6fQJjPVqLRX/q3Uj8O76CZdhBEzSxSIvEhgCnLrHQ64YBREbQqji5lZMx0QRCiajpS3p30p7eslJEo5jzemy2B1Oeagzg5dYT0c5mzlObnq2cG0ydlYTXSetq5pzXbt6uqnW7/O0i+gUnaEL5KBbVEePqIGaiCKBXtEberc+rC/r2/pZtBasfOYELaFQ/AUyK7Vn</latexit>

✓L
<latexit sha1_base64="cpjqhvjv7prqc5mBfIlfQqkZYoM=">AAACTnicbVDLSsNAFJ3UV62vVpduBovgQkqigi6Lbly4qGAf0JYymUzaoZNJmLkpLaE/4VY/yq0/4k50mmZhWg8MHM69d+49x40E12Dbn1ZhY3Nre6e4W9rbPzg8KleOWzqMFWVNGopQdVyimeCSNYGDYJ1IMRK4grXd8cOi3p4wpXkoX2AWsX5AhpL7nBIwUqcHIwZk8DQoV+2anQKvEycjVZShMahYds8LaRwwCVQQrbuOHUE/IQo4FWxe6sWaRYSOyZB1DZUkYLqfpAfP8blRPOyHyjwJOFX/TiQk0HoWuKYzIDDSq7WF+F+tG4N/10+4jGJgki4X+bHAEOKFe+xxxSiImSGEKm5uxXREFKFgMsptWfyttK9zTpJoNNOc5sWuN+GRTg1eYj0ZZmzqOJnp6dK1ydhZTXSdtK5qznXt6vmmWr/P0i6iU3SGLpCDblEdPaIGaiKKBHpFb+jd+rC+rG/rZ9lasLKZE5RDofgLJPa1YA==</latexit>

�
<latexit sha1_base64="+AoscaDdbk4EqfBpDHWTJBIRg9E=">AAACWHicbVDLTsJAFL2tDx6+AJduJhITF4a0aKJLohuXmMgjAUKmwxQmTNvJzJRAGv7Erf6Tfo3T0oWAN5nk5NzHmXM8wZnSjvNt2QeHR8eFYql8cnp2flGp1roqiiWhHRLxSPY9rChnIe1opjntC0lx4HHa8+Yvab+3oFKxKHzXK0FHAZ6GzGcEa0ONK5VhdiPxeEzXQzFj40rdaThZoX3g5qAOebXHVcsZTiISBzTUhGOlBq4j9CjBUjPC6bo8jBUVmMzxlA4MDHFA1SjJZNfoxjAT5EfSvFCjjP27keBAqVXgmckA65na7aXkf71BrP2nUcJCEWsako2QH3OkI5TmgCZMUqL5ygBMJDN/RWSGJSbapLWlkt6WyldbThIxWylGtsnBZMGEygzeIbWY5mjpurnp5ca1ydjdTXQfdJsN977RfHuot57ztItwBddwCy48QgteoQ0dILCAD/iEL+vHBrtglzajtpXvXMJW2bVfXyO2fw==</latexit>
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<latexit sha1_base64="Q2YLdIsxG1f26JTpM1kCSswy1Tc="></latexit>
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<latexit sha1_base64="kF9k1JazDRxvkNxxy5h7E44o31Y="></latexit>
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<latexit sha1_base64="q3mfCo7A5M6FODeNuXaUxJicuaQ="></latexit>
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<latexit sha1_base64="ATTCv2TU6dM7Vy1YW4zE9M777uQ="></latexit>
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◆
<latexit sha1_base64="falh76iV78yJXjLdp3ockjm/txg="></latexit>
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<latexit sha1_base64="yRo/5aYmkvvotTt3JrMXSXK+OqQ="></latexit>

L 2 SL(2,C)
<latexit sha1_base64="Yh1LDMRYBcv8opQ8dAMPCiL55mg="></latexit>✓
a b
c d

◆
<latexit sha1_base64="6bsF5658+PhDs1JbA2fmKlSyuFI="></latexit>

ad� bc = 1

<latexit sha1_base64="AMLQy+OX2t32W96aqGStKY7mjMo="></latexit>

x0
µ�

µ = L†xµ�
µL

<latexit sha1_base64="KtuTdRioTkAxPt/6DIMALjDygHQ="></latexit>

x0
µx

0µ = det(x0
µ�

µ) = det(L†xµ�
µL) = xµx

µ

Therefore	L	define	a	Lorentz	transform
<latexit sha1_base64="SAxGFlAWPXQzjoeFwGE6i1EUyMY="></latexit>

SL(2,C)/Z2 = SO(3, 1)

SL(2,C)	is	also	the	conformal	group	of	Riemann	sphere.	

Since	energy	correlators	are	defined	on	celesTal	sphere,	can	there	be	a	conformal	field	
theory	living	on	the	celesTal	sphere,	which	describes	all	energy	correlators?		

If	true,	The	usual	Minkowski	space	becomes	embedding	space	of	celesTal	sphere.
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This	naive	expectaTon	does	not	hold	true,	because	of	the	source.
<latexit sha1_base64="9InBBp00RZAlPYVUjpLopI4A7FA="></latexit>Z

d4xe�iq·xh⌦|j†em,µ(x)E(~n1)E(~n2)j
µ
em(0)|⌦i

<latexit sha1_base64="k3I0CV4VuQrnnImpazvkHyS9ae4="></latexit>

q = (q0, 0, 0, 0) Breaks	SO(3,1)	to	SO(3)

However,	in	the	collinear	limit,	which	is	relevant	for	jet	substructure
<latexit sha1_base64="/bgqsHGkFFf5OGqF39fYIY36QY0="></latexit>

�n(x) =
���+

4
 (x)W †

n(x)

<latexit sha1_base64="ZQlYSer77DLnL8CaM5/sZS7gDG4="></latexit>Z 1

�1
du e�iun̄·P h⌦|�̄n(un̄)E(~n1)E(~n2)�

+�n(0)|⌦i

Only	reference	to	the	source	are	null	vector	P	and	n̅,	no	dependence	on	interior.	
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O(~n) = lim
r!1

r
��J

Z 1

0
dt O

µ1...µJ (t, r~n)n̄µ1 . . . n̄µJ

<latexit sha1_base64="tYU3h/dEXlzLMJo504+uj197rXk="></latexit>

Light-transform	of	O(Δ,J)

dimension

collinear	spin

<latexit sha1_base64="l1Y9MNCrjwV7kSuWhBK3ei2uPzA=">AAACFHicbVDLSgMxFM34rPVVdekmWARXZUYUXRZ14bKCfUA7lEyaaWMzSUjuCHXoP7gS9FvciVv3foo708fCth64cDjnXu69J9KCW/D9b29peWV1bT23kd/c2t7ZLezt16xKDWVVqoQyjYhYJrhkVeAgWEMbRpJIsHrUvx759UdmLFfyHgaahQnpSh5zSsBJtdYNE0DahaJf8sfAiySYkiKaotIu/LQ6iqYJk0AFsbYZ+BrCjBjgVLBhvpVapgntky5rOipJwmyYja8d4mOndHCsjCsJeKz+nchIYu0giVxnQqBn572R+J/XTCG+DDMudQpM0smiOBUYFB69jjvcMApi4AihhrtbMe0RQyi4gGa2AO8/zXyR6W6shQI7dFkF88ksktppKTgv+XdnxfLVNLUcOkRH6AQF6AKV0S2qoCqi6AE9o1f05r14796H9zlpXfKmMwdoBt7XLwdzn/8=</latexit>

�
<latexit sha1_base64="NoisdmUumCL88/llawgKVcOARP8=">AAACHHicbZDLSgMxFIYzXmu9VV26CRbBjWVGFF0WdSGuKtgLtGPJpJk2NDMJyRmhDn0PV4I+iztxK/go7kzbWdjWHwIf/zmHc/IHSnADrvvtLCwuLa+s5tby6xubW9uFnd2akYmmrEqlkLoREMMEj1kVOAjWUJqRKBCsHvSvRvX6I9OGy/geBor5EenGPOSUgLUebvExbl0zAcSC1y4U3ZI7Fp4HL4MiylRpF35aHUmTiMVABTGm6bkK/JRo4FSwYb6VGKYI7ZMua1qMScSMn46vHuJD63RwKLV9MeCx+3ciJZExgyiwnRGBnpmtjcz/as0Ewgs/5bFKgMV0sihMBAaJRxHgDteMghhYIFRzeyumPaIJBRvU1Bbg/aepX6SqGyohwQxtVt5sMvNQOyl5ZyX37rRYvsxSy6F9dICOkIfOURndoAqqIoo0ekav6M15cd6dD+dz0rrgZDN7aErO1y97qqGk</latexit>

J ��� 1
<latexit sha1_base64="6S7z2uWTcRvvOjaEohn6nWiPpek=">AAACD3icbVDLSgMxFM34rPVVdekmWARBKDOi6LLoxmUL9gFtKZk004ZmkpDcEerQL3Al6Le4E7d+gp/izrSdhW09cOFwzr3ce0+oBbfg+9/eyura+sZmbiu/vbO7t184OKxblRjKalQJZZohsUxwyWrAQbCmNozEoWCNcHg38RuPzFiu5AOMNOvEpC95xCkBJ1XPu4WiX/KnwMskyEgRZah0Cz/tnqJJzCRQQaxtBb6GTkoMcCrYON9OLNOEDkmftRyVJGa2k04PHeNTp/RwpIwrCXiq/p1ISWztKA5dZ0xgYBe9ifif10oguumkXOoEmKSzRVEiMCg8+Rr3uGEUxMgRQg13t2I6IIZQcNnMbQE+fJr7ItX9SAsFduyyChaTWSb1i1JwVfKrl8XybZZaDh2jE3SGAnSNyugeVVANUcTQM3pFb96L9+59eJ+z1hUvmzlCc/C+fgHFfZ2y</latexit>

+

<latexit sha1_base64="6S7z2uWTcRvvOjaEohn6nWiPpek=">AAACD3icbVDLSgMxFM34rPVVdekmWARBKDOi6LLoxmUL9gFtKZk004ZmkpDcEerQL3Al6Le4E7d+gp/izrSdhW09cOFwzr3ce0+oBbfg+9/eyura+sZmbiu/vbO7t184OKxblRjKalQJZZohsUxwyWrAQbCmNozEoWCNcHg38RuPzFiu5AOMNOvEpC95xCkBJ1XPu4WiX/KnwMskyEgRZah0Cz/tnqJJzCRQQaxtBb6GTkoMcCrYON9OLNOEDkmftRyVJGa2k04PHeNTp/RwpIwrCXiq/p1ISWztKA5dZ0xgYBe9ifif10oguumkXOoEmKSzRVEiMCg8+Rr3uGEUxMgRQg13t2I6IIZQcNnMbQE+fJr7ItX9SAsFduyyChaTWSb1i1JwVfKrl8XybZZaDh2jE3SGAnSNyugeVVANUcTQM3pFb96L9+59eJ+z1hUvmzlCc/C+fgHFfZ2y</latexit>

+

<latexit sha1_base64="UUauHYNZNrgsCmGJFG7bnmBkA88=">AAACFnicbVA9SwNBEN2LXzF+RS1tFoNgY7gTRRshaCNWEcwHJEfY2+wlS/Z2j905IR75E1aC/hY7sbX1p9i5Sa4wiQ8GHu/NMDMviAU34LrfTm5peWV1Lb9e2Njc2t4p7u7VjUo0ZTWqhNLNgBgmuGQ14CBYM9aMRIFgjWBwM/Ybj0wbruQDDGPmR6QnecgpASs1r/AdxifY6xRLbtmdAC8SLyMllKHaKf60u4omEZNABTGm5bkx+CnRwKlgo0I7MSwmdEB6rGWpJBEzfjq5d4SPrNLFodK2JOCJ+nciJZExwyiwnRGBvpn3xuJ/XiuB8NJPuYwTYJJOF4WJwKDw+Hnc5ZpREENLCNXc3oppn2hCwUY0swX44GnmizTuhbFQYEY2K28+mUVSPy1752X3/qxUuc5Sy6MDdIiOkYcuUAXdoiqqIYoEekav6M15cd6dD+dz2ppzspl9NAPn6xfaFp8y</latexit>

= J � 1

<latexit sha1_base64="jqcuM8oyWxURFZUEkoSdzpkbLbQ=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBZBEEsiih6LehBPFewHtKFstpt26WYTdieFGvpPPAn6W7yJR/0n3ty2OdjWBwOP92aYmefHgmtwnC8rt7S8srqWXy9sbG5t79i7ezUdJYqyKo1EpBo+0UxwyarAQbBGrBgJfcHqfv9m7NcHTGkeyUcYxswLSVfygFMCRmrb9ilu3TIBBJ/ge1Nu2y46JWcCvEjcjBRRhkrb/ml1IpqETAIVROum68TgpUQBp4KNCq1Es5jQPumypqGShEx76eTyET4ySgcHkTIlAU/UvxMpCbUehr7pDAn09Lw3Fv/zmgkEV17KZZwAk3S6KEgEhgiPY8AdrhgFMTSEUMXNrZj2iCIUTFgzW4D3n2a+SONuEIsI9Mhk5c4ns0hqZyX3ouQ8nBfL11lqeXSADtExctElKqM7VEFVRNEAPaNX9Ga9WO/Wh/U5bc1Z2cw+moH1/QvFBaIy</latexit>

��+ J + 1
<latexit sha1_base64="rdazPQAm+B+76lU7QK9w3SZCemA=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoPgxbArih6DXsRTFPOAZAmzk9lkyOzMMtMrxCV/4EnQb/EmXv0DP8Wbk2QPJrGgoajqprsriAU34LrfTm5peWV1Lb9e2Njc2t4p7u7VjUo0ZTWqhNLNgBgmuGQ14CBYM9aMRIFgjWBwPfYbj0wbruQDDGPmR6QnecgpASvdn9x2iiW37E6AF4mXkRLKUO0Uf9pdRZOISaCCGNPy3Bj8lGjgVLBRoZ0YFhM6ID3WslSSiBk/nVw6wkdW6eJQaVsS8ET9O5GSyJhhFNjOiEDfzHtj8T+vlUB46adcxgkwSaeLwkRgUHj8Nu5yzSiIoSWEam5vxbRPNKFgw5nZAnzwNPNFGvfCWCgwI5uVN5/MIqmflr3zsnt3VqpcZanl0QE6RMfIQxeogm5QFdUQRSF6Rq/ozXlx3p0P53PamnOymX00A+frF2mIngg=</latexit>

�J
<latexit sha1_base64="nfd2UmHSHOhsTawrvzy2sCIvFyQ=">AAACGnicbVA9SwNBEN2LXzF+RS1tFoNgY7gTRRshqIVlBPMBuRD2NnvJkr29ZXdOiEf+hpWgv8VObG38KXZukitM4oOBx3szzMwLlOAGXPfbyS0tr6yu5dcLG5tb2zvF3b26iRNNWY3GItbNgBgmuGQ14CBYU2lGokCwRjC4GfuNR6YNj+UDDBVrR6QnecgpASv5V9jDJ9i/ZQJIp1hyy+4EeJF4GSmhDNVO8cfvxjSJmAQqiDEtz1XQTokGTgUbFfzEMEXogPRYy1JJImba6eTmET6ySheHsbYlAU/UvxMpiYwZRoHtjAj0zbw3Fv/zWgmEl+2US5UAk3S6KEwEhhiPA8BdrhkFMbSEUM3trZj2iSYUbEwzW4APnma+SFUvVCIGM7JZefPJLJL6adk7L7v3Z6XKdZZaHh2gQ3SMPHSBKugOVVENUaTQM3pFb86L8+58OJ/T1pyTzeyjGThfv5FpoTY=</latexit>

= 1��

~n
<latexit sha1_base64="Q0I0atOybR3tY4l8lbnrswo3hWA="></latexit>

4D	boost	=	dilaTon	on	sphere	

4D	transverse	spin	=	spin	on	sphere

𝕆(n)	as	an	operator	on	the	celesTal	sphere

		δ	=	(celesTal)	dimension	=	-	collinear	spin	=	Δ	-	1

j	=	(celesTal)	spin	=	transverse	spin e.g.,	𝕆g,̃+	has	spin	2	on	the	sphere
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δ

j

<latexit sha1_base64="niyYi/NgfUEmCsVNGBiDaKdLBgo="></latexit>

O
[J=3]
g̃,± 2 EE δ	=	Δ-1=4	

j	=	2

responsible	for	the	cos(2ϕ)	modulaTon	at	leading	power

<latexit sha1_base64="XOqUQbyGh27C7AyJXyo7NRKDVYU="></latexit>

(✏� · P )2O[J=3]
g̃,�

δ	=	6	
j	=	4

<latexit sha1_base64="nnRBTzmu39p0aaQTjPqSrEkYXVk="></latexit>

|✓S |0 cos(4�)

<latexit sha1_base64="JjcUuiWC1TW71zUkAm/y6xjicQU="></latexit>

cos(2�)

✓2S

The	family	of	higher	spin	(descendant)	
operator	on	the	celesTal	sphere



Conformal	parBal	wave
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This	parTcular	family	of	conformal	primary	δ=4,	j=2	can	be	resum	by	considering	the	
acTon	conformal	casimir	operator:

<latexit sha1_base64="GTevzLZu7GShZEmO+YmxzT4Scu8="></latexit>

G̃�=4,j=2(w, w̄) ⇠
1

w̄2 2F1(1,
3

2
,
7

2
;w2) + c.c.

<latexit sha1_base64="rj1ok6w8SvZedX7pYuL6E2W8LUQ="></latexit>

w =
✓S
2
ei�

The	soluTon	is	a	Gegenbauer	Q	funcTon:

Expand	in	power	series:
<latexit sha1_base64="Taz12cTB9CzIeWI/4ICYntxYFNM="></latexit>

CFnfTF

✓
� 1

|w|2
cos(2�)

720
� cos(4�)

1680
� |w|2 cos(6�)

3024
� |w|4 cos(8�)

4752
� · · ·

◆

In	full	agreement	with	perturbaTve	data!	In	this	specific	case,	perturbaTve	power	
correcTons	resummed	by	conformal	block.

largest	spin	only

<latexit sha1_base64="R4qxDp4Fsa0mIq9rvqxeomIE5kU="></latexit>Z 1

�1
du e�iun̄·P h⌦|�̄n(un̄)[Ĉ, E(~n1)E(~n2)]E(~n3)�

+�n(0)|⌦i
<latexit sha1_base64="NzuYiVzO6z8ZOeJiTxixCjTL51Y="></latexit>

Ĉ =
1

2
Mµ⌫M

µ⌫ Mμν	generator	of	the	
4D	Lorentz	group



Summary

• Jet	substructure	is	an	ideal	tool	to	uncover	the	high	energy	dynamics	of	QCD.	

• Light-ray	operator	product	expansion,	originally	developed	for	N=4	SYM,	now	
applied	to	QCD	successfully	at	LO/LL.	

• Symmetry	allows	transparent	treatment	of	spin	interference	effects	from	light-ray	
OPE.	

• Hidden	conformal	symmetry	in	jet	substructure.	Physical	4D	space-Tme	becomes	
the	embedding	space	of	two-dimensional	celesTal	sphere.	Evidence:	power	
correcTons	resummed	by	conformal	block.
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Thank	you	very	much!


