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Introduction

• Not your fault, as almost all papers on the subject … 



Introduction

• Plus they are either very obscure (but general)

• Or perform a direct calculation (still being a bit obscure)

Catani, Z.Phys.C 37 (1988) 357

Doria, Frenkel, Taylor Nucl.Phys.B 168 (1980) 93-110 



Introduction

• These results are nevertheless very important 

• All of our calculations rely on QCD Factorisation 

• As such it is important to understand its current limitations
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Introduction

KLN (Theorem) vs Bloch and Nordsieck (Conjecture)

Divergences cancel if inclusive enough

In the IS, require Coherent states

Divergences cancel inclusively in the FS



Introduction

• Why Bother if corrections scale like                 ?
<latexit sha1_base64="hqlZW8Pxl6d7ckUIZfv9QxJnHfk="></latexit>
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• well, they don’t! Even for inclusive observable they scale as 
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Introduction

• Why Bother if corrections scale like                 ?
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• well, they don’t! For exclusive observable the situation is even worse

@ NLO



Introduction

• Before I start, a little digression on Factorisation  Cancellation of IR Singularities: ⇔



Introduction

• One of the main assumptions: each block may be divergent, but it cancel in the sum

(  = Singularities of…)<latexit sha1_base64="dxNHSmYy0Ix2a7CZlxQZOJmbh6E="></latexit>

⌃



Introduction

• Extra soft gluons connecting IS particles, if divergent and non cancelling, 
spoil Factorisation…
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IR Finiteness: NLO Analysis

• Given a process
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• We can compute virtual and Real corrections
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IR Finiteness: NLO Analysis

• We are only interested in the divergent part of real corrections
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IR Finiteness: NLO Analysis

• Given a process, we can compute the relevant virtual and real corrections
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IR Finiteness: NLO Part 2

• This derivation is already cumbersome and intrasparent at NLO

• We can get a broader perspective if we take a different path: 
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IR Finiteness: NLO Part 2 (V)

• For this need to look at the analytical structure of virtual corrections: 

which is symmetric under the simultaneous exchange of the initial states
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(Catani et al. hep-ph/0011222)



IR Finiteness: NLO Part 2 (R)

• The real emission case is even simpler, in fact the Eikonal term
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IR Finiteness: NLO Part 2 (V+R)

• Thus, the NLO xs is IR finite
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• We can easily extend the argument at NNLO:
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• We can easily extend the argument at NNLO:
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IR Finiteness: NNLO (VV)

• Double virtual corrections behave similarly to the NLO case: 
It’s a form factor that has a simple dependence on the two hard momenta, 
and as such it’s the same for both decay and production.

(Becher, Neubert hep-ph/0904.1021)

(Mitov et al. hep-ph/0903.3241)



IR Finiteness: NNLO (RR)

• Double Real corrections are described by either one soft gluon:
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IR Finiteness: NNLO (RR)

• Or by the emission of two soft partons
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IR Finiteness: NNLO (RR)

• Double Real corrections are described by either one soft gluon:
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J i ,a,(0)µ = T a
i

pi ,µ
pi · pg

• Or by the emission of two soft partons

Both these functions are again homogeneous in the external momenta
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IR Finiteness: NNLO (RV)

• Real Virtual corrections have both explicit    and phase-space divergences
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IR Finiteness: NNLO (RV)
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The one-loop Soft Current

• Purely non-Abelian, and thus we recover the well-know fact 
that in Abelian theories this process is IR-finite, even with massive quarks.
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The one-loop Soft Current

• J, as we have already discussed is invariant in the crossing
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The one-loop Soft Current

• Let’s take the massless case first
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• And, given that we are only interested in Re(g) at NNLO
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The one-loop Soft Current

• Let’s take the massless case first
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We conclude that in the massless case there are no additional singularities at this order



The one-loop Soft Current

• In the massive case

(I. Bierenbaum, M. Czakon and A. Mitov, Nucl. Phys. B 856 (2012))
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The one-loop Soft Current

• In the massive case

(I. Bierenbaum, M. Czakon and A. Mitov, Nucl. Phys. B 856 (2012))
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The one-loop Soft Current (M1)
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The one-loop Soft Current (M1)
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The one-loop Soft Current (M2/3)
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The one-loop Soft Current
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• Expand and plug this back in the ME expressions and match it to CS
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The Divergent remainder

• The soft current at one-loop is proportional to the tree-level one

• Thus, our result is proportional to that obtained at NLO
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The Divergent remainder

• The soft current at one-loop is proportional to the tree-level one
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The Divergent remainder
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The Divergent remainder
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The Divergent remainder
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Thus it’s not really divergent, it’s just that our framework for factorisation doesn’t work
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• Off-Shell: Finite • On-Shell: divergent



Conclusions

• On-Shell: divergent

• The scaling suggests that one could use a formalism 
 
were we neglect terms of order 
 
while retaining those of order
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