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Motivation

a Corrections due to initial state radiation (ISR) can be
large, especially due to large logarithmic corrections

L =In(s/m?3) =~ 10.

m These corrections are important e.g.
a for the prediction of the Z-boson peak
a for ¢ production
m associated Higgs production through et e~ — Z* H°
at future e™ e~ colliders.

= We extend the known O(a?) ISR corrections up to

O(a®L®), including the first three subleading logarithmic
corrections at lower orders.
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Previous Calculations

= 1988: First calculation to O(a?) for the LEP analysis, through expansion of the phase space

integrals.
[Berends, Burgers, van Neerven (Nucl. Phys. B297 (1988))]

= 2012: New calculation up to O(a?) using the method of massive operator matrix elements.

[Blimlein, De Freitas, van Neerven (Nucl Phys. B855 (2012))]

= Calculations do not agree at O(a2L°)!

m Errors in one of the calculations?
m Breakdown of factorization?

a We revisited the original calculation, doing the expansion in m, at the latest stage
[Blimlein, De Freitas, Raab, KS (Nucl. Phys. B956 (2020))]
and found agreement with [Blimlein, De Freitas, van Neerven (Nucl Phys. B855 (2012))] .
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The Method of Massive Operator Matrix Elements ;\‘("

e of Technoloay

The initial state radiation factorizes from the born cross section:

doj _ a(O)( s) s’ uz m2 a©)(s") s
dSl = Zr// Z, ® O 'u ®rk/ mg + O ?e = s Hlj Z’Fg

[f(z) ® g(2) = fd)q fdxzf x1)9(X2)6(z — x1x2), f fdzzN '#(2)]
with z = s’/s, u the factorization scale, into:

. ~ /
a massless (Drell-Yan) cross sections & (z, %)

[Hamberg, van Neerven, Matsuura (Nucl. Phys. B 359 (1991))]
[Harlander, Kilgore (Phys. Rev. Lett. 88 (2002))]
[Duhr, Dulat, Mistelberger (Phys. Rev. Lett. 125 (2020))]

2
m massive operator matrix elements I'; <z., fn—2> which carry all mass dependence
e
[Blimlein, De Freitas, van Neerven (Nucl Phys. B855 (2012))]
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The Method of Massive Operator Matrix Elements ;\‘("

e of Technoloay

The initial state radiation factorizes from the born cross section:

doj  oO(s) . s u? m? a0)(s") s
Q9 _ TSI (N s () o (N Me) 2238y (N, 2
s o (Mg ) oMz ) T (Mg )+ 03 s T\ m

[f(z) ® g(2) = fd)q fdxzf x1)9(X2)6(z — x1x2), f fdzzN '#(2)]
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m massive operator matrix elements I'; <z., fn—2> which carry all mass dependence
e
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The Method of Massive Operator Matrix Elements

Massless cross sections and massive operator matrix elements obey renormalization group equations:

® massless cross sections &

N da

a massive operator matrix elements I';

K ) ﬁ(a)a> Ski0jm + %W(N)d,-m + ;vjm(N)ék,] &i(N) =0

0 0 1
(55 + 8@ g5 ) -+ )| ruw) =0
with A\ = In(s’/p?), A = In(p2/m2), the QED SB-function 3(a) and a = «/4
a Here the splitting functions contribute:

Pi(N) = [ dzz""Py(2) = ~(M)
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The Method of Massive Operator Matrix Elements

O )
oo _ o)y (1) =2 S)ZZach,k

/
ds S i=0 k=0

The radiators:

C1,1 = _’\’ég)a
Cio = Ffé?e + 2r(e?9)>
1 1
Co2 = 5 e + @ reg + Zﬁfég,)ﬂ,'ioea
031 = =8 — 2rQyl) = T80 = 0rC — 2 2rl — g5l — 18068

— 260 — 2r@5 050 — 258 — L) — 050 + po[-2r@s

—250) —2r(05 )] — A0 [r? + 2r) + 2rlQ50) + 50 + r5 )]
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For the first three logarithmic orders we need the following ingredients:

a splitting functions +; up to three-loop order
[E.G. Floratos, D.A. Ross, C.T. Sachrajda (Nucl. Phys. B129 (1977))]
[A. Gonzalez-Arroyo, C. Lopez, F.J. Yndurain (Nucl. Phys. B153 (1979))]

[S. Moch, J. Vermaseren, A. Vogt (Nucl.Phys.B 688/691 (2004) )]

a massless (Drell-Yan) cross sections ; up to two-loop order
[Hamberg, van Neerven, Matsuura (Nucl. Phys. B 359 (1991))]
[Harlander, Kilgore (Phys. Rev. Lett. 88 (2002))]

= massive operator matrix elements ['; up to two-loop order’
[Blimlein, De Freitas, van Neerven (Nucl. Phys. B855 (2012))]

= [, was only considered up to one-loop order

"In the case of massless external states massive operator matrix elements have been considered in the context of DIS.
[Buza, Matiounine, Smith, Migneron, van Neerven (Nucl. Phys. B472 (1996)),
Bierenbaum, Blumlein, Klein (Nucl. Phys. B820 (2009)), ...]
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The Missing Operator Matrix Element ', AIT

Karlsruhe Institute of Technology

P
AApN oA TN (A (A k)N
14+ (=N N—2 2 2
— (80 (910 (D)% — (Appy + Aupu)Ap+ p°ALA,]
p, v, b D, [y @
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The Missing Operator Matrix Element I, [ ¢

Karlsruhe Institute of Technology
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The Missing Operator Matrix Element ', AT

Karlsruhe Institute of Technology

m We have to compute on-shell 2-point functions with local operator insertions (A2 = 0).
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The Missing Operator Matrix Element ',

m We have to compute on-shell 2-point functions with local operator insertions (A2 = 0).

m The operator can be resummed into a propagator like term:

> 1
N N
AN = —
2 Ak = sy
N=0
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The Missing Operator Matrix Element ',

m We have to compute on-shell 2-point functions with local operator insertions (A2 = 0).

m The operator can be resummed into a propagator like term:

> 1
N N
AN = —
2 Ak = sy
N=0

a The calculation can now follow standard techniques:
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The Missing Operator Matrix Element ',

m We have to compute on-shell 2-point functions with local operator insertions (A2 = 0).

m The operator can be resummed into a propagator like term:

> 1
N N
AN = —
2 Ak = sy
N=0

a The calculation can now follow standard techniques:
= Integration-By-Parts reduction to master integrals.
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The Missing Operator Matrix Element ',

m We have to compute on-shell 2-point functions with local operator insertions (A2 = 0).

m The operator can be resummed into a propagator like term:

> 1
N N
AN = —
2 Ak = sy
N=0

a The calculation can now follow standard techniques:
= Integration-By-Parts reduction to master integrals.

m Calculation of the master integrals via differential equations in the resummation variable t.
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The Missing Operator Matrix Element ',

m We have to compute on-shell 2-point functions with local operator insertions (A2 = 0).

m The operator can be resummed into a propagator like term:

> 1
N N
AN = —
2 Ak = sy
N=0

a The calculation can now follow standard techniques:
= Integration-By-Parts reduction to master integrals.

m Calculation of the master integrals via differential equations in the resummation variable t.

m We find the Mellin-space expression by symbolically computing the N-th derivative.
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The Missing Operator Matrix Element ', A\‘("

m We have to compute on-shell 2-point functions with local operator insertions (A2 = 0).
m The operator can be resummed into a propagator like term:

> 1
N N
AN = —
2 Ak = sy
N=0

a The calculation can now follow standard techniques:
= Integration-By-Parts reduction to master integrals.
m Calculation of the master integrals via differential equations in the resummation variable t.
m We find the Mellin-space expression by symbolically computing the N-th derivative.

a For the calculations we make use of the packages Sigma [C. Schneider (Sem. Lothar. Combin.56 (2007))]
and HarmonicSums [J. Ablinger et al. (arXiv:1011.1176)] .
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The Missing Operator Matrix Element ', A\‘("

D rrm Pg 2P, 2(N? + N +2) >
Me(N) = 27(N — 4)(N — 3)(N — 2)(N — 1)N4(N + 1)* + <9(N — 4)(N — 3)(N — 2)(N — 1)N3(N +1)3 + (N—DONN+1) 7 o
Ps 52 2(NP+N+2) Ps s 4(N? + N +2)
PN NN 12 TN NN ) T BN ) (N NN 1) T BN NN 1)
3. 22 s L1 2Py $:(2) + $1S1(2) — S1.1(1,2) — Si.4(2,1
e s SR C R e s CCALECRERUERERCY)
32(N? + N +2) 1 1 1 1 G
~ NN [51(2)31_1 (5,1) +s1,2(5.,2> — Sita (5.1,2> — S (5,2.1) - E51(2)]
48(N? + N +2) s 4P,
TINSONINE D) T NS 2N = NEN T 1)
harmonic sums: generalized harmonic sums:
N i .
sgn(a)’ . ,. - . sgn(a)-c) o 5 .
Sa,E = Sa,E(N) = Z a SE(I) Sa,E(C7 d)= Sa,5(07 d;N) = Z (g(I#SE(d; i)
i=1 i=1
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The missing operator matrix element [, AIT

Karlsruhe Institute of Technology

Analytic Mellin-inversion with HarmonicSums:

P, 320 — 335z + 2312° 12 + 23z 2-z (2—2)? .
Niy= —— — H H2 4+ 2218 48202 — 2) ( " — H, ) (111, — 1
72 = 355 152 e T i G o ) (it = Ho.—)
96 — 190z + 11822 — 412° L . .
—8(2— 2)Ho,0,1 — J;zz H? —32(2 — 2) (F_4Hy — Ho, )T

4524 322

(2(32 — 48z + 362° — 132°)

2P 2(32 — 48z + 122% 4+ 72%)
372 Ho ) Hy

+4(2 7z)H(,>H[H - <

22—2z+2) /H} - - - 4(32 — 48z + 2422 — 37°)
+ ——= | — +8HHy ¢ +16HHy 4 — 32Hp o 1+ — 16Hy 1.1 +8Hol2 ) +
z 3 322
. 8(12 — 10z + 522
—8(2—z)(Ho + 2H1)> Co+ %C&
harmonic polylogarithms of argument z and 1 — z (H(z) = H(1 — 2)):
1 1 1 1
M5 = H,5(2) = /dea(T)HE(T), Wi (7)==, A(r) = s () = 1
0
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The Radiators AT

Karlsruhe Institute of Technology

dogie-  oO(s) o) & -
des/e = 57H9+97(Z7 L) = 75 Z a’L Ci k

a The radiators do not depend on the factorization scale, i.e. no collinear singularities for massive
electrons.

m The analytic structures directly translate from the different ingredients.

m Radiators are distributions in z-space:

cij(2) = c6(1 — 2) + ¢+t

1
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The Radiators k\‘("‘

i

dogie-  oO(s) o) & ik
= He*e* (27 L) = Z al Cik
ds’ s s prd

a The radiators do not depend on the factorization scale, i.e. no collinear singularities for massive
electrons.

m The analytic structures directly translate from the different ingredients.

m Radiators are distributions in z-space:

cii(z) =c0(1 —2) + 6 +c®

: 8(3 —1922)H2
s 572 704 512 gres — § 16HoPios _ 4Puay ( Z*)Ho
Ga=—g — 5 Gt 5 G , 9(z—1) 27z 3(z—1)
5744 1408 128(1 + 2VH
G = (7 - 256<2) Do + —3— D1 + 256D, + 169'205 - (z: o, 128(1 + z)H2
Inf(1 — z))
Di= (7 ; 352 736
1-2z + — ?(1 +Z)Ho,1 —+ ?(1 +Z)C2
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Numerical Results

= Ao is the change in the total cross section from one order to the other for zy = 4m?
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Numerical Results

Karlsruhe Institute of Technology

= Ao is the change in the total cross section from one order to the other for zy = 4m?
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Conclusions and Outlook %\‘("

e of Technoloay

Conclusions:
= We calculated the ISR corrections to the process ete~ — v*/Z* up to O(afL5) including the first
three logarithmic terms at lower orders.

a The corrections can become important at future e e~ machines running at high luminosities at or
close to the Z-pole.

a The radiators can be used for other processes like ete~ — tfand ete™ — Z H.
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Conclusions and Outlook A\‘("‘

Conclusions:

= We calculated the ISR corrections to the process ete~ — v*/Z* up to O(afL5) including the first
three logarithmic terms at lower orders.

a The corrections can become important at future e e~ machines running at high luminosities at or
close to the Z-pole.

a The radiators can be used for other processes like ete~ — tfand ete™ — Z H.

Outlook:

= The massless Drell-Yan cross sections are known up to O(ca®)
= An extension to the first four logarithmic orders is possible, but needs the calculation the
operator matrix elements up to O(a®).

m The technique can be extended to Agg [Blimlein, De Freitas, KS (arXiv:2102.12237)] .
a The method can be extended to QCD to study e.g. the heavy-quark initiated Drell-Yan process.
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The Method of Massive Operator Matrix Elements

a Usually it is more convenient to work in Mellin space:

1

MIHD](N) = / dzN11(2)

0

m Here the convolution ®

1 1

f(z)®g(z) = /dz1 /dzzf(z1 19(22)0(z — z12)
0 0

factorizes:

M[f(z) @ g(2)](N) = M[f(2)](N) - M[g(2)](N)
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Numerical Results

O(a)
0(a?)
O(a®)
O(a*)
0(a®)
O(a®)

\/
ARV
v v

LS

I QN

S N

BRSO SENEE

S S

Fixed width 5 dep. widih

Peak | Width | DPeak | Width

(MeV) | (MeV) | (MeV) | (MeV)

O(a) correction | 185.638 | 539408 | 181.098 | 524.978
0(a?L2): - 96.804 | ~177.147 176,235
O(a?L): 6.982 | 22,605 21.896
0(a?) 0.176 | 2218 2001
0(a*L?): 38.560 38.081
0(a®L2): -~ 1888 -~ 1.881
0(a*L): 0.105 0.084
O(a'LY): 0.206 0.146
O(a'L?): 0.071 0.065
O(a*L2): 0.001 0.001
0(a®L%): 0218 0.212
0(a®LY): 0.020 |~ 0.001 0.020
0(a®L%): 0.009 | ~0.008|  0.008
0(a®L%): ~0007| 0027 -0007| 0.027
0(a®L%): 0001 | 0.000| —0.001 0.000

K

Karlsruhe Institute of Technology

Table 1: Shifts in the Z-mass and the width due to the different contributions to the ISR QED
radiative corrections for a fixed width of I'; = 2.4952 GeV and s-dependent width using M, =

91,1876 GeV and sy = 4m?2
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Application to AFB [Bliimlein, De Freitas, KS (arXiv:2102.12237)] §\‘(IT

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu

a The technique can also be used for Agg: [Bshm et al. (LEP Physics Workshop 1989, p.203-234)]

Ars(s / Az Hrel2)r ()

a Due to the angle dependence the integrand does not factorize with the Mellin-transform:

1 1

(1+2)

btp = [ [ 0 rOe)s(z — xe)
0 0

a At leading-logarithmic order the integrals can be solved in terms of cyclotomic harmonic
polylogarithms with the additional letters:

1 T
frao (1) = T fran (1) = 112

a At sub-leading log the angle dependence of the Wilson coefficients will most likely introduce more
structures.
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Numerical Results AT

Karlsruhe Institute of Technology

® AAgg is the change of the forward-backward asymmetry from one order to the other for z, = 4m?

S |- 0(a)
3 —_—
35 ] e O(a?L?)
] O(a®L?)
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